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Abstract: This paper is concerned with some new Hermite-Hadamard inequalities on two types
of time scales, Z and N_j. Based on the substitution rules, we first prove the discrete Hermite-

Hadamard inequalities on Z relating to the midpoint %

and extend them to discrete fractional
forms. In addition, by using traditional methods, we prove discrete Hermite-Hadamard inequalities
on N, and explore the corresponding fractional inequalities involving the nabla h-fractional sums.

Finally, two examples are given to illustrate the obtained results.
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1. Introduction

The convexity of functions has been a continual research topic. Many mathematicians
have devoted themselves to introducing different forms of convexity such as r-convex,
m-convex, quasi-convex, etc. (see [1]). At the same time, as a generalization of convexity on
R, a few researchers have studied the convexity on different sets. In [2], Atic1 and Yaldiz
defined the convexity of a real function on any time scale T.

The convexity for a real function f on T means that for any x,y € T with x <y,

flex+ (1 =x)y) <xf(x) + (1 =x)f(y),

where x € T, and T}, ) = {s|s = é’%;, fort € [x,y]N T}. Obviously, for T = R, the
convex function f on T reduces to an ordinary convex function.

As an important direction for the theory of convex analysis, the Hermite-Hadamard
(H-H) inequality has attracted much attention and has been generalized to many forms in
recent decades (see, e.g., [3,4]). The classical H-H inequality is stated as follows: Let f be a

real convex function defined on [a, b], where a < b. Then

(452) < s [ senae < FE0)

The H-H inequality also plays a meaningful role in fractional calculus. For instance,
in [5], Sarikaya et al. first established the H-H inequality for Riemann-Liouville fractional
integral operators: Let f : [a,b] — R be a convex function; then, for & > 0,

(232) < St g o 0 0] < EOTED.
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In [6], Sarikaya et al. proposed an alternative form to the H-H inequalities for Riemann-
Liouville fractional integral operators based on the midpoint of a and b: Assume f is a
convex function defined on [a, b]; then, for a > 0,

a a=1r(n .
d ( ;b> < <br—(a>t1) BTt JO)+ M fo)] < TOIO g

In 2021, Fernandez and Mohammed [7] proved the H-H inequality relating to Atangana-
Baleanu fractional operators defined using Mittag-Leffler kernels. Later, Sahoo et al. [8]
introduced the H-H inequalities related to k-Riemann-Liouville fractional operators for
different kinds of convex functions. For more recent results which generalize the classical
H-H inequality via different fractional operators, we refer the reader to the papers [9-13]
and references therein.

On the other hand, the H-H inequality has been also extended to discrete calculus and
even discrete fractional calculus. In [2], Atic1 and Yaldiz proved discrete H-H inequalities

on Z:
f(a;b) < 2(b1—a) </ubf(T)AT+/abf(T)VT> < M,

They also improved it to be discrete fractional H-H inequalities on Z:

a+b T(e) [, c e f(a) +£(b)
f( 2 ) < 217(b —11) {Ab_1f(7)|T:afe Jrva f(T)|T:b} < f/

where € > 0 and
7= / (b—a)T+ (e —1))® VA,
Tiap)

which can be seen as a discrete counterpart of (1). Recently, Mohammed et al. [14] proved
some Hermite-Hadamard and Opial inequalities using the integration by parts and chain
rule formulas on time scales. For more of the H-H inequalities on time scales, one can
see [15-21] and the references therein.

So far, the Hermite-Hadamard inequalities for the midpoint on the time scale have
rarely been studied. The goal of this article is to prove the generalized H-H inequalities for
discrete convex functions on Z and N, j, and establish two H-H inequalities involving the
nabla fractional sum operators, as similar forms to discrete versions of (2).

The whole study work has been arranged as follows: In Section 2, we recall some basic
definitions and theorems. In Section 3, we establish some discrete H-H inequalities on the
time scales Z and N_ j,, respectively. In addition, they are extended to discrete fractional
forms. Furthermore, there are two examples of the H-H inequalities in Section 4. Finally,
the conclusion of this paper is given in Section 5.

2. Preliminaries

In this section, we recall some definitions and results used in the remaining sections.
Let T be any time scale. The sets considered in this article are [a,b]y = [a,b] N T, N, ), =
{a,a4+h, a+2h,...} and,,N={...,b—2h, b—h, b}. For h = 1, we write N, , and j, ,N
to denote N, and N, respectively.

For T € T, we denote the forward jump and the backward jump operators by o (7) and
p(7), respectively. The forward graininess and the backward graininess operators are given
by u(t) = ¢(7) — T and v(7) = T — p(7), respectively. If T = N, we denote o(7) and
p(t) by 0,(t) = T+ hand p, (1) = T — h with h > 0, respectively. Let f(t) be a function
defined on T; then, for ki, kp € T and k1 > ky, Yje g, k,)nr f(1) = 0, i.e., empty sums are
taken to be 0.
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Assume t and € € R are arbitrary real numbers; then, the rising and falling h-factorial
functions are given by

= T(p+e) ¢
fe=pr 1 _ _te¢ N,
h r(f) hoh
and (t )
() _pe Lz +1 t t
t/ =h*—>2——  —+1, —+1- N
h F(%—kl—e)/ ”l+ /h+ 5%0 7

where the gamma function is defined by I'(s) = [;° ¢*~'e~¢d{. In particular, for h = 1, we
. e _ I(t+e) _ I(t+1)

obtain ¢ = O te) = Fi—et1)"

Next, we recall the differences and sums of f on T.

Definition 1 ([22]). Let real function f defined on T be given. Then, for T € T, the nabla and
delta differences of f are given by

_,fle(@) — f(7)
Y@ = h == @)
_, f(@) = fle(®)
fA(T)—hT- ®)
The nabla and delta sums of f on T are given by
[ 5595 = L felh), ©
€(a,bNT
[foas= ¥ foum), @
a kela,b)nT

wherea,b,c € Randa,b € T.
Especially for T = N_j, we have
/f Vps = Z Fk)h  and / £(s Ahs_kah
=241
wherea, b € N, .

Definition 2 (The nabla h-fractional sums [23]). Let real function f and a > 0 be given. Then,
the nabla left and right h-fractional sums are defined as

(TR0 = rg X (- o) 08), 1€ Ny, ®
k=f+1
o o

(9090 = ey L (= pu()i 08, £ o ©)

k=5
Definition 3 (The delta h-fractional sums [24]). Let real function f and o > 0 be given. Then, the
delta left and right h-fractional sums are defined as

(W8N = g L =)V, € Naran, (10)
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(B, “f) (¢ FL i h — 0, ()" 71)f(lh), te p_annN. (11)
Ifh =1,wedenote (¥, “f) (), (nV, *f) (-), (a8, f) (-) and (44, %) (-) by (V£ ("),
(V,F) (), (aA™f)(-) and (A, *f)(-), respectively.

Remark 1. There is an equality between the delta right fractional sum and the nabla right frac-
tional sum

(85%F) (O =a-a = (V5 *F) ()1 (12)
In fact,
1 b—1
(855) oo =5 L (k a<t>><“>f<k>]
=t+u t=a—a
1 [ b=1 -
T L (k—a—p(t)" 1f(k)]
=t+u t=a—ua
1 b=l o
.y I;(k—p(a))”“lf(k)
o
W L};t (k—p(t f( )] -
=(V,*f) (D)]i=a,

where we use that -
(k+a—o()* D = (k—p()* .

The following substitution rules on time scale T are necessary for the proof of discrete
H-H inequalities on Z.

Theorem 1 ([22]). Let & : T — R be strictly increasing and differentiable with rd-continuous
derivative. If T := ®(T) is a time scale and F : T — R is rd-continuous, then for a,b € T,

/b F(T)®*(1)AT = /é(b) (Fo®d 1) (1)AT, (13)

®(a)
where A is derivative operator on the time scale T.

Theorem 2 ([25]). Let ® : T — R be strictly decreasing and differentiable with rd-continuous
derivative. If T := ®(T) is a time scale and F : T — R is rd-continuous, then for a,b € T

b ®(a)
[ E@ et mar= [ (Foa )V, (14)

o(b)
where N is derivative operator on the time scale T.

3. Main Results

In this part, we construct and establish some generalized H-H inequalities for convex
functions defined on Z and N_ j, using two methods.
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3.1. Generalized Hermite-Hadamard Inequalities on Discrete Time Scale Z

In this subsection, two generalized H-H inequalities on Z are deduced by using the
substitution rules shown in Theorems 1 and 2. Here, the notations are used:

B _ 2(b—s) a+b
,b]—{K’K— - for s¢ {Z'b]z}'

B _ 2(s—b) a+b
T[a,g”’]_{’(l’(_ - for se [a, 7 ]Z}.

First, we prove the discrete H-H inequalities on Z relating to the midpoin

T

N
N+
E3

and

b
t &2
Theorem 3. Let a,b € Z witha < band f : Z — R defined on [a, b]z be a convex function. If
a4b ¢ 7, then we have

a+b

7(*5) <bia[/uzf<r>m+ W

SYIUESIOR

Proof. Letk € ']I‘[%b,h] \ {0,1} be fixed. We define

x—5a+271{b _Z—K
2 2 YT

K
=b
a+2

are in [a, bl and Y _ atb Gince f is convex on x,Y|7, we can deduce
Z 2 2 Ylz

() =2l (e Tam) (5t

S+ 250+ 25w + 5| = L0,

(16)

Integrating the above inequalities with respect to x over ’]I‘[ agb ps then we have
2 7

a+b\ .
/ f< )AK
Tagey” \ 2

1 K 2—%x,\ 2—x K\«
gzl/TFWb]f(za+zb>AK+ [ sz)M] )
1 "
<3 /TW fla) + f(b)Bx
Hence,
P50 < gl +1u] < 570 + 50 s

where

K 2—x,\4 2—x K\ A
h1:/ f(a+ b)AK, h2:/ f( a—l—b)AK.
T[#,b] 2 2 T[#l’] 2 2

Here, we calculate h; and hy, separately.
First, we prove that

. f(r)Vr. (19)
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Let ®;(7) : [”;—b,b}z — Tpuss ) be defined by ®1(7) = 200 with T € [452, D).

Then, @4 (7) is decreasing;:

2 —
o (1) = %a—k 5 Thand (—CDY)(T) =

Making use of Theorem 2, we obtain

K 2—=%K 4 1= (142) 1 A
I3 _/T[a+b b]f<2a+ 5 b) Ax = /O:<I>1(h) (foq)l )(K)AK
TI

X

(20)
b 2 b
= Jou @ (T @VT= 5=, [, fOV
Next, we claim
2
_ 21
hy b—al, f(t)AT. (21)
Assume k = 2(15_7) with T € [“zib, b} - Setting = a+ b—tand® = 2(;:’1”) , we have
te {a, ”zib}z and & € ']I‘[a ) Then
)
" 2—K K\ & 22—k .\~ .
y = /TM f( _ a—l—zb)AK— /T N f( . a+2b) . @)
[T:b] [”’T]
Let @, (7) : {a, %b} 2 T[ﬂ ath) be a map defined as (1) = % Then, ®,(7) is
increasing:
2—71 T 2
10\ _ T Ay —
o, (1) = 5 a-+ 217 and P35 (1) e
Hence, using Theorem 1, we have
1=dy(442) _ b
= P (fost)RAr= [ " f(r)@d(r)aT
0=, (a) a (23)
2
= A .
[ 7 foa
Inserting hy and h; into (18), we obtain
a+b
< [ +fb)

f(”jb)sbla[ L fOve [7 foar| < L0,

which completes the proof of the theorem. [

Next, the above H-H inequalities are extended to discrete fractional forms involving
the nabla h-fractional sums on Z.

Theorem 4. Let a,b € Z witha < band f : Z — R defined on [a, bz, be a convex function. If
otb € 7, then for € > 0, we have

(55) < ey | eV 0+ iss)| < LSBT ey

2
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where

=
Q:/ (b ”K+1> Ax.
Tiaghy \ 2

Proof. Letx € T[%b b \ {0,1} be fixed. We define

a+b
2

x—Ea—i—z;Kb —Z_Ka—i-ib
A R A R
are in [a,b]z and 5 = b. Since f is convex on [x, ]z, we can deduce
a+b 1 K 2—x 2—x K
<- - Z
) A1) (5 )

1[x 2—x 2—x K f(a)+ f(b)

e = =TI

<3 |50+ 2550 + 255 @ + 5 w)| = 1

e—1
Multiplying each term by (b%HK + 1) and integrating with respect to k¥ on T[ ab b
then

b—a Tt ofa+b\;
/ K+1> f( )AK
T[“yb,b]< 2 2

(26)

that is,

b—a ook k)« (27)
(a2
c)

where

Define
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First, we claim that

=30 <), 28)

Let ®¢(7) : [%b,b}z — T[Mb be defined as ®1(1) = 2(b T) with T € [#,b}z.

3/b]
Then, ®1(7) is decreasing;:

T 2—-71 v 2
§a+ 5 band(—cbl)(r)—b_a.

In addition, let ¢ (7) = (b— 7+ 1) T and F, () = ¢ () f(7). Then, we obtain

Fi(®1 (7)) = g1(®7 (7)) f(@1(7) )

o l(1) =

T 2-7 el /v 21
(e )
e—1
:<b T+1> f(;a+22Tb)
Hence,
m= | ~ R(®7 () (30)

(5574
Making use of Theorem 2, we obtain

a+b

/01 @ (45h) Flod] )(K)AK = /ib Fi(7) <—q)1v) (1)Vt (31)

b
=b_a/*b<b—f+1> fove= T v <s)

2

On the other hand, we assert that

2l (e
hy = - ( a)vab (a). (32)
- 2
Assume x = 2(::;) fort € {M, b} 7 Settingt =a+b—Tand & = 2(;:;), we have

T€e { M}Zandke’]l‘[,%] Then

b—a el 7o g K\ «
h :/ K+1) < a+b>AK
? THM< 2 AR

c3

(33)

b—a L /2% &\

- g1 ~b | Ak.

/E[ a+b]( 2 K+ ) f< 2 a+2b> "
a7

Let (1) : [a,’%b}z — ’]I'[ 04 be a map defined as @, (1) = Z(If:a”>. Then, ®,(7)

is increasing;:
2—-7 T A 2
5 a—i—Eb and ¢2(T)7b—a'

In addition, we define g>(7) = (T —a+1)¢"and F(7) = g2(7) f (7). Then, we obtain

@, (1) =

(@5 (7)) = (bz”TaH)e_lf(zZTH;b). (34)




Fractal Fract. 2022, 6, 563 9 of 15
Hence, using Theorem 1, we have
h / (b 4 +1>€ lf<2 Ka—i-Kb)AK
2 = =
T[ﬂ’ﬁfb] 2 2 2
1=, (42 ~ ath
:/ 23 )oncpgl(x)mc: / By (1)@ (1)AT (35)
0= (a) a
2 7 a1 2r(€) o e
— 5 [ e )T AT = Vs )

Thus, we obtain

f(”“’) < T {a+bv—€f(b)+v;§b(a)} < f@ 1)

2 ~— Q(b—a)
proving the theorem. [OJ

Remark 2. Note that, concerning the discrete fractional H-H inequalities on Z, we obtain

1.  Fore =1, Theorem 4 reduces to Theorem 3.
2. From Remark 1, the following inequalities for the nabla left and delta right fractional sums are
equivalent to inequalities (24):

(550) < sapay |V SO+ Vi fla-o)] < TS0,

which can be seen as the midpoint type of the inequalities (3).

3.2. Generalized Hermite-Hadamard Inequalities on Discrete Time Scale N j,

Here, we use the definitions of h-sum operators to prove the discrete H-H inequalities
on N_ . Denote T[ ath ] by
2 7

B _ 2(b—s) a+b
T[“—;b,b] = {KK— - for se {2,17]1\]”1}.

Theorem 5. Let a,b € N.j, witha < band f : N, — R defined on [a,b]y_, be a convex
function. If # € N, then inequalities

f<a—£b> = bia l/ﬂazf(T)AhT-i— ibf(r)vhr < f(a) + f(b) (36)

ath 2
hold.
Proof. Fixx = 2(;7:;) € T[#,b] \{0,1} with T € [%b,b}N K Suppose
K 2—K 2—K K
x—§a+ 5 b, y= > a—l—Eb,

then x,y € [a,b]y,, and Y — atb Dye to the convexity of f, we obtain

() 233 (e )] 5
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Setting T = “t0 + kh with k € N, thenx = 1 — 2% and
K 2—x a+b 2—x K a+b
f(2a+ 5 b)—f( 5 —I—kh), f( 51 2>—f< 5 —kh>. (38)
Therefore,
f<a+b>§1[f<a+b+kh) f(””—kh)}gf(”wrf(b). (39)
2 2 2 2
Taking sum over k from 1 to bz;h”, then
b —a
a+b 1| & (a+b & (a+b f(a)+ f(b)
= - e 4
f( 5 ) 2[; ( +kh>+k=1f< 5 kh)] < 5 (40)
Define
z b b
I _hZf(”+ +kh>, hy _hz (” —kh).
Next, we calculate h1 and hy, separately.
For hy, setting | = k + %, we obtain
i b
hy=h Y,  f(lh)= mf(T)VhT (41)
I=atb 41 2
For hy, setting j = % — k, we obtain
-1 azh
hy=h Y f(jh) = f(t)AnT (42)

Hence,

7)<

2 7

[/Hbf )BT + if( )th] _M

which are the desired inequalities. O

Remark 3. Note that the inequalities (36) with h = 1 and c € Z deduce to the inequalities (15) in
Theorem 3.

The next result is important to prove the discrete fractional H-H inequalities on N j,.

20 Vi Q) (Dle=p = 4V ol f(D)le=a,

2

where (Qf)(t) = f(a+b—1).

Lemma 1. Let a real function f be defined on N, and € > 0 be given. Suppose a,b € N., a < b
and %b € N, . Then we obtain

(43)
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Proof. Using Definition 2, we can show that
y g -
Vi QN (Dlemp = w= L (—pu(h); " fla+b—1h). (44)
: I 1=t 41
Then, we seti = Hl}ljfl to obtain
e h 1 ) 1, .
ap Vi Q) (D) |e=p = o) (ih — pu(a)), f(ih)
i=atb_1
a+b (45)

Thus, Lemma 1 is proved. O

From Lemma 1, the following theorem can be proved.

Theorem 6. Let a,b € N witha < band f : N.; — R defined on [a,b]y_, be a convex

function. If # € N, then for € > 0, the inequalities

f<“;rb> < rzg[@vhef(bwr hvagbf(a)} < M

hold, where

atb

. 2(b— . b
Proof. Fixx = (bf;) € T[M,b] \{0,1} with T € [%,b}N . Suppose

2 ch

x—EcH—L_Kb _2-x
=2 2 Y=

K
s
a+2

thenx,y € [a,b]y,, and Y = b Duye to the convexity of f, we obtain

52 < 52 e )] < 2

Setting T = % + ki, thenk = 1 — 2 and

f(§a+22xb) :f<a;b+kh), f(zzxa+§b> :f(a;bkh)

Therefore,

) (52 )] < 2

(46)

(47)

(48)

(49)
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-1
Multiplying each term by (T — pp(kh + #))Z and taking sum over k from 1 to

% with T € [“%b, b} , we obtain
Nc,h

(50)

’ (51)
+ Y (r—pulh))y  fla+b— lh)]
T=b

< Y —pmyy L)

that is,

0f(57) = T2 [ ViSOt T @0MI] < o 6

b -
Q= [ (b-pp0)i 'Vt

a+b

2

Then, with the help of Lemma 1, we can obtain

f(ﬂ;b) < I;(g{@vgef(r)r_b+ WV oo f (D= < M

Thus, Theorem 6 is proved. O

Remark 4. It is worth noting that:

1. In Theorem 6, when h = 1 and ¢ € Z, the inequalities (46) are consistent with the inequali-
ties (24) of Theorem 4:

f(a;b) < Q(I;)(e_)a) |:a;bv_€f(b)+ vu—é (a) < M,
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where

0= /;(

In fact, using the time scale substitution rule (see Theorem 2), we have

ﬁA
T+ 1> AT.

[ <b;“7+4)61arz‘/w“y)@x¢H)u»AT
(atb g

7

_ /hb F(7)(—@V)(1)VT

2

2 [ 0—pm) v,

2

[yl

where () = §a + 25%band F(x) = (b~ 7 + 11

2. Ifwe take € = 1, then the inequalities (46) of Theorem 6 are consistent with the inequalities
(36) of Theorem 5.
4. Examples

In this section, we give two examples to illustrate our results

Example 1. Let f(t) : [a,b] NN, — R be defined as f(t) = 1, where a,b € N.j, and c € Z+
Obviously, f is a convex function. Hence, we have

2 1 ot 141
< —At ) v a__b
a—l—b_b—a[/ h+/+btvh]

If we take h — 0, then

It follows that

2 _ In(b) — In(a) - %+%'
a+b b—a 2

Example 2. Let f(t) : [a,b] "N, — R be defined as f(t) = (1+ h)%, where a,b € N, j, and
¢ € Z". Due to the convexity of f, then the following H-H inequalities

7)<

hold. Hence, we have

[/ﬂ f(6)Apt + if()vhf

_ f@)+ £(b)
- 2

7

ath
2h

(14 h)

h a
< |A+mE+A+nE 44 (1 h)
+(1+h)“2—+;’+1+(1+h)”2—*h”+2+...+(1+h)ﬂ

_ A+t +a+mi
< . .
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References

It follows that

(1+h)%
< bia[(1+h)% — (L )E 4 (L4 — (141 5
_ a+nf +(1+h)f

Taking u = f(a),v = f(b), then we obtain

1
< F L

Note that if we take h — 0, then

1+h)v—u—h(uv)%} < M—ZHJ.

N —

(u0)

where we use the fact that }llirr(l) (1+h)r = e
%

5. Conclusions

The H-H inequalities play a meaningful role in mathematics, and they have been
generalized to different forms. However, inequalities for the convex function defined on
time scales are rarely studied. In this article, we established two types of discrete H-H
inequalities on time scales: Z and N j, respectively. In addition, we proved two discrete
fractional H-H inequalities for fractional sums. In the future, other generalized H-H
inequalities, relying on different forms of convexity or sum operators, can be introduced
by similar methods. Furthermore, the discrete H-H inequalities can be studied for the
qualitative properties of difference equations.
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