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Abstract: In this paper, nonlinear nonautonomous equations with the generalized proportional
Caputo fractional derivative (GPFD) are considered. Some stability properties are studied by the
help of the Lyapunov functions and their GPFDs. A scalar nonlinear fractional differential equation
with the GPFD is considered as a comparison equation, and some comparison results are proven.
Sufficient conditions for stability and asymptotic stability were obtained. Examples illustrating the
results and ideas in this paper are also provided.
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1. Introduction

The stability properties of solutions are an important branch in the qualitative theory of
differential equations. One of the most effective and applicable methods for investigation of
the stability properties of solutions is the Lyapunov approach [1]. Various types of stability
for Caputo fractional differential equations by the Caputo fractional derivative of Lyapunov
functions have been presented and discussed (see, for example, [2-7]). Recently, in 2017
[8], the generalized proportional Caputo fractional derivative (GPFD) was introduced and
applied to various problems. This derivative is a generalization of the Caputo fractional
derivative. Note that the GPFE is similar to the so-called tempered fractional derivative. For
some results concerning the GPFR and the differential equations with the GPFD, as well as
its applications, we refer the reader to [9-13]. However, the study of the stability properties
of the solutions of fractional differential equations with the GPFD is at its initial stage (see,
for example, [14]). Note that, in contrast to ordinary derivatives, fractional derivatives
depend significantly on the initial time point t, which is equal to the lower limit of the
derivative ([15-20]). Therefore, any change of the initial time leads to a change of the
fractional derivative and the corresponding fractional differential differential equation. For
this reason, we study only stability and asymptotic stability instead of the uniform ones.

In this paper, we used appropriate Lyapunov functions and their GPFD among the
solutions of the appropriate equation. Comparison results with the scalar fractional differ-
ential equations with the GPFD and Lyapunov functions were obtained. Several sufficient
conditions for stability and asymptotic stability are presented. Some examples illustrate
the ideas and results in this paper.
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2. Notes on Fractional Calculus

Let u : [a,T] — R (if T = oo, then the interval is half-open). The generalized
proportional fractional integral is defined by (as long as all integrals are well defined;
see [10]):

1
p"T(a)

and the generalized Caputo proportional fractional derivative (GPFD) is defined by (as
long as all integrals are well defined; see [10]):

(aI*Pu)(t) =

Pty g a1
/ er (t—s)""u(s)ds, te(aT], «>0,p€(0,1], (1)
a

(e D*Pu)(t) = (aI'~“F(DPu))(t)

t 1
= i LT e e as @

for t € (a,T], « €(0,1), p€(0,1],
where (DYu)(t) = (DPu)(t) = (1 — p)u(t) + pu'(t).

Remark 1. Note that in the case p = 1, the GPFE is reduced to the Caputo fractional derivative:
(7 D*1u)(t) = FD*u(t).

Remark 2. The GPFE given by (2) could be generalized for any function u € C([a,b],R") viaa
componentwise approach.

Lemma 1 (Theorem 5.3 [10]). For p € (0,1] and a € (0,1), we have:
c b5t (t-a)
(aI** (7 D™u)) () = u(t) —u(a)e © ®)

Lemma 2 (Theorem 5.2 [10]). For p € (0,1] and a € (0,1), we have:

a, %ﬁl _ - _ r(ﬁ) p,%lT o —1+4a
O O [ e N G ] )

Remark 3. Ifp € (0,1), then ({D%Pc)(t) # 0, where c is a nonzero constant.

Remark 4. The relation: )
o

(ED“’peT('))(t) =0 for t>a (5)
is known from [10], Remark 3.2.

We used the result given in Example 5.7 of [10] (with necessary slight corrections).
Consider the initial-value problem for the scalar linear fractional differential equation
with the GPFD:

(EDMy)(6) = Ay(t), ¥(@) =30, t€ [0 T), ac(0,1), pe (01) ©
with yp € R.

Lemma 3. The initial-value problem (6) has a solution:

) oYt

y(t) = yoe )%), )

where E, (t) is the Mittag—Leffler function.
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Lemma 4 ([14]). Let the function u € C*([a, T],R), T < coand a € (0,1), p € (0,1] be two
reals. Then,

(D% u?) () < 2u(t)(SD*Pu)(t), te (a,T). 8)
3. Statement of the Problem

Consider the following nonlinear system of fractional differential equations with
the GPFE:
(§D*x)(t) = f(t,x(t)), fort>ty, a€(0,1), p€(0,1] ©)

with the initial condition:
x(to) = Xp, (10)

where tg > 0, xg € R",f € C([tg, ) x R™,R™).

In our paper, we assumed that f(t,0) = 0, so the zero is a solution of (9).

We denote the solution of (9), (10) by x(¢; to, x). We assumed in the paper the initial-
value problem (9), (10) has a solution defined for ¢ > t; for any initial value xy € R". Some
existence results were given in [21,22].

Definition 1. The zero solution of (9) is:

e Stable if for every € > 0, there exist § = 5(€) > 0 such that for any xg € R", the inequality
[|xo]| < & implies ||x(t; to, x0)|| < € for t > to;

e Attractive if there exists B > 0 such that for any xo € R" with ||xo|| < B and for every
€ > 0, there exists T = T(€) > 0 such that ||x(t;to, x0)|| < € fort > to+ T;

e Asymptotically stable if the zero solution is stable and attractive.

Define the following set:
K = {ae€C([0,00),[0,00)) : ais strictly increasing and a(0) = 0}.
Consider the comparison scalar fractional differential equation with the GPFE:

(D y)(t) = h(t,y(1), t>to, (11)

where h : [tg,00) x R — R, h(t,0) = 0. We assumed there exists a small enough num-

-1
ber L > 0 such that the equation (%D""Py)(t) = h(t,y(t)) + nepT(t_s), n € (0,L] with
y(to) = yo has a solution y(¢; to, yo, 17) where yy € R.

Example 1. Let us consider the scalar fractional differential equation:

(5D“y)(t) = —bu, y(to) = yo, (12)

whereyy € R, b > 0.
According to Lemma 3, the solution of (12) is:

t—1tp
P

From (13) and the inequality 0 < E,(—b(t —t9)7) <1, t > to, we obtain:

—1
y(t) =yoe' 7 T E, (—b(

)%). (13)

(B[ < [yol- (14)

Inequality (14) proves that the zero solution of (12) is stable.

We define a class of Lyapunov functions.
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Definition 2. Let V(t,x) € C([tp, T) x A, Ry) be locally Lipschitzian with respect to its second
argument and V(t,0) = 0, where t),T € Ry @ T > to, A C R", 0 € A. Then, we say
Ve A(lty, T),A).

We used the generalized proportional Caputo fractional derivative of the Lyapunov
function for any solution of the system of fractional equations. Note that in the case of
Caputo fractional derivatives, some authors [3,6,7] have used a similar approach.

4. Comparison Results

Lemma 5. Let u € C([tg, T], R), and there exists a point t* € (to, T|, such that u(t*) = 0 and
u(t) < 0forty <t < t*. Then, if the generalized proportional Caputo fractional derivative of u
exists at t*, then the inequality (%D”‘fpu) (t)|t=¢ > 0 holds.

Proof. From the definition of the GPFD and integration by parts, we obtain:

(5D u) (£)] 1= = plr§1_> / =) (1= P()ﬁ(s_);)rapu’(s) i
- /t:{lpf’ep;fm-s) (t”(_s)> L) (tu@) s
=i, e
—l—eppl(t*_s)[a‘i((t*u(_s)s)a) - (t*ait(ss))m]ds}

__ Pod foetieg) u(s) (15)
a m/to %(e ! m)ds
- i i e - R

- r(ix) /t: eT(t*_s)(t*f(z;Mds.

Using I'(—a) < 0 fora € (0,1), u(t) < 0forty < t < t*, and L'Hopital’s rule
applied to:

p=1 %
E—=(t*—s) 1, L
tim & = tim ) u(s) (9T e - o) =0,
sot (FF—s)" S—t*
we obtain:

N p=1 u(t w A u(s
S0 PO = T I [ MOt 0. a9

O

We now obtain a comparison result.

Lemma 6. (Comparison result). Assume:

1. Thefunction %(.) = x(.;to, xo) € A is a solution of (9) defined on [ty, T], where A C R", 0 € A,
and T : tg < T < oo isa given constant, xg € A;
2. The function h € C([to, T] x R, R);
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3. The function V € A([to, T], A); the generalized proportional Caputo fractional derivative
exists for any point t € (to, T), and the inequality:

(ED“PV(, £())() < h(t, V(L (), € (to,T]

holds;
4. The function y*(t) = y(t; to, yo) is the maximal solution of (11) on [ty, T].
Then, the inequality V (to, xo) < yo implies V(t,%(t)) < y*(t) for t € [to, T).

Proof. Consider:

(EDy)(t) = h(t,y(1) +7e 7 ), te (b, T, ylt) =yo+7, (17)

where 17 < L, as described after (11).
Take the generalized proportional integral operator on both sides of Equation (17),
apply Lemma 2 with f = 1 and Lemma 1, and obtain for the solution: y(t,#) of (17):

y(t ) = y(t)e ™ 0 4 (1% (h(,y () + 1)) (8)
= (o +1)e'T ) 4 (o Iy o)) () + e T ()

T (1 + a)
o1 el (18)
— (y0+71)€ 0 (t t0)+par(;17+‘x))e o (t to)(t_to)a
top-1
i Pwrl(rx) /t ¢ Tt —5)* (s, y(s, ) ds  for t € [to, TI.

Consider the function p(t) € C([to, T], R ) defined by u(t) = V (¢, %(t)). We prove that:
u(t) <y(t,y) for t e [ty T). (19)

The inequality (19) holds for t = ty because 1(tg) = V(to, x0) < yo < yo +1 = y(to, 7).
Assume that Inequality (19) is not true. Then, there exists a point T such that u(7) = y(7,7),
u(t) <y(tn) fort € [ty, 7). Now, Lemma 6 (applied to p(t) — y(t, 7)) yields (%D“'Py(.) -
Y (Bl > 0, e,

(DI (D)1= > (D y(, 1) (De=r = h(T,y(T,1)) + 5 > h(T,u(7)).  (20)

From Condition 3 with t = 7, the inequality (fo DYV (., %()))(t) = (% D) () |t=r <
h(t,V(t,%(7))) = h(T, u((7)) holds. The obtained contradiction proves (19).
We now show that if 17, < 771, then:

y(t,m2) <y(t,m) for t € [ty, T). (21)

Inequality (21) holds for t = t;. Assume that Inequality (21) is not true. Then, there
exists a point t* : y(t*, 1) = y(t*, 1) and y(t,12) < y(t, 1) for t € [tp,t*). From Lemma 6
(applied to y(t,72) — y(t,171)), we obtain (E)D”"P (y(,12) —y(.,m))(t)|t= > 0. However:

(D% (y(.12) = yCom)) ()=

= (D" (y(.,72)) (D)= — (D™ (y(.o70)) (D) i=r-

— B, y(F, ) + e T T R () + e
= (e ) +772€p7 ) [,y () + e

= (t=h)) 22)

[t
0
%(Hw]

The obtained contradiction proves Inequality (21).
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From (19) and (21), it follows that the family of solutions {y(t,77)},t € [to, T] of (17)
is uniformly bounded, i.e, there exists K > 0 with |y(t,#)| < K for (t,1) € [to, T] x [0, L].
Denote M = sup{|h(t,x)| : (t,x) € [to, T| x [-K,K]}.

Let {n;}?2y : #j < #j-1 < no < L and limj,7; = 0. Then, for {y(t;;)}72,,
we obtain:

1 . 1
y(tm) = (o +n)e’™ (70 Tt gy

*T(1
1 = )P ( —Hf) (23)
o (=) h(s,y(s, ;) ds  for t € [to, T).
oy Lo T s iyt ) s for ke Lo T)
Now, for t1,t, € [to, T], t1 < to, from (23), we have:
1 f2 E(t —s) a—1
(t2m) = ()| = s [ (6 =) sy s ) s
1 h =1 (4 —s) a—1
Ty ¢ e gl ds
L | [0 (5 s a1 _ o5t (=) a1
< _ _ _ )
< STyl (e g (tp —9) er (t1 —s) )h(s,y(s,n])ds
th p-1
+ tzepT(trs)(tz—s)“*lh(s,y(s,n]-))ds (24)
1
M h E(1‘2*5) a1 E(151*5) _ a1
< T () /to er (t —s) er (t1 —s) ’ds

t _
+ M /26%02_5)(1?2—5)“*1115
t

M t
< @l

and thus, y(t2,17;) — y(t1, ;) — 0asty — to.

Therefore, the family of functions {u(f;7;)} is equicontinuous on [to, T]. According to
the Arzela—Ascoli theorem, there exists a subsequence {y(t;7;,)} and a Y € C[to, T] with
limy_, y(t;17;,) = Y(t) for t € [to, T]. Taking the limit in (23) as k — oo, we obtain that the
function Y (¢) satisfies:

—1 1 Y
e%(tzfs)(tz —s)v 1~ 7 (1) (t —s) ! ‘ds + (QTH)]

_ oo
Y(t) = yoe%(t#‘)) + / epTl(tfs)(t —5)* (s, Y(s)) ds for t € [ty,T], (25)

to

p*T ()

Therefore, Y (t) is a solution of (11) for t € [ty, T|, and according to Condition 4, we
have Y(t) < y*(t) on [to, T|. From (19), we obtain pu(t) < Y(t) < y*(t) on [to, T]. O

Corollary 1. Let Condition 1 of Lemma 6 be satisfied and V € A([to, T], A) be such that the gener-
alized proportional Caputo fractional derivative exists for any point t € [to, T], and the inequality:

(D V(,2)(1) <0
holds.

-1
Then, V(t, %(t)) < V(to, x0)e 7 ") < V(to, xo) for t € [to, T].

-1
Proof. The proof follows from Remark 4 (g} Db 7 (‘)) (t) = 0, i.e., the solution of (11) with

-1
h(t,u) = 0 and initial condition yo = V (o, x9) is y(t) = V (¢, xo)epT(t_tO). O
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Corollary 2. Let Condition 1 of Lemma 6 be satisfied and the function V- € A([to, T|, A) be such
that the generalized proportional Caputo fractional derivative exists for any point t € [to, T|, and
the inequality:

(5 DV, Z()))(H) <~V (L, %(1))

holds where > 0.
Then:
t—1tp

V(t2(1)) < Vit x0)e'® O Ey(—B( ;

)%), t € [to, T]. (26)

Proof. The proof follows from Lemma 3 about the solution of (11) with h(t,u) = —Bu and
initial condition yo = V(t,xp). O

Remark 5. The results of Lemma 6, Corollaries 1 and 2 are true for T = co.

5. Main Result

We study the stability properties of the nonlinear generalized proportional Caputo
fractional differential Equation (9).

Theorem 1 (Stability). Assume:
1. The function h € C([tp, o) x R, R), h(t,0) = 0;
2. There exists a function V € A([to, ), R"), V(t,0) = 0 such that:

(i) foranyinitial value xo € R", the generalized proportional Caputo fractional derivative
exists and the inequality:

(%D""PV(.,x(.))(t) <h(t,V(t,x(t)), t >t (27)

holds where x(t) = x(t; to, xg) is the solution of (9), (10);
(i) b(||x]|) < V(t,x)fort >ty, x € R", whereb € K;

3. The zero solution of the scalar (11) is stable.
Then, the zero solution of (9) is stable.

Proof. Let € > 0. According to Condition 3, there exists J; = d1(€) > 0 such that the
inequality |yo| < 61 implies:

ly(t;to,yo)| < b(e), t>to, (28)

where y(t; to, o) is any solution of (11). Since V (tg,0) = 0, there exists d, = d»(tp,d1) > 0
such that V(ty,x) < d; for ||x|| < &,. Choose xg € R" : ||xo|| < 5. Then, V(ty, x0) < 61,
and let %(t) = x(t;t, xg), t > to be the corresponding solution of (9) and (10). According
to Condition 2(i), the inequality (%D“/PV(., %(.))(t) < h(t,V(t,%(t))),t > to holds.

Let y5 = V(to, x0). Then, y; < 61, and Inequality (28) holds for the solution y(t; to, y§)
of (11). From Lemma 6, Remark 5, and Inequality (28), we have:

V(tx(t) <y(t) <ble), t=to
here, (t) = ¥(t; to, y§;) is the maximal solution of (11). Then, from Condition 2(ii), we obtain:
b([|x()]]) < V(£ x(t)) <ble), t=>to
so the result follows. [

Corollary 3. Assume V € A([ty, ), R"), V(t,0) = 0, such that:

(i)  For xg € R", the generalized proportional Caputo fractional derivative exists and the inequality:

(EDYPV(,x(.)(t) <0, t >t (29)
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holds where x(t) = x(t; ty, xo) is the solution of (9) and (10);
i) b(||x]]) < V(t,x)fort >ty, x € R", whereb € K.

Then, the zero solution of (9) is stable.

The stability property is also satisfied if the conditions for the Lyapunov functions are

satisfied on a ball:
Sy={xe R": [|x]] < A}

Theorem 2 (Stability). Assume:
1. The function h € C([tp, ) x R, R), h(t,0) = 0;
2. Thereexists a constants A > 0 and a function V € A([ty,0),S,), V(t,0) = 0and:
(i) For any initial value xy € Sy and x(t) = x(t;ty, x0) € Sy, t > to, the generalized
proportional Caputo fractional derivative exists and the inequality:

(HD“PV(, x())(1) < h(t, V(L x(1)), t>to (30)

holds;
(i) b(||x]]) < V(tx) <a(]|x|]) fort > ty, x € S, wherea,b € K;

3. The zero solution of the scalar (11) is stable.
Then, the zero solution of (9) is stable.

Proof. Lete € (0, A]. Then, thereexists 1 = 61 (€) > 0such that the inequality |yo| < &1 implies:

ly(t;to,yo)| < b(e), t>to, (31)

where y(t; tg, 1p) is any solution of (11).

Let 61 = min{e, b(e) }.

Since a € K, there exists d, = 6,(d1) > 0 such that if § < &y, then a(¢) < &;. Let
6 =min{e, 5 }.

Choose x¢ : ||xg|| < d, and let %(t) = x(t;tg, x0), t > t be the corresponding solution
of (9) and (10).

We prove:

[|Z(t)|| <& t >t (32)

Assume this is false. Then, there exists a point T > to such that ||%(t)|| < ¢, t € [t, T),
and ||%(7)|| = ¢, i.e, X(t) € Sy, t € [to, T].

Let y5 = V(to, x0). Then y§ < a(||x0||),a(d2) < 81, and Inequality (31) holds for the
solution y(¢; o, y;;) of the scalar FrDE (11). Then, from Lemma 6, we have:

V(t,x(t)) <y(t) <b(e), telt,T];
here, (t) = ¥(t; to, y;;) is the maximal solution of (11). Then, from Condition 2(ii), we obtain:
be) = b(|[Z(D)]]) < V(z,%()) < b(e).
The obtained contradiction proves Inequality (32). O

Theorem 3 (Asymptotic stability). Let V € A(Ry,R") and:

(i) For any initial value xoy € S, and any solution x(t) = x(t;tg, x0) € Sy, t > tg of (9), (10),
the generalized proportional Caputo fractional derivative exists and the inequality:

(ED%PV (., x()(t) < —cV(L,x(1), >t

holds where ¢ > 0;
(i)  b(||x]]) < V(t,x) <a(||x||) fort > ty, x € S) wherea,b € K.
Then, the zero solution of (9) is asymptotically stable.
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Proof. According to Theorem 2, the zero solution of (9) is stable. Thus, there exists a
constant A = A(A) € (0, A) such that the inequality ||%p|| < A implies:

|[x(t;to, Xo)|| < A for t >t (33)

where x(t; to, %) is a solution of (9) and (10).

Let B € (0,A]: a(B) < b(A), and choose xg € R" : ||xp|| < B. Consider the solution
%(t) = x(t;to, xp) of (9) with initial condition x(tp) = xo. Then, b(||xo||) < a(||xo]]) <
a(B) < b(A),ie., ||xo|| < A, and therefore, (t) € S,, t > t.

According to Corollary 2, we obtain:

-1 —
V(L E(t) < Vitgxo)e? 0 Ey(—c(: pto)“), t> to. (34)
—1
Choose an arbitrary number ¢ € (0, B). Consider the function 7 (t) = eﬂTtE,x(—c %)”‘),
which is decreasing. Thus, there exists a number T > 0 such that 7(t) < f(—g)) for

t > T. Thus,

t—1to\a
5 )*)
t

<a(llxole’ B (~e(2)) < ble), 12T,

b(12(1)]]) < V(1)) < V(to, x0)e 7 TV Eg(—c(

Therefore, ||%(t)|| < ¢, t > to+ T holds, and the zero solution of (9), (10) is attractive. [

6. Applications
Example 2. Consider the following system of fractional differential equations with the GPFD:

§Dx0)(0) = (1 - ) (0 - a1t
(35)
(§D2) (1) = —(1 - >§”t2§ Bl +obn) o 120

with initial condition:
x1(0) =Y and x,(0) = 9,

where x1,x; € R, a € (0,1), p € (0,1], and go € C(R, R) is an arbitrary function.

Note that (1 —p) 8;;3 €[05(1—p),(1—p))fort>0.

Consider V(t,x1,x2) = x3 + x5 fort € Ry, x = (x1,x) € R?.
Forany xq,x3 € R : x = (x1,x2), apply Lemma 4, and obtain:

€DV, x1(),12())(5) = (ED())(1) + (ED3()()
< ()€ D“Px1<2>>< )+ 22 (6)(§ D2 () (1) a6
— 2= Vi) < (1= p)V ()

Case 1. Let p = 1 (Caputo fractional differential equation). From (36), we obtain the inequality
(%D”"PV(., x1(.),x2(.)))(t) <0, and according to Corollary 3, the zero solution of (35) is stable.

Case 2. Let p € (0,1), and from (36), according to Theorem 3, the zero solution of (35) is
asymptotically stable.

Therefore, the stability properties depend on the parameter p of the generalized proportional
fractional derivative.
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Consider the corresponding to (35) system with ordinary derivatives:

40 =~ - G 0 - g
(1+#)

+

12
(1) = (1) (g (D2 20m, fort =0, p€ (0.1, 7
x1(0) =2y and x,(0) = x9.

Case 3. Let p = 1. Then, the solutions are not stable (see Figure 1) (compare with Case 1).

Case 4. Let p = 0.9. The zero solution is asymptotically stable (see Figure 2 with x1(0) =
x2(0) = 0.52and g (t) = —1).

Therefore, the type of the derivative (ordinary derivative, or Caputo fractional derivative, or
the GPFD) in the differential equation has a significant influence on the behavior of the solutions.

15}
1.0f

0.5[

-1.0}

15k

Figur
0.4 \

0.2 H

-0.6 R
Figure 2. Graph of the solutions (37) for p = 0.9, g»(¢) = —1.

Example 3. Consider the following system of nonlinear fractional differential equations with
the GPFD:

(6D%x1)(t) = asin(x1(1)) — g(t)x = 2(t),

(38)
(§D*Px)(t) = g(t)x1(t) + asin(xa(t)) for t>0,a€(0.1), pe(0,1),
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with initial condition,
x1(0) =Y and x,(0) = 9,
where x1,x; € R, ¢ € C([0,00), R) is an arbitrary functionand a > 0: a < 0.5(1 — p)*.
Consider V(t,x1,x2) = x% +x3fort € Ry, x1,xp € R.
For any x1,x2 € R, apply Lemma 4, and obtain:
(§D%Px3 () () + (5 D*Px3(.)) (t)

(GDPV (., x1 (), x2())(H) = (
< 221 (#) (§; D% x1 (1)) () + 2x2 () (5, D" x2 () ) (1)
= 2ax1(t) sin(x1 (t)) — 2g(£)x1(£)x2(t) 4 2x2(£)g (£)x1(£) + 2ax2(t) sin(x2(t))

) (39)
< 2a(x3(t) + x3(t)) = 2aV (t, x1,%0).

Consider the scalar fractional Equation (11) with h(t,y) = 2ay, y € R, the solution
—1
of which according to Lemma 3 with A = 2a is given by y(t) = yoe%tEm(Za(f))“). Ac-
cording to Theorem 1.2 [23], for every a € (0,1), the function, ’fx—t — E(t*) is completely
o V2at
monotonic and E,(t*) < eft t > 0. Therefore, E,X(Za(ﬁ)”‘) = E“((@)"‘) < % and

\/ﬂf p—1+V2a 1+ \/>
(0)] < [wole’? ' = lole™

Thus, the zero solutzon of the considered particular case of the scalar (11) is stable since
p — 1+ v/2a < 0. According to Theorem 1, the zero solution of the nonlinear system (38) is stable.

7. Conclusions

A system of nonlinear equations with the GPFD was considered. The stability proper-
ties of the zero solution were studied using Lyapunov functions and their GPFDs. First,
some comparison results with scalar nonlinear fractional differential equations with the
GPFD and Lyapunov functions were established and several sufficient conditions for stabil-
ity and asymptotic stability were obtained and illustrated with examples. In the future, we
hope to study other types of stability for nonlinear fractional differential equations with
the GPFD and apply them to some new models.
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