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Abstract: In this paper, we establish two approximation theorems for the multidimensional fractional
Fourier transform via appropriate convolutions. As applications, we study the boundary and initial
problems of the Laplace and heat equations with chirp functions. Furthermore, we obtain the general
Heisenberg inequality with respect to the multidimensional fractional Fourier transform.
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1. Introduction

The classical Fourier transform (FT) is one of the most influential tools in signal
processing. With the development of signal processing theory, some researchers realized
that the fractional Fourier transform (FRFT) is well suited to processing complicated signals.
It can reflect the information of signals in both the time domain and the frequency domain.
Therefore, it can deal with time-varying degradation models and non-stationary processes.
In recent decades, the FRFT has become an attractive tool and has various applications in
many fields of applied sciences, such as signal processing [1,2], image processing [3–5],
optics [6–8], communications [9–11], quantum mechanics [12,13] and so on.

Wiener first introduced the FRFT in his 1929 work [14]. Namias proposed the FRFT
in [12] using its eigenvalue equation. Since Namias’ work in 1980, the FRFT has attracted a
lot of interest. Compared with FT, the FRFT contains one extra free parameter and is more
suited to process non-stationary signals, especially chirp signals. As a result, FRFT can
achieve effects that the classical Fourier transform or time-frequency analysis cannot.

Recall that for appropriate function f ∈ Rn, the nd-FT of f is defined by (see [15])

F f (u) =
∫
Rn

f (x)e−2πix·udx.

For f ∈ L1(Rn) and α = (α1, α2, . . . , αn) ∈ Rn, the nd-FRFT of f with order α is
defined by (see [16,17])

Fα f (z) =
∫
Rn

Kα(x, z) f (x)dx, (1)

where Kα(x, z) = ∏n
j=1 Kαj(xj, zj) and here for each j = 1, 2, · · · , n, Kαj(xj, zj) is defined

as follows
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Kαj(xj, zj) =



√
1− i cot αj eiπ cot αj [x2

j +z2
j−2xjzj sec αj ], αj /∈ πZ,

δ(xj − zj), αj ∈ 2πZ,

δ(xj + zj), αj ∈ 2πZ+ π,

(2)

where x = (x1, x2, · · · , xn).
Throughout this paper, we fix α ∈ Rn with αj 6= kπ, j = 1, 2, . . . , n. Then,

Kα(x, z) = Aαeα(z)eα(x)eα(x, z), (3)

where 

Aα =
n
∏
j=1

Aαj =
n
∏
j=1

√
1− i cot αj,

eα(x) =
n
∏
j=1

eαj(xj) = e
iπ

n
∑

j=1
x2

j cot αj
,

eα(x, z) =
n
∏
j=1

eαj(xj, zj) = e
−2iπ

n
∑

j=1
zjxj csc αj

.

(4)

It is obvious that

(Fα f )(z) = Aαeα(z)F (eα f )(zα) (5)

where zα = (z1 csc α1, z2 csc α2 . . . , zn csc αn).
For the 1-dimensional case, Chen et al. [18] studied the approximation theorem for

FRFT. A new 2d-FRFT was proposed by Zayed in [19], where the convolution theorem and
Poisson summation formula were proved. It is natural for us to investigate cases in high
dimensions. By combining the definitions provided by [18,20,21], the multidimensional
fractional convolution of order α can be defined as follows. For f , g ∈ L1(Rn),(

f
α∗ g
)
(x) = e−α(x)

∫
Rn

eα(z) f (z)g(x− z)dz. (6)

We establish the following two approximation theorems, where Theorem 1 is approxi-
mation in Lp norm and Theorem 2 is almost everywhere approximation.

Theorem 1. Let φ ∈ L1(Rn), f ∈ Lp(Rn), 1 ≤ p < ∞ and
∫
Rn φ(x)dx = 1. Then

lim
y→0

∥∥∥( f
α∗ φy

)
− f

∥∥∥
p
= 0 (7)

where φy := 1
yn φ
(
·
y

)
.

Theorem 2. Let φ ∈ L1(Rn), f ∈ Lp(Rn), 1 ≤ p < ∞ and
∫
Rn φ(x)dx = 1. Denote by

ψ(z) = sup|x|≥z|φ(x)| the decreasing radial dominant function of φ. If ψ ∈ L1(Rn), then for
almost all z ∈ Rn,

lim
y→0

(
f

α∗ φy

)
(z) = f (z), (8)



Fractal Fract. 2022, 6, 625 3 of 13

where φy := 1
yn φ
(
·
y

)
.

The uncertainty principle is a principle of physics introduced by Heisenberg in 1927.
It points out that it is impossible to precisely determine the position and momentum of
a microscopic particle at the same time. It is one of the fundamental results in quantum
mechanics. The uncertainty principle is expressed mathematically as the Heisenberg
inequality. In this paper, we study the general Heisenberg inequality.

Theorem 3 (General Heisenberg inequality). Let f ∈ L2(Rn) and α = (α1, α2, . . . , αn),
β = (β1, β2, . . . , βn) ∈ Rn. For any y = (y1, y2, . . . , yn), v = (v1, v2, . . . , vn) ∈ Rn, if α1 −
β1 = α2 − β2 = . . . = αn − βn, then[∫

Rn
|x− ỹ|2|(Fα f )(x)|2dx

][∫
Rn
|z− ṽ|2

∣∣(Fβ f
)
(z)
∣∣2dz

]
≥

n2‖ f ‖4
2

16π2 sin2(α1 − β1), (9)

where

ỹ = (y1 sin α1 + v1 cos α1, y2 sin α2 + v2 cos α2, . . . , yn sin αn + vn cos αn),

ṽ = (y1 sin β1 + v1 cos β1, y2 sin β2 + v2 cos β2, . . . , yn sin βn + vn cos βn).

In Section 2, we prove the above theorems. As applications, we investigate the Laplace
and heat equations with boundary and initial conditions for chirp functions in Section 3.
Furthermore, we demonstrate the effectiveness of our method through graphs in Section 4.

2. The Proof of Theorems

Firstly, we prove two approximation theorems. Before proving Theorem 1, we need
the following lemma.

Lemma 1. Let f ∈ Lp(Rn), 1 ≤ p < ∞ . Then, for every x ∈ Rn

lim
y→0


∫
Rn

∣∣∣∣∣∣e
n
∑

j=1
iπ cot αj

[
(zj−yxj)

2−z2
j

]
f (z− yx)− f (z)

∣∣∣∣∣∣
p

dz


1
p

= 0. (10)

Proof. Since the space of continuous functions with compact support Cc(Rn) is dense in
Lp(Rn), for an arbitrary ε > 0, there exists g ∈ Cc(Rn), satisfying

‖ f − g‖p <
ε

2
.

Because g is uniformly continuous, we have

lim
y→0
|g(z− yx)− g(z)| = 0. (11)

We can write
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Jy(x) :=

∫Rn

∣∣∣∣∣∣e
n
∑

j=1
iπ cot αj

[
(zj−yxj)

2−z2
j

]
f (z− yx)− f (z)

∣∣∣∣∣∣
p

dz


1
p

≤

∫Rn

∣∣∣∣∣∣e
n
∑

j=1
iπ cot αj

[
(zj−yxj)

2−z2
j

]
[ f (z− yx)− g(z− yx)]

∣∣∣∣∣∣
p

dz


1
p

+

∫Rn

∣∣∣∣∣∣e
n
∑

j=1
iπ cot αj

[
(zj−yxj)

2−z2
j

]
g(z− yx)− g(z− yx)

∣∣∣∣∣∣
p

dz


1
p

+
{∫

Rn |g(z− yx)− g(z)|pdz
} 1

p + ‖ f − g‖p

≤ 2‖ f − g‖p + ‖g‖∞

∫supp g

∣∣∣∣∣∣e
n
∑

j=1
iπ cot αj

[
z2

j−(zj+yxj)
2]
− 1

∣∣∣∣∣∣
p

dz


1
p

+
{∫

Rn |g(z− yx)− g(z)|pdz
} 1

p .

(12)

According to Lebesgue’s dominated convergence theorem and Equation (11), we obtain

limy→0 Jy(x) ≤ ε + ‖g‖∞ limy→0

∫supp g

∣∣∣∣∣∣e
n
∑

j=1
iπ cot αj

[
z2

j−(zj+yxj)
2]
− 1

∣∣∣∣∣∣
p

dz


1
p

+ limy→0
{∫

Rn |g(z− yx)− g(z)|pdz
} 1

p

= ε.

(13)

This proves the lemma.

Proof of Theorem 1. By assumption,(
f

α∗ φy

)
(z)− f (z)

=e−α(z)
∫
Rn

eα(x) f (x)φy(z− x)dx−
∫
Rn

φy(x) f (z)dx

=
∫
Rn

e

n
∑

j=1
iπ cot αj

[
(zj−xj)

2−z2
j

]
f (z− x)− f (z)

φy(x)dx.

Using Minkowski’s integral inequality, we can obtain∥∥∥ f
α∗ φy − f

∥∥∥
p

=


∫
Rn

∣∣∣∣∣∣
∫
Rn

e

n
∑

j=1
iπ cot αj

[
(zj−xj)

2−z2
j

]
f (z− x)− f (z)

φy(x)dx

∣∣∣∣∣∣
p

dz


1
p

≤
∫
Rn


∫
Rn

∣∣∣∣∣∣e
n
∑

j=1
iπ cot αj

[
(zj−xj)

2−z2
j

]
f (z− x)− f (z)

∣∣∣∣∣∣
p

dz


1
p ∣∣φy(x)

∣∣dx

=
∫
Rn


∫
Rn

∣∣∣∣∣∣e
n
∑

j=1
iπ cot αj

[
(zj−yxj)

2−z2
j

]
f (z− yx)− f (z)

∣∣∣∣∣∣
p

dz


1
p

|φ(x)|dx
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=
∫
Rn

Jy(x)|φ(x)|dx,

where Jy(x) is in Equation (12). It is clear that

Jy(x) ≤ 2‖ f ‖p.

From Lemma 1 and the Lebesgue dominated convergence theorem, we get

lim
y→0

∥∥∥( f
α∗ φy

)
− f

∥∥∥
p
= 0.

This proves Theorem 1.

Proof of Theorem 2. Since eα f ∈Lp(Rn), using the Lebesgue differentiation theorem, we have

lim
γ→0

1
γn

∫
|x|<γ

∣∣∣∣∣∣e
n
∑

j=1
iπ cot αj

[
(zj−xj)

2−z2
j

]
f (z− x)− f (z)

∣∣∣∣∣∣dx = 0, a.e. x ∈ Rn.

Let

E =

z ∈ Rn : lim
γ→0

1
γn

∫
|x|<γ

∣∣∣∣∣∣e
n
∑

j=1
iπ cot αj

[
(zj−xj)

2−z2
j

]
f (z− x)− f (z)

∣∣∣∣∣∣dx = 0.


Assume z is any fixed point in E. For any ε > 0, there exists δ > 0 such that

1
γn

∫
|x|<γ

∣∣∣∣∣∣e
n
∑

j=1
iπ cot αj

[
(zj−xj)

2−z2
j

]
f (z− x)− f (z)

∣∣∣∣∣∣dx < ε (14)

whenever 0 < γ ≤ δ.
Consider (

f
α∗ φy

)
(z)− f (z)

=
∫
Rn

e

n
∑

j=1
iπ cot αj

[
(zj−xj)

2−z2
j

]
f (z− x)− f (z)

φy(x)dx

=
∫
|x|<δ

e

n
∑

j=1
iπ cot αj

[
(zj−xj)

2−z2
j

]
f (z− x)− f (z)

φy(x)dx

+
∫
|x|≥δ

e

n
∑

j=1
iπ cot αj

[
(zj−xj)

2−z2
j

]
f (z− x)− f (z)

φy(x)dx

=:I1 + I2.

We set ψ0(γ) = ψ(x), where |x| = γ, then ψ0 is decreasing. Denoting by Ωn the
volume of unit sphere in Rn, we get

Ωn

(
2n − 1

2n

)
γnψ0(γ) ≤

∫
γ/2≤|x|≤γ

ψ(x)dx→ 0

as γ → 0 or γ → ∞. Thus, there exists a positive constant A, such that γnψ0(γ) ≤ A, for
0 < γ < ∞.

Set
Σn−1 = {τ ∈ Rn : |τ| = 1}
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and

g(γ) =
∫

Σn−1

∣∣∣∣∣∣e
n
∑

j=1
iπ cot αj

[
(zj−γτj)

2−z2
j

]
f (z− γτ)− f (z)

∣∣∣∣∣∣dτ, (15)

where dτ is the surface measure on Σn−1. Then Equation (14) is equivalent to

1
γn G(γ) =

1
γn

∫ γ

0
sn−1g(s)ds ≤ ε,

whenever 0 < γ ≤ δ. Then,

|I1| ≤
∫
|x|<δ

∣∣∣∣∣∣e
n
∑

j=1
iπ cot αj

[
(zj−xj)

2−z2
j

]
f (z− x)− f (z)

∣∣∣∣∣∣
∣∣∣ 1

yn φ( x
y )
∣∣∣dx

≤
∫
|x|<δ

∣∣∣∣∣∣e
n
∑

j=1
iπ cot αj

[
(zj−xj)

2−z2
j

]
f (z− x)− f (z)

∣∣∣∣∣∣ 1
yn ψ( x

y )dx

=
∫ δ

0
γn−1

yn g(γ)ψ0

(
γ
y

)
dγ

= G(γ) 1
yn ψ0

(
γ
y

)∣∣∣δ
0
−
∫ δ/y

0
1

yn G(ys)dψ0(s)

≤ εA−
∫ δ/y

0 εsndψ0(s)

≤ ε
(

A−
∫ ∞

0 sndψ0(s)
)

=: εA1.

(16)

Denote by χδ the characteristic function of the set {x ∈ Rn : |x| ≥ δ}. Using the
Hölder inequality, we have

|I2| ≤
∫
|x|≥δ

∣∣∣∣∣∣e
n
∑

j=1
iπ cot αj

[
(zj−xj)

2−z2
j

]
f (z− x)− f (z)

∣∣∣∣∣∣∣∣ψy(x)
∣∣dx

≤
∫
|x|≥δ

∣∣ f (z− x)ψy(x)
∣∣dx + | f (x)|

∫
|x|≥δ ψy(x)dx

≤ ‖ f ‖p
∥∥χδψy(z)

∥∥
p′ + | f (z)|p

∫
|x|≥δ/y ψ(x)dx→ 0

(17)

as y→ 0, which completes the proof of Theorem 2.

Similar to definitions of means of 1d-FRFT and 2d-FRFT [18,22], we can define means
for nd-FRFT as follows.

Definition 1. Let Φ ∈ L1(Rn) and Φ(0) = 1. For y > 0, the Φα means of the multidimensional
frational Fourier integral is defined by

My,Φα( f )(z) :=
∫
Rn
(Fα f )(x)K−α(x, z)Φα(yx)dx, z ∈ Rn, (18)

where
Φα(x) := Φ(xα),

xα = (x1 csc α1, x2 csc α2 . . . , xn csc αn)

Proposition 1. Let f , Φ ∈ L1(Rn). Then,

My,Φα( f ) = f
α∗ ϕ̃y, for all y > 0, (19)

where ϕ := FΦ, ϕy(x) := 1
yn ϕ

(
x
y

)
and ϕ̃(z) = ϕ(−z).



Fractal Fract. 2022, 6, 625 7 of 13

Proof. Using the multiplication formula of the classical Fourier transform and Equation (5),
we get

My,Φα( f )(z) =
∫
Rn
(Fα f )(x)K−α(x, z)Φα(yx)dx

=A−αe−α(z)
∫
Rn
(Fα f )(x)e−α(x)e−α(x, z)Φα(yx)dx

=A−α Aαe−α(z)
∫
Rn
F (eα f )(xα)e−α(x, z)Φ(yxα)dx

=e−α(z)
∫
Rn
F (eα f )(x)e2iπz·xΦ(yx)dx

=e−α(z)
∫
Rn

eα(x) f (x)F
[
e2iπz·(·)Φ(y(·))

]
(x)dx

=e−α(z)
∫
Rn

eα(x) f (x)ϕy(x− z)dx

=
(

f
α∗ ϕ̃y

)
(z).

This completes the proof.

Next, we study the general Heisenberg inequality. Before proving this inequality, we
introduce the following two lemmas.

Lemma 2 ([17]). Let f ∈ L2(Rn). Then

Fα
(
Fβ f

)
= F(α1,α2,...,αn)

[
F(β1,β2,...βn) f

]
= F(α1·β1,α2·β2,...,αn ·βn) f ;

Fα f ∈ L2(Rn) and
∫
Rn
|Fα f (z)|2dz =

∫
Rn
| f (x)|2dx.

(20)

The second equality in Lemma 2 is the Parseval equality associated with nd-FRFT;
that is, Fα f ∈ L2 for f ∈ L2 and ‖Fα f ‖2 = ‖ f ‖2. From this lemma, we get∫

Rn
|F−α f (z)|2dz =

∫
Rn
| f (x)|2dx

and
F−α(Fα f ) = f ,

which means F−α is the inverse transform of Fα on L2(Rn).

Lemma 3 (General Multiplication formula, [22]). Let f , g ∈ L2(Rn). Then,∫
Rn
[Fα f (z)]g(z)dz =

∫
Rn
[Fαg(z)] f (z)dz. (21)

Proof of Theorem 3. (i) Let f ∈ C∞
0 (Rn), y = v = 0 and α− β = γ = (γ, γ, . . . , γ). We

assume sin γ 6= 0, and define

G(x) = Fα f (x)e−γ(x), (22)

g(z) =
(
F−1G

)
(z) =

∫
Rn

G(x)e2πix·zdx. (23)

It follows from the classical Heisenberg inequality in [23] that[∫
Rn
|x|2|Fg(x)|2dx

]
×
[∫

Rn
|z|2|g(z)|2dz

]
≥

n2‖g‖4
2

16π2 . (24)
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By Equations (22) and (23), we obtain∫
Rn
|x|2|Fg(x)|2dx =

∫
Rn
|x|2

∣∣∣F(F−1G
)
(x)
∣∣∣2dx

=
∫
Rn
|x|2

∣∣Fα f (x)e−γ(x)
∣∣2dx

=
∫
Rn
|x|2|Fα f (x)|2dx.

As a result of changing variables, we have

∫
Rn
|z|2|g(z)|2dz =

∣∣∣∣ 1
sin γ

∣∣∣∣n ∫Rn

∣∣∣∣ z
sin γ

∣∣∣∣2∣∣∣∣g( z
sin γ

)∣∣∣∣2dz. (25)

According to the definition of nd-FRFT,∣∣∣∣g( z
sin γ

)∣∣∣∣2 =

∣∣∣∣∫Rn
G(x)e−γ(x, z)dx

∣∣∣∣2
=

∣∣∣∣∫Rn
Fα f (x)e−γ(x)e−γ(x, z)dx

∣∣∣∣2
= |sin γ|n

∣∣∣∣∫Rn
A−γFα f (x)e−γ(x)e−γ(z)e−γ(x, z)dx

∣∣∣∣2
= |sin γ|n

∣∣F−γ(Fα f )(z)
∣∣2

= |sin γ|n
∣∣Fβ f (z)

∣∣2.

Then ∫
Rn
|z|2|g(z)|2dz =

∣∣∣∣ 1
sin γ

∣∣∣∣2 ∫Rn
|z|2
∣∣Fβ f (z)

∣∣2dz. (26)

Actually, we have
‖g‖2 = ‖F−1G‖2 = ‖G‖2 = ‖ f ‖2.

Since α− β = γ, by Equation (24), we obtain[∫
Rn
|x|2|Fα f (x)|2dx

]
×
[∫

Rn
|z|2
∣∣Fβ f (z)

∣∣2dz
]
≥

n2‖ f ‖4
2

16π2 sin2(α1 − β1).

(ii) Let f ∈ L2(Rn), y = v = 0. If ‖ |·||Fα f (·)|‖2 < ∞ or
∥∥ |·|∣∣Fβ f (·)

∣∣∥∥
2 < ∞ holds

for at least one, then the conclusion can be drawn. Assume that both ‖ |·||Fα f (·)|‖2 and∥∥ |·|∣∣Fβ f (·)
∣∣∥∥

2 are finite. As C∞
0 (Rn) is dense in L2(Rn), i.e., for each f ∈ L2(Rn), we can

choose { fk} ⊂ C∞
0 (Rn) satisfying

fk
L2
→ f ,

|x||Fα fk(x)| L2
→ |x||Fα f (x)|,

|z|
∣∣Fβ fk(z)

∣∣ L2
→ |z|

∣∣Fβ f (z)
∣∣,

as k→ ∞. Then, we obtain[∫
Rn
|x|2|Fα f (x)|2dx

]
×
[∫

Rn
|z|2
∣∣Fβ f (z)

∣∣2dz
]
≥

n2‖ f ‖4
2

16π2 sin2(α1 − β1).

(iii) Let f ∈ L2(Rn), y, v ∈ Rn. We define

g(x) = e−2πix·y f (x + v). (27)
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Using the time-shift property of nd-FRFT, we obtain

|Fαg(x)|2 = |(Fα f )(x1 + y1 sin α1 + v1 cos α1, . . . , xn + yn sin αn + vn cos αn)|2,

|Fβg(x)|2 = |
(
Fβ f

)
(x1 + y1 sin β1 + v1 cos β1, . . . , xn + yn sin βn + vn cos βn)|2.

By changing variables and using (ii), we have[∫
Rn
|x|2|Fα f (x)|2dx

]
×
[∫

Rn
|z|2
∣∣Fβ f (z)

∣∣2dz
]
≥

n2‖ f ‖4
2

16π2 sin2(α1 − β1).

This proves Theorem 3.

3. Application in Partial Differential Equations

In this section, we present applications of approximation theorems for FRFT to Laplace
and heat equations.

Example 1. For f ∈ Lp(Rn), consider the Laplace equation with the Dirichlet boundary condition
in the upper half-space Rn+1

+ = {(x, y) : x ∈ Rn, y > 0}:
∆[eα(x)u(x, y)] = 0, (x, y) ∈ Rn+1

+ ,

u(x, 0) = f (x), x ∈ Rn.
(28)

Let g = P(n)
y (z) in Equation (6). We have

u(x, y) = uα(x, y) :=
(

f
α∗ P̃(n)

y

)
(x) =

∫
Rn
(Fα f )(z)K−α(x, z)e−2πy|zα | dz, (29)

where

P(n)
y (z) = F

[
e−2πy| · |

]
(z) =

Γ[(n + 1)/2]
π(n+1)/2

y
(|z|2 + y2)(n+1)/2

is the n-dimensional Poisson kernel. By calculation, we obtain

∆[eα(x)uα(x, y)] =
∫
Rn

eα(x)(Fα f )(z)K−α(x, z)e−2πy|zα |
(

4π2|zα|2
)

dz

+
∫
Rn

eα(x)(Fα f )(z)K−α(x, z)e−2πy|zα |
(
−4π2|zα|2

)
dz

=0.

From [15] (Chapter 1, Lemma 1.17), we can see

P(n)
y ∈ L1(Rn),

∫
Rn

Py(z)dz = 1

Using Theorem 1, we have
lim
y→0

uα(x, y) = f (x)

in Lp norm. Consequently, uα(x, y) is a solution to the Equation (28).
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Example 2. For f ∈ Lp(Rn), consider the heat equation with the initial value condition in the
upper half-space Rn+1

+ :
(

∂
∂y −

∂2

∂x2

)
[eα(x)v(x, y)] = 0, (x, y) ∈ Rn+1

+ ,

v(x, 0) = f (x), x ∈ Rn.
(30)

Let g = W(n)
y (z) in Equation (6). We have

v(x, y) = vα(x, y) :=
(

f
α∗ W̃(n)

y

)
(x) =

∫
Rn
(Fα f )(z)K−α(x, z)e−4π2y|zα |2 dz, (31)

where

W(n)
y (z) := F

[
e−4π2y| · |2

]
(z) =

1

(4πy)n/2 e−|z|
2/4y

is the n-dimensional Gauss–Weierstrass kernel. By calculation, we get

∂2[eα(x)vα(x, y)]
∂x2 =

∫
Rn

eα(x)(Fα f )(z)K−α(x, z)e−4π2y|zα |2
(
−4π2|zα|2

)
dz

=
∂[eα(x)sα(x, y)]

∂y
.

Similarly, by [15] (Chapter 1, Lemma 1.17), we have

W(n)
y ∈ L1(Rn),

∫
Rn

Wy(z)dz = 1.

Using Theorem 1, we obtain

lim
y→0

vα(x, y) = f (x)

in Lp norm. Therefore, vα(x, y) is a solution of Equation (30).

4. Simulations

In this section, we give a specific function to illustrate the initial problem of heat
equation with chirp function. In Example 2, let

f (x) =


e−iπ(x2

1 cot α1+x2
2 cot α2)(x2

1 + x2
2
)− 1

6 , 0 < |x| < 1,

e−iπ(x2
1 cot α1+x2

2 cot α2)(x2
1 + x2

2
)−3, |x| ≥ 1.

It is obvious that
f (x) ∈ L3(R2), lim

y→0
vα(x, y) = f (x).

Let
gα(x, y) = eα(x)vα(x, y).

On the one hand, by fixing y = 0.01, we investigate the effect of α1, α2. We take
α1 = α2 = π

10 , π
5 and π

2 , respectively. Then, we can describe gα(x, y) in Figures 1–3. In fact,
when α1 = α2 = π

2 , we have e( π
2 , π

2 )
(x) = 1, which is the case of classical heat equation. From

Figures 1–3, it is clear that the smaller α1, α2 are, the stronger the vibration of gα(x, y) is.
On the other hand, by fixing α1 = α2 = π

3 , we investigate the effect of y in the
approximation. we take different y = 1, 0.1 and 0.01. As y→ 0, vα(x, y) tends to f (x) and
this trend can be seen clearly from the sectional views in Figure 4.
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Figure 1. (a) Real part graph of gα(x, y) with α1 = α2 = π
10 , (b) Imaginary part graph of gα(x, y) with

α1 = α2 = π
10 , (c) Section view of real part, (d) Section view of imaginary part.

Figure 2. (a) Real part graph of gα(x, y) with α1 = α2 = π
5 , (b) Imaginary part graph of gα(x, y) with

α1 = α2 = π
5 , (c) Section view of real part, (d) Section view of imaginary part.
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Figure 3. (a) Real part graph of gα(x, y) with α1 = α2 = π
2 , (b) Imaginary part graph of gα(x, y) with

α1 = α2 = π
2 , (c) Section view of real part, (d) Section view of imaginary part.
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Figure 4. (a) Real part graph for comparison, (b) Imaginary part graph for comparison.

5. Conclusions

This paper gives two approximation theorems in Lp(Rn) via the multidimensional
fractional convolution related to the FRFT. The first one is that the multidimensional
fractional convolution of an Lp function f and a regular L1 function can approximate f
in Lp norm. The second one is that the multidimensional fractional convolution of an Lp

function f and an L1 function satisfying certain conditions can approximate f point by
point. As applications of the second approximation theorem, we verify solutions to the
Laplace equation with the Dirichlet boundary condition and the heat equation with the
initial value condition in the upper half-space. In addition, through a specific initial value
function, we illustrate both the influence of the Chirp function’s index on the smoothness
of the solution, and the approximation speed of the solution to the initial value.
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