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Abstract: The distance centric parameter in the theory of networks called by metric dimension plays a
vital role in encountering the distance-related problems for the monitoring of the large-scale networks
in the various fields of chemistry and computer science such as navigation, image processing, pattern
recognition, integer programming, optimal transportation models and drugs discovery. In particular,
it is used to find the locations of robots with respect to shortest distance among the destinations,
minimum consumption of time, lesser number of the utilized nodes, and to characterize the chemical
compounds, having unique presentations in molecular networks. After the arrival of its weighted
version, known as fractional metric dimension, the rectification of distance-related problems in the
aforementioned fields has revived to a great extent. In this article, we compute fractional as well as
local fractional metric dimensions of web-related networks called by subdivided QCL, 2-faced web,
3-faced web, and antiprism web networks. Moreover, we analyse their final results using 2D and
3D plots.

Keywords: fractional metric dimension; web-related networks; resolving neighbourhoods

MSC: 05C12; 05C90; 05C15; 05C62

1. Introduction

The rising sun of each day arrives with a bunch of advancements related to the arena
of information and technology, cheminformatics, and medicines. These advancements
raised disciplines such as artificial intelligence, drug discovery, and image processing.
Besides many concepts, metric dimensions of networks have a stake in their emergence.
Such as in robotics, distance intervenes when we have to allocate robots to different sites
known as landmarks without loss of economical operation cost and employing fewer
robots. This objective is achieved by turning this whole situation into a graph-theoretic
model and allowing metric dimension to give an appropriate picturesque model. Topics
such as these have been covered in [1-3].

The domains of chemistry, which include chemical bonding, drug discovery, and
development of diagnostic kits for different diseases are incomplete without the notion
of distance centric dimensions. With the help of graph-theoretic picturesque imagery of
chemical compounds along with metric dimensions, people from the chemical and medical
fraternity can develop drugs, chemical compounds, and testing kits having higher accuracy
and parsimony with ease. For further insight into this topic, we refer to [4-6].
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In a network G, the path with the shortest distance between two distinct vertices s and ¢ is
denoted by d(s, t). Consider W = {wy, wy, w3, ..., wx} C V(G)and avertexs € V(G) the metric
form of s regarding W is an ordered k-tuple r(s|W) = (d(s, w1 ), d(s,wz),d(s, w3),...,d(s, wy)).
The set W, having a unique metric form with respect to s in G, is called the resolving set.
The metric basis of G determined by the resolving set having the least number of elements
and its cardinality represents its metric dimension (MD).

After Slater [2,7], Harary and Melter [8] have discovered by themselves the notions
of resolving sets and MDs of networks, many researchers have incorporated the same for
various network types. These findings can be found in [3,4,9,10]. Chartrand et al. employed
the MD for solving the integer programming problem (IPP) [4]. Afterwards, Currie et al.
laid the foundation of fractional metric dimension (FMD) with its aid, and evaluated
the IPP acquiring results with high precision [11]. It was Arumugam and Mathew who
formally defined the FMD by bringing into light its undercover features [12]. Afterwards,
researchers have stormed with the results of FMD of networks, which are the resultants of
various graph operations such as comb, corona, Cartesian, hierarchical, and lexicographic
products, see [13-16]. Similarly, the FMDs of the generalized Jahangir network, metal
organic networks, rotationally symmetric and planar networks, tetrahedral diamond and
grid-like networks can be found in [17-21]. Moreover, for improved lower bound of FMD
and bounds of FMD of convex polytopes, see [22].

Aisyah et al. (2019) founded the local fractional metric dimension (LFMD) and
obtained it for corona product of two networks [23]. The results regarding the sharp bounds
of LEMD of connected networks and prism related networks can be found in [24,25]. In this
article, we calculate the upper bounds of FMD as well as LEMD of web-related networks
called by subdivided divided QCL, 2-faced web, 3-faced web, and antiprism web networks.
These networks bear rotational symmetry and planarity, which will help in designing
information and chemical structures. The upper extremal values of FMD and LFMD are
analyzed numerically as well as graphically. The flow of the article is as follows: Section 1 is
the introduction, Section 2 discussed the preliminaries and construction of networks under
consideration and Section 3 deals with the local as well as pairwise resolving neighborhood
sets of the networks titled above. In Section 4, the evaluation of the FMDs as well as the
LEMDs of SQ,,, WB}H, WB%H, WB?H and AW, is done. Section 5, ends the article with the
conclusions and future directions.

2. Preliminaries

For any node f € V(G) and {s,t} C V(G) then f is said to resolve the pair {s, t} if
d(s, f) # d(t, f). The set comprising of all such nodes is called the resolving neighborhood
set (RNs). The RNs of {s,t} is denoted by R{s,t} = {f € V(G)|d(s, f) # d(t, f)}. For
G(V(G),E(G)) that is connected and having v as its order, a resolving function (RF)
1:V(G) — [0,1] of G is a function fulfilling the condition u(R{s,t}) > 1V {s,t} € V(G),
where u(R{s,t}) = ¥ u(f). AnRF u of G is known as the minimal resolving function

feR{st

(MREF) if 3 some function 7y : V(G) — [0,1] where v < u and u(f) # v(f) for some

f € V(G), which is not the RF of G. For G, the FMD is denoted by fdim(G) is given

by fdim(G) = min{|u| : p is the MRF of G}, where |u| = Y. u(f). For more details,
fev(G)

see [12]. The resolving function is called the local resolving function (LRF) if #(R{st}) > 1.
Similarly, FMD will become LFMD if we only consider the pair of adjacent vertices only,
denoted by I fdim(G) [23]. We are sharing the following results, without which our article
is incomplete.

Theorem 1 ([25]). Suppose that G(V(G), E(G)) is a connected network. If [LR(st) N X| > a, V
st € E(G), then

1< Ifdim(G) < B,

where p = min{|LR(st)| : st € E(G)}, X = U{LR(st) : |LR(st)| = B} and 2 < B < |[V(G)|.
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Theorem 2 ([21]). Suppose that G(V(G), E(G)) is the connected network and R{s,t} is the
resolving neighborhood set for {s,t} in G. If p = min{|R{s,t}|}, X = U{R{s, t} : |R{s, t}| =
B} and |R{s,t} N X| > B then

1< fdim(G) < 5,
where2 < B < |V(G)|.

Theorem 3 ([25]). Suppose that G is the connected network,

(a) IfG is bipartite then 1 fdim(G) = 1,

(b)  Iflfdim(G) = 1 then either G is either bipartite or it bears a distinct odd cycle of mini-
mum length.

Construction of Web-Related Networks

This section is dedicated to the construction of the networks under consideration.

As defined in [19], for m > a quadrangular circular ladder (QCL) Q}, is a cubic network
that is the network obtained after the Cartesian product of P, x C;;. A subdivided QCL
denoted by SQ,, is formed after applying the subdivision operation on QCL by adding
vertex xs between vertices vs and vgy1, ys between vertices vs and ws and zs between
vertices ws and wgy 1. It can be seen that subdivided QCL is a bipartite network. The sets
V(SQy) and E(SQy,) are given by: V(SQy,) = {7j[1 <j < sPU{wi|1 <j<stu{wl <
J<SPULxI1<j<s}U{yll <) <s}U{zl1 <)< s}and E(SQ,) = {xs0s1[1 <5 <
M AV =01} U{xs505]1 <s <m} U{wsys|1 <s <m}U{osys|1 <s <m}pU{wszs|1 <
s < m}U{wszs_1|1 < s < mAzy = zy} respectively. The subdivided QCL is shown
in Figure 1.

Figure 1. SQ,,,.

The 2-faced web network WB., is formed by joining vertices z; to the vertices ys of
2-faced QCL as defined in [19]. Its order is 3m and size is 4m. Its V(WB!,) and E(WB!))
are given as follows:

V(WB,) = {1l <j <s}U{yll <j<s}U{zll <j<s}and E(WB,) =
{xsys+1]1 < s <m}U{yszs|l <s < m}U{xsys:1|1 <s < mAysi1 = y1} respectively.
The Figure 2 illustrates WIB.,.
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Figure 2. The 2-faced web network WB}, .

Tt is clear from Figure 2 that WB, is a bipartite network.

The 3-faced web networks WB?, and WB;, are formed by joining vertices zs to the
vertices ys of 3-faced QCLs Q%n and Q% as defined in [19]. Their order is 3m and size is 5m.
The sets V(WB2,), E(WB2,),V(WB3,) and E(WB3,) are given as follows:

V(WB}) = {x][1 <j<spU{yfll <j<spu{zfl <j<s),

E(WB,) = {xsys1|1 <5 < m} U {yszs|l <5 <m}U {xsysa|l <s <mAys =

vt U{xsys—1[1 <s <mAyo=ym},

V(WB3) = {x]r.\l <j<sjuU {y]f|1 <j<sjuU {z;\l <j<s} and

E(WBS,) = {xoyos1[1 <5 < m} U {yezsl <5 < mb U {syera[1 S5 < mAgssy =

y1}U{xsys+1]1 <s <mAyyu41 = y1} respectively.

The Figure 3 illustrates (a) WB2, and (b) WBS,.

Figure 3. Possible 3-faced web networks (a) WB2, (b) WB3, (right).

From Figure 3 we can see that WB?, =~ WB3,.

An Antiprism web network AWB,, is formed by joining vertices z; to vertex ys of
Antiprism A,,. Its order is 3m and size is 4m. Its sets V(AWB,,) and E(AWB,,) are given
by: V(AWB,,) = {x]’.|1 <j<s} U{y]r-|1 <j<spu {z]r-|1 <j <s},and E(AWB,) =
{xsys|l <s <mpU{yszs|l < s <mpU{xsys 1|1 <s <mAyg = ym} U{xsys1|1 <
s <mAYo = Ym} U{xsxs11|1 <5 <mAxp1 = y1} U{ysys1l <5 <mAYmi1 = y1}
respectively.

The Figure 4 illustrates AWB,,.
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Figure 4. Antiprism Web Network AWB,,.

3. RNs of Web-Related Networks

The present section concerns with the local as well as pairwise RNs of the networks
under consideration.

3.1. RNs of Subdivided QCL

Lemma 1. Let G = SQy, be a subdivided QCL, for any non-zero positive number m > 6 and
m = 0(mod 2) then:

m
(@) For1<s<m,|Rs|=|R{xs,ys}| =22 +1and | U Rs| = 5mand
s=1

_ _ " _
(b) For1<y<7|Rs|] <|Ry|and |[RyN U Rs| > |Rs], other than R, of G.
s=1

Proof. The RN having a fewer number of elements in G is

Rs = R{xs,ys} = V(SQy) —{vjli = s,5—1,...,s = F +1(mod m)} U{w;|j = s+
1,s+2,...,s—|— F(modm)} U{xilj =s—1,5-2,...,s = F(modm)} U{y;lj =s—1,5—
2,5 —3,. m+1(m0dm)}u{z]|j:s+1 s+2,. s+ﬂ—1(modm)}

Hence, |Rl| =2(n—1)for1 <1<3, U Rs = V(SQ,,) and | U Rs| = 5m.

(b) For the proof of required RN, the followmg variables will be needed
. 1<s<m
e t>1andt=1(mod?2)
e p>3andp=1(mod?2)
e r>2andr =0(mod?2)
Ry for 1 <y < 27 other than R are

¢ R = R{ogvey) = V(SQ) — {xlj = s+ s+ " mod m)} U (z]j =
5+ pT_l,S—F m-l—é?—l (mod m)} = Ry = R{]/s/]/s+p} = R3 = R{wslwsﬂ,} =Ry =
R{Zs/zs-i-r}/

o Rs = R{xe,Xstp} = V(SQyu) — {ojlj = s + B4, s + "5 (mod m)} U {wjlj = s +

P, s+ " (mod m)} U {yjlj = s+ B4t s+ ’”*5“ (modm)} = Rg = R{ys, ys1r} =

7 = R{ws, ws1,} = Rg = R{Zs/zs+p}

9 = R{USIZUSHJ} =V(SQ) - {3//‘|1 <j<m},

e Ry = R{xs,ys:1} = V(SQ,) — {ojlj = s+1,s+2,...,s+ %(mod m)} U {wjlj
s,5—1,...,s =% +1(mod m)} U{xj|j =s+1,5+2,. B (mod m)} U {y;lj
s+2,5+3,...,s+5(modm)} U{z[j=s-18-2,...,s— 7 +1(mod m)},

* Ry =R{ysz}=V(SQy,) —{wjlj=ss-15-2,...,s— % +1(m0d m)}U{x;|j =

[ ]
= =

s+1,s+2,...,5+% —1(mod m)} U{y;lj =s— 1,s 2,. B+ 1(mod m)} U
{zjli=s—-1,s-2,...,s = 3 + 1(mod m)},
+ R = Rown) = VISQ) (ol = o4 s 42,5 Bmod m)) U =

s,5=1,...,s = F +1(modm)} U{zj[j=s—-15-2,. —%—5— (mod m)},
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Riz = R{vs,wsip} = V(SQ,) — {vjlj = s+ pTH,s + fracm + p 4+ 12(mod m)} U
{wjlj =s+ p%l,s—k m+§71 (mod m)},

Ry = R{vs,wsyr} = V(SQy) — {xjlj = s+ 5,5+ fracm2(mod m)} U{yj|j = s+
%_,s—l— ME (mod m)} U{zj|j = s + %52, 5 + "3 (mod m)},

Ris = R{xs,ysir} = V(SQu) — {vjlj = s+ 2 (mod m)} U{xj[j = s+ 35,5+
fracm2(mod m)} U {y;|j = s + "3 (mod m)} U {z|j = s + 52 (mod m)},

Rig = R{xs, Yssp} = V(SQu) — {vjlj = s + P57 (mod m)} U {xj|j = s + "5 (mod
m)} U {yjlj = s+ B (mod m)},

Ri7 = R{xs,zs41} = V(SQy) —{vjlj =s+2,5+3,...,s+ F(mod m)} U{x;|j =
s+2,5+3,...,54 %(mod m)} U{wj|j = s,s — 1(mod m)} U{yj|j = s+ "4%(mod
m)} U{zj|j =s—1,5 —2(mod m)},

Rig = R{xs,zs4p} = V(SQy) — {x]-|j =s+ LH,S—F %’H(mod m)} U{y]-|j =5+
pTH,s—i— er;Jrl(mod m)},

Rig = R{x5,251} = V(SQy) — {wj|j = s + 5 (mod m)} U {v}]j = s + =52 (mod m)} U
{zj\jzs+%(modm)},

Ry = R{ys,zs1p} = V(SQu) — {0jlj = s+ L5 (mod m)} U{xj|j = s+ 5,5+
’%ﬂ(mod m)}U{yﬂjzs—l—’HTerl(mod m)},

Ro1 = R{ys, zs4r} = V(SQy) — {wjlj = s+ 5(mod m)} U{xj|j =s+ 5,5+ mEL (mod
m)},

1?22 = R{vs/ ys+p} = 1_?23 = R{Us/ ys+r} = R24 = R{Us/ xs+p} = R25 = R{vs/ xs+r} =
Rye = R{vs, Zs+p} = Ry7 = R{vs,zs1+} = V(SQy,) .

Their cardinalities can be summarized in Table 1. [

_ _ m
Table 1 shows that |Rs| < [Ry|and [Ry U U Rs| > |Rs].
s=1

Table 1. RNs R, for 1 <y < 27.

RNs Cardinalities
R1,R2,R3,Ry 5m —4
Rs,R¢,R7,Rg,R14 5m—6
Rg 4m

Ry a2
Ry 57'” +1
Ry 77’” +3
Ry3, Ris 5m — 4
Ris 5(m—1)
Rig, R17, R19, Rao, Ryt 5m—3
R22, R23, Rpg, Ras, Rog, Ro7 S5m

3.2. RNs of 2-Faced Web Network

Lemma 2. Let G =2 WBL, be a 2-faced subdivided web network, for any non-zero positive number
m > 6 and m = 0(mod 2) then:

(a)

(b)

m
For1<s<m,|Rs| = |R{xs,zs}| =n+1and | J Rs| = 3mand
s=1

_ . om _

For1 <y <7, |Rs|] <|Ry|and |[R,N U Rs| > |Rs], for each RN set R, other than R
s=1

of G.
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Proof. The RN bearing fewer number of elements in G is
Rs = R{ys,zs} = V(WB},) — {ylt <s <mpu{zlj=s+1,s+2,...,s4+n—
1(mod m)}.

Thus, |Rs| =2(n—1) for1 <1<3, U Rs = V(SQ,,) and | U Rs| = 3m.
(b) For the proof of required RN, the followmg variables will be needed
° 1<s<m
e t>T1andt=1(mod?2)
e p>3andp=1(mod?2)
e r>2andr=0(mod?2)
RNs Ry, for 1 < y < 12 other than |R;/| are as under:

hd Rl = R{xs/ xs+t} = RZ = R{x5125+t} = RB = R{ys/]/ert} = R4 = R{Zs/zs+t} =
R5 = R{xs/ys} = R6 = R{xs/Zs+t} = R7 = R{xs/Zs+t} = R8 = R{]/s/zs+r}
V(WB,,),
* Rg = R{xs,ys+1} = V(WIB%},Z) — {xj|j =s+1,5+2,...,s ’g(mod m)}U{y]\] =
s,s—1,5—=2,...,5s = % +1(mod m)}U{zj|jEs,s—1,s—2 .8 =% +1(modm)},
e Rip = R{xs,ze11} = V(WB},) — {xlj =s+1,5+2,...,8 %(mod m)}U{y;lj =
s—1,5=2,...,s =5 +1(modm)} U{zj|j=s,5—-1,5-2,...,6 =5 +1(mod m)},
Ry = R{xs,zesn} = V(WB}) — {xjlj =s+2,5+3,...,s %(mod m)}U{y;lj =
s+ 2 (mod m)} U {z;|j = s + "3~ (mod m)},
o R = R{yszsp} = VIWB) —{xlj = s+ 5555 + "F (mod m)} U {y;j
s+ pH s+ m+§+l (mod m)} U{zj|j =s+ pH s+ %’”H(mod m)}.

Whereas, their cardinalities are listed in Table 2. 0O

_ _ m
Table 2 shows that |Rs| < [Ry|and [Ry U U Rs| > |Rs].
s=1

Table 2. RNs R, for 1 <y < 12.

RNs Cardinalities
R1,Ry,R3,R4,R5,Rg,R7,Rg 3m

Ry, Ryp m

Rn 37"1 +3

Riz 3(m —2)

3.3. RNs of 3-Faced Web Network

Lemma 3. Let G = WB2, be a 3-faced subdivided web network, for any non-zero positive number
m > 6 and m = 0(mod 2) then:

m
(a) For1 <s <m, |Rs| = |[R{xs,ys-1}| = 22 +1and | U Rs| = 3mand
s=1

_ o om _

(b) For1 <y <7, |Rs| < [Ry|and |R,N U Rs| > |Rs|, for each RN set R different from R
s=1

of G.

Proof. The RN having a fewer number of elements in G is R; = R{x;,ys_1} = V(WB2,) —
xili=ss—1,5-2,...,s = F+1(mod m)} U{yjlj =s+1,s+2,...,s+ F(mod m)} U
{zjli=s+25+3,...,s+ F(modm)}.
Therefore, |Rs| = 3 +1for1 <s < m, 61 Rs = V(WB?) and | Lnjl Rs| = 3m.
s= 5=
(b) For the proof of required RN, the following variables will be needed:
o 1<s<m
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t>1and t = 1(mod 2)
p >3and p = 1(mod 2)
r > 2and r = 0(mod 2)

RNs Ry, for 1 < y < 12 other than |R;]| are given as follows:

e Ry =R{ysz}= V(WB2),

© Ro = R{xgxsip} = V(WBL) — {ylj = s+ 55 + "= (mod m)} U {zj]j = s +
L, s+ " (mod m)} = Ry = R{zs, 2o/},

e Ry= R{ys, Ys+p} = V(WIB%%?) - {x]-\j =s+ pTH,s—i— %”H(modm)} = R{zs,zs1p} =
Rs = R{xs, xs1,} = Re = R{zs, Zs+p}/

* Ry = R{xs,Ysyt} = V(WIB%;) - {x]-]j =s+ %,s + %Hl(mod m)} U {y]-|j =s+

O

prl(modm)}U{szEs+p%1(modm)},

s = R{¥oyssr} = Rixo zesp} = VOWBZ) — {xj = s + 5 (mod m)} U {y;|j =
+ 23 (mod m) } U {z;]j = s 4 25~ (mod m)},

9 = R{xs,zs} = V(WB2) — yili=ss+1,...,s+F(modm)} U{zj|j=s+1s+
,ooo,5+ B (modm)},
RlozR{xs,zs+1}:V(WB%Z)—{x]»|jEs+2,s+3,...,s+%(modm)},

Ry = R{ys, 2511} = V(WB2,) — {xjli =s+2,5+3,...,s+ F(mod m)} U{y;lj =
s+1,s+2,...,s+%(modm)}u{zﬂjzs+2,s+3,...,s+mT_2(modm)},

Riz = R{ys zsp} = V(WE,) — {x)|j = s + "5 (mod m)} U {yjlj = s + "= (mod
m)}U{zﬂjzs—l—%’m(modm)},

Ri3 = R{ys, zs4s} = V(WB2,) — {xilj = s+ %(mod m)} U{y;lj = s+ 5(mod
m)} U{zj|j = s+ 5(mod m)} .

©n

N =

The cardinalities of the aforementioned RNs have been summarized in Table 3.

Table 3. RNs R, for 1 <y < 12.

RNs Cardinalities
Ry 3m

Ry, R3,R4,Rs5,Re 2

Ry, Ryq 3;” +3

Rs 3(m—2)

Ro 2m

Rig 3

Riz 3(m—1)

Ry 3m—3

_ _ m
Table 3 shows that [Rs| < [Ry| and [R, U U Rs| > |Rs].
s=1

Lemma 4. Let G = W2, be a 3-faced subdivided web network, for any non-zero positive number

m > 6 and m = 0(mod 2) then:

m
(@) For1<s<m,|LRs| = |LR{xs,ys_1}| =82 +1and | U LRs| = 3man
s=1

- - m -
(b) For1<y<7|LRs| <|LRy|and |LR, N U LRr| > |LRs|, for each RN set LR, different
s=1

from Rs of G.
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Proof. For proof,see Lemma 3(a).
(b) The required LRNs LR, for 1 < y < 12 are as follows:

e LRy =LR{xs,ys} = V(WB2,) — {xjli=s+1,s+2,...,s+ 5 (modm)},
* LRy = LR{xs,x;41} = V(WB},) — {yjlj = 5,5 + § (mod m)} U {zj|j = s,5 + % (mod

m)},
o LRy =LR{ys,yss1} = V(WB2) — {xj|j = s+ 1,5+ "2 (mod m)},

o LRy = LR{xs,ysst} = V(WB3,) — {xjlj = s+ 5,5 + " (mod m)} U {y;|j =
s+ 22 (mod m)} U {zjlj=s+ 2L (mod m)},
e [Rs=LR{xs,ys} = V(WB2).
O

The cardinalities of the aforementioned RNs have been summarized in Table 4.

Table 4. RNs LR, for 1 <y < 5.

RNs Cardinalities
LRy m

LR, 3m—4

LR3 3m—2

LRy 43

L_R5 3m

_ _ m
Table 4 shows that [LRs| < |[LRy| and |[LR, U | LRs| > |LRs|.
s=1

3.4. RNs of Antiprism Web Network

Lemma 5. Let G = AWB,, be an antiprism web network, for any non-zero positive number
m > 6 and m = 0(mod 2) then:

(@) For1<s<m,|Rs|=|R{xs,ys}| =3 and | U Rg| = 3m and

(b) Forl<y<7|Rs|] <|Ry|land|R,N U Rs| > |Rs], for each RN set Ry of G different
s=1
from Rs.

Proof. The RN having fewer number of elements in G is Ry = R{xs, ys} = V(AWB,,) —
{xjli=s+1,5+2,...,s + F(modm)} U{yjlj=s—1,5—2,...,8 — 5 (mod m)} U{zlj =
s—1,s—2,...,5s — % (modm)}.

Consequently, [Rs| = 2 +1for1 <s <m, U Rs = V(AWB,,) and | U Rs| = 3m.

(b) For the proof of required RN, the following Varlables will be needed:

J 1<s<m

e t>Tandt=1(mod?2)

e p>3andp=1(mod?2)

e r>2andr=0(mod?2)
Ry for 1 <y < 14 other than |R;| are given by:

* Ry = R{xs, x5t} = V(AWBy,) — {yj|j = s+ %,s + %H(m"d m)} U {Zj’j =
s+ B ;1 S+ mﬂ’*l (mod m)} = Ry = R{zs,254+},

e R3 = R{ys,ysH} = V(AWB,) — {xj[j = s+ Bl s 4+ " (mod m)} = Ry =
R{Zs/Zert} Rs = R{xs,xs1r} = Rg = R{xs, xs4+},

. = R{xs,ys4t} = V(AWBy,) — {xj|j = s + B (mod m)} U {yjj = s + 52 (mod
m)} U {zjlj = s+ 5 (mod m)},
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Rg = R{xs,ys+r} = V(AWB,,) — {xj|j = s + ML (mod m)} U {yjli=s+ ML (mod
m)} U {zlj = s+ 25 (mod m)},

Ry = R{xs,zs} = V(AWBy,) —{y;lj = s,s+1,...,s + § — 1(mod m)} U {z|j =
s+1,5+2,...,5s4 5 (mod m)},

Rit = R{xs,z1p} = V(AWB,,) — {xj[j = s + "2 (mod m)} U {y;|j = s + 42
(modm)}U{zj|jEs—b—%pﬂ(modm)},

Rip = R{xs, 251/} = V(AWB,,) — {x;]j = s + %(mod m)}y U{yjlj = s+ 5(mod
m)} U{zjlj = s+ 5(mod m)},

Riz = R{x5,ys-1} = V(AWBy,) — {xj[j =s - 1,5 -2,...,s — G (mod m)} U{y;lj =
s+1,s+2,...,s+5(modm)}U{zjlj=s+1,5+2,...,s+ F(modm)},

R14 = R{ys,zs} = V(AWBm)

The cardinalities of the aforementioned RNs have been summarized in Table 5.

_ _ m
Table 5 shows that |Rs| < [Ry|and [Ry U U Rs| > |Rs].
s=1

Table 5. RNs R, for 1 <y < 14.

RNs Cardinalities
Rl,Rz 3m—4
RS/R4/R5/R6 3m —2
R7,Rs, Ri1, R1p 3(m—1)

Rg 2n

Ry S

R14 3m

Lemma 6. Let G = AWDB,, be an antiprism web network, for any non-zero positive number

m >

(a)

(b)

6 and m = 0(mod 2) then:
m

For1<s <m,|LRs| = |LR{xs,ys}| = 2 and | U LRs| = 3m and
s=1

_ - m -
For1 <y <7, |LRs| < |Ry|and |[LR, N U LRs| > |LRs|, for each RN set LR, of G
s=1
different from LR;.

Proof. For proof see Lemma 5(a).
(b) The required LRNs LR, for 1 < y < 12 are given as follows:

LRy = R{xs,x511} = V(AWB,,) — {y]»|j =s,5+ % (mod m)} U {z]»|j = 5,5+ 3 (mod
m)},

LRy = R{ys,ys11} = V(AWB,,) — {x;]j = s+ 1,5 + "2 (mod m)},

LR3 = R{xs,ys—1} = V(AWBy,) — {xj|j =s - 1,5 =2,...,5 — §(mod m)} U {y;|j =
s+1,s+2,...,s+5(modm)}U{zjlj=s+1,5+2,...,s+ F(modm)},

LRy = R{ys,zs} = V(AWB,,).

The cardinalities of the aforementioned RNs has been summarized in Table 6. O

_ _ m
Table 6 shows that |[LRs| < |LRy|and |[LR, U |J LRs| > |LRs.
s=1
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Table 6. RNs LR, for 1 <y < 14.

RNs Cardinalities
LRy 3m—4

LR, 3m —2

LR3 S

LRy 3m

4. FMD and LFMD of Web-Related Networks

This section covers the results regarding the FMD and LEMD of the networks un-

der consideration.

4.1. FMD and LEMD of Subdivided QCL

Theorem 4. Suppose that G = SB,;, be subdivided QCL network, taking any non-zero positive

number m > 6 and m = 0(mod 2), then 1 < fdim(G) < 3.

Proof. Case I: For m = 6.

By making use of symmetry, the RNs are tabulated as below:

Table 7 is exhibiting the RNs with the least cardinality of 17. Whereas RNs with

9
maximum cardinality has been shown by Tables 8-14, respectively. Hence |J R; = V(G),
1

9 _ 9
\ U1 Rs| =30and [Ry N U1 Rs| > |Rs|, where 1 < y < 70. Now, we are defining a mapping
S= s=

p: V(G) — [0,1] such that u(vy) = p(wg) = pu(xx) = u(yx) = u(zx) = 7. We can see
that Rs for 1 < r < 9 of V(G) are intersecting in a pairwise manner, showing non-cyclic

behavior with ﬁl Rs = ¢, so, by Theorem 3, we arrive at 1 < fdim(G) < %1 11—7 = %.
5= o

Table 7. RNs R; for1 < s < 9.
RNs Elements
R{x1, 11} V(SQs) — {v1,05,06} U{wy, w3, wa} U{xs, x4, x5} U{ys,ya} U{z2, 23}
R{xz, 2} V(SQs) — {v1,v2, 06} U {ws, wa, w5} U{xg, x5, %6} U{ya, y5} U{z3,24}
R{x3,y3} V(SQg) — {v1,v2,v3} U{wy, ws, we} U{x1, x5, %6} U{ys5,y6} U{z4,25}
R{x1,2} V(SQg) — {v2,v3, 04} U{w1, ws, we} U {x2,x3, x4} U{ys, ya} U{z5 26}
R{xp,y3} V(SQg) — {v3,v4,v5} U{w1, wo, we} U{x3, x4, x5} U{ys, y5} U{z1,26}
R{x3,ya} V(SQg) — {v4,v5,v6} U{w1, wo, w3} U{xy, x5, %6} U{ys,y6} U{z1,22}
R{y1,z1} V(SQg) — {v2,v3, 04} U{w1, ws, we} U {x2,x3, x4} U{ys,y6} U {25 26}
R{y, 22} V(SQg) — {v3,v4,v5} U{w1, wo, we} U{x3, x4, x5} U{y1,y6} U{z1,26}
R{ys, z3} V(SQg) — {v1,v2,v3} U{wy, ws, we} U{x1, x5, %6} U{y1,y2} U{z1,22}

Table 8. RNs R, for 1 <y < 3.

RNs Elements
R{x1,22} V(SQg) — {3, 04} U{x3, x4} U{wy, we} U{ys} U{zs,26}
R{xy,z3} V(SQg) — {v4,v5} U{xg, x5} U{wy, wa} U{ys} U{z1,26}

R{x3,24} V(SQg) — {vs,v6} U {xs5,x6} U{w, w3} U{y1} U{z1,22}
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Table 9. RNs Ry, for4 <y <6.

RNs Elements

R{vy, wa} V(SQs) — {v2,v3, 04} U{wy, ws, we} U {z4,25}
R{vp, w3} V(SQg) — {v3,vs,v5} U{wy, wp, we} U {z5,26}
R{v3, w4} V(SQs) — {v4,vs,v6} U {wy, wo, w3} U{z1,26}

Table 10. RNs R, for7 <y < 9and p = 3.

RNs Elements
R{Us/ ws-i—p} V(SQ) - {yj|1 <j< m}

Table 11. RNs R, for 10 < y < 17.

RNs Elements Equality
R{xi,x2}  V(SQg) — {v2,v5} U{wp, ws} U{y2,ys} R{z1,22},
R{x3,x6}
R{xz,x3}  V(SQg) — {v3,v6} U{ws, we} U{ys, v} R{zy,z3},
R{xl, X4}
R{vs,v4}  V(SQg) — {v1,v4} U{wr, ws} U{y1,ya} R{z3,24},
R{xz, X5}

Table 12. RNs R, for 18 < y < 44.

RNs Elements Equality
R{vy, wy}  V(SQs) — {v3,v6} U{wy, wy}

R{vy, w3} V(SQg) — {v1,04} U {wp, ws}
R{vs,wa}  V(SQg) — {v2,v5} U {ws, we}

R{vy, w3} V(SQg) — {v3,06} U{wy, wa}
R{vy,ws}  V(SQg) — {v1,04} U {wo, ws}

R{vs, ws}  V(SQg) — {v2, 05} U {ws, we}
R{x1,z4}  V(SQg) — {x3,x5} U{ysys}
R{xz,zs}  V(SQs) — {x4, %6} U{ya Y6}

R{x3, ze}  V(SQg) — {x1, x5} U{y1,y5}
R{x1,z4}  V(SQg) — {ws, w5} U {x3, x5}
R{xz,z5}  V(SQg) — {ws, we} U {xa, %6}
R{xs,ze}  V(SQg) — {w1, ws} U {x1, x5}
R{x1,y3}  V(SQs) — {va} U{xe} U {y1} U{za}
R{xz,ya}  V(SQg) — {va} U{x1} U{y2} U{zs}
R{xs,ys}  V(SQs) —{vs} U{xa}t U{ys} U{ze}
R{yi,za}  V(SQs) — {va} U{xs, x6} U{ye}
R{ya,zs}  V(SQg) — {va} U {x1, x4} U{y1}
R{ys,zet  V(SQs) — {vs} U{xo, x5} U{y2}
R{x1,ys}  V(SQs) — {va} U{xe} U {y1} U{za}
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Table 12. Cont.

RNs Elements Equality
R{xa,ys}  V(SQg) — {va} U{x1} U{y2} U{zs}
R{xs,ys}  V(SQg) — {vs} U{x2} U{ys} U {ze}

R{vy,va}  V(SQg) — {x1, x4} U{z1,24} R{y1,y2},
R{Ug, 2)6}
R{vp,v3}  V(SQg) — {x2, x5} U{z2,25} R{y2,y3},
R{vy,v4}
R{vs,vs}  V(SQg) — {x3,x6} U{z3,26} R{ys, Y6},
R{Uz, U5}

Table 13. RNs R, for 45 < y < 52.

RNs Elements

R{x1,y4} V(SQg) — {va} U {x6} U{ys}
R{xz,ys} V(SQs) — {va} U {x1} U{ya}
R{x3,ye} V(SQg) — {vs} U {x2} U{ys}
R{x1,23} V(SQs) — {wo} U{vs} U{z1}
R{xz, 24} V(SQg) — {ws} U{vs} U{z2}
R{x3,z5} V(SQg) — {wa} U{vs} U{zs}
R{y1,z3} V(SQg) — {wa2} U {x2, x5}
R{y2, 24} V(SQs) — {ws} U {x3,x6}
R{ys,zs} V(SQs) — {wa} U {x1, x4}

Table 14. RNs R, for 53 < y < 70.

RNs RNs Elements
R{05/y5+P} R{Us/strr} V(SQm)
R{Us/x5+p} R{vs, Xs4r} V(SQu)
R{vs/ZS+p} R{vs, zs+r} V(SQu)

Case II: For any m > 6:
As we can see from Lemma 1 the RN with the least cardinality of 57’” +2is Ry =

R{xs,ys}, | G Rs| = 5m and |R{s,t} N 6 Rs| > |Rs| ¥ {s,t} € V(G). Suppose that
s=1 s=1

m

o =] U Rs| =5mand x = |Rs| = % + 2. Then we define a mapping y : V(G) — [0,1]
s=1

such that

m
fora e U R,
s=1

fora e V(G) — [nj Rs
s=1

We can see that u is a RF for G with m > 6 because u(R{s,t}) > 1V s,t € V(G).
On contrary, assume that there exists a different RF v, such that y(u) < u(u), for some
u € V(G) y(u) # u(u). Consequently, y(R{s, t}) < 1, where R{s, t} is an RN of G having
the least cardinality . This shows that - is not an RF. Thus, y is a MRF that acquires
minimum |p| for G. Also, all the R; are intersecting in pairwise manner, holding non-cyclic

%
u(v) =
0
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m m
behavior with (| Rs = ¢, thus by Theorem 3, assigning % to the vertices of G in |J Rs and
s=1 s=1

(%
evaluating the summation of all the weights, we get: 1 < fdim(G) < Y, % =2

Theorem 5. Suppose that G = SBy, is a subdivided QCL network, taking any non-zero positive
number m > 6 and m = 0(mod 2), then ldim(G) = 1.

Proof. Since G is a bipartite network, therefore by Theorem 2,

Idim(G) = 1.
O

4.2. FMD and LEMD of 2-Faced Web Network

Theorem 6. Suppose that G = WBL, is a 2-faced web network, taking any non-zero positive
number m > 6 and m = 0(mod 2), then 1 < fdim(G) < nf’—ﬁ
Proof. Case I: For m = 6.

By making use of symmetry, the RNs are tabulated as below:

Table 15 exhibits the RNs with the least cardinality of 7. Whereas RNs with maximum

3
cardinality has been shown by Tables 16-20 respectively. Thus U Rs = V(G). Itis
s=1

3 _ 9

observed that | |J Rs| = 18 and [R, N U Rs| > |Rs|, where 1 < y < 30. Now, we are
s=1 s=1

defining a mapping y : V(G) — [0,1] such that u(x;) = pu(yx) = p(z¢) = 1. It can be

seen that R for 1 < r < 9 of V(G) intersecting in pairwise manner, showing non-cyclic

3 18
behavior with (| Ry = ¢, therefore, by Theorem 3, we have 1 < fdim(G) < Y % = %.
s=1 s=1

Table 15. RNs R, for 1 < s < 3.

RNs Elements

R{xy,z1} V(WBg) — {yj|1 <j <6} U{z,23,24,25, %}
R{xp,25} V(WBE) — {yil1 <j <6} U{z1,23,24,25 26}
R{x3,z3} V(WBE) — {yjl1 <j <6} U{z1,22,24 25,26}

Table 16. RNs R, for 1 <y < 6.

RNs Elements

R{x1, 2} V(WBg) — {x2,x3,x4} U {y1,y5,y6} U {21,25,26}
R{xz,y3} V(WBg) — {x3,x4,x5} U {y1,y2,¥6} U {21, 22,26}
R{x3,y4} V(WBg) — {x4,x5,%6} U {y1,y2,y3} U {21, 22,23}
R{x1,22} V(WBE) — {x2,%3,%4} U{y1,v2,y3} U {z1, 20,23}
R{xy,z3} V(WBE) — {x3, x4, %5} U{y2,y3,ya} U {22,23,24}
R{x3,z4} V(WBE) — {x4,%5,%6} U{y3,va,y5} U {23,24,25}
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Table 17. RNs K, for 7 < y < 9.
RNs Elements
R{y1,z4} V(WBg) — {x3,%5} U{ys,y5} U {z3,25}
R{y2, 25} V(WBg) — {x4,%6} U {ya,y6} U {24, 26}
R{ys, z6} V(WBg) — {x1,x5} U {y1,y5} U{z1,25}
Table 18. RNs R_y for10 <y <12
RNs Elements
R{xy,z3} V(WBj) — {x3,x4} U {ys} U{zs}
R{xp,z4} V(WBg) — {x4, x5} U {ye} U {z6}
R{ys, 25} V(WBg) — {x5,%} U {y1} U{z}
Table 19. RN R, for 13 < y < 20.
RNs Elements Equality
R{xi,x2}  V(WBg) — {v2,05} U{w,ws} U {y2,y5} R{z1,22},
R{x3,x6}
R{xy,x3}  V(WBg) — {03,v6} U{ws, we} U {ys v} R{z,z3},
R{x1, x4}
R{vs, 05} V(WBY) — {v1, 04} U {wy, ws} U{y,ys} R{z3,24},
R{xa, x5}

Table 20. RNs R, for 21 <y < 30.

RNs Elements Equality

R{xs, Xs1t} R{zs,zs14} V(WB;},)

R{xs,zs+1} R{xs,ys} V(WB!)

R{ys,ys+t} Riys, zs} V(WB,,)

R{xs, 2541} R{xs,zs+t} V(WB!)

R{ys, zs4r} V(WB,,)
O

Case II: For any m > 6: As we can see from Lemma 3.2.1 the RN with the least cardinality
m m

of m+1is Ry = R{xs,2z5}, | U Rs|] = 3mand [R{s,t} N U Rs| > |Rs| ¥ {s,t} € V(G).
s=1 s=1

Suppose that ¢ = | [nj Rs| = 3m and B = |Rs| = n+ 1. Then, we define a mapping
s=1
1 :V(G) — [0,1] such that
% fora € Cj Rs,
u(v) = =1 m
0 foraeV(G)— U Rs
s=1

It is observed that y is a RF for G with m > 6 because u(R{s,t}) > 1V s,t € V(G).
Assume on the contrary that 3 a different RF v, such that y(u) < p(u), for some u € V(G)
y(u) # u(u). Consequently, y(R{s,t}) < 1, where R{s,t} is an RN of G having the

least cardinality . This shows that 7 is not a RF a contradiction. Hence, y is a MRF that
attains minimum || for G. Also, all the R; are intersecting in pairwise manner, exhibiting
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m
non-cyclic behaviour with | Rs = ¢, thus by Theorem 3, assigning % to the vertices of G
s=1

m
in U Rs and evaluating the summation of all the weights, we get: 1 < fdim(G) <
=1 !
B
m+1°

l:
P

Ite

Theorem 7. Suppose that G = WBY, is a 2-faced web network network, taking any non-zero
positive number m > 6 and m = 0(mod 2), then 1dim(G) = 1.

Proof. Since G is a bipartite network, therefore by Theorem 2,
Idim(G) = 1.
O

4.3. FMD and LFMD of 3-Faced Web Network

Theorem 8. Suppose that G = WB?, is a 3-faced web network network, taking any non-zero
positive number m > 6 and m = 0(mod 2), then 1 < fdim(G) < 2.

Proof. Case I: For m = 6. By making use of symmetry, the RNs are tabulated as below:
Table 21 is exhibiting the RNs with the least cardinality of 9. Whereas RNs with
3
maximum cardinality has been shown by Tables 22-27, respectively. Thus | Rs = V(G).
1

s=
3 _ 3
It is observed that | |J Rs| =18 and [Ry N U Rs| > [Rs|, where 1 < y < 27. Now, we are
s=1 s=1

defining a mapping y : V(G) — [0,1] such that p(x;) = u(yx) = p(zx) = +. We have seen
that Rs for 1 < r <3 of V(G) intersecting in pairwise manner, holding non-cyclic behavior

3 18
with N Rs; = ¢, therefore, by Theorem 3, we have 1 < fdim(G) < Y, % =2.
s=1 s=1

Table 21. RNs R for 1 < s < 3.

RNs Elements

R{xz, y1} V(WB;,) — {x1,%5,%6} U {y2,y3,ya} U {22, 23, 24}
Rixs, y2} V(WB;,) — {x1, %2, %6} U {y3,ya,y5} U {23,724, 25}
Rixs, y3} V(WB;,) — {x1,x2,%3} U {ya, y5, Y6} U {24, 25, 26 }

Table 22. RNs R, for 1 <y < 3.

RNs Elements

R{y1, 22} V(WBZ) — {x3, x4} U{y2,y3,ya} U{z3,24,25}
R{ya, z3} V(WB2) — {x4, x5} U{y3, s, y5} U{z4,25,26}
R{y3, 24} V(WB2) — {x5,%6} U {ya,y5 Y6} U{z1,25 26}

Table 23. RNs Ry fora <y <e.

RNs Elements
R{xy,z1} V(WB2) — {y1,v2,y3,ya} U {22, 23,24}
R{x2/ ZZ} V(WB%) - {]/Zr }/3/]/411/5} U {23/ Z4, Z5}

R{x3,z3} V(WBZ) — {3, ¥4, Y5, Y6} U {24, 25,26}
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Table 24. RNs R, for 7 <y < 12.

RNs Elements

R{xy, y2} V(WBZ) — {x2, x5} U {y1} U{z1}
R{xp,y3} V(WBZ) — {x3,%6} U {y2} U{z2}
R{x3,ys} V(WB3) — {x1, x4} U {y3} U {z3}
Rfxy, %2} V(WBE) — {y1,ya} U{z1, 24}
R{xp, x3} V(WB3) — {y2,y5} U {22, 25}
Rfxs, x4} V(WBZ) — {y3,¥6} U{z3,26}

Table 25. RNs R, for 13 < y < 21.

RNs Elements Equality
R{x1,y3} V(WBZ) — {x5} U{ys} U {zs}

R{y1,za} V(WBZ) — {x6} U{ye} U{ze}  Rfxz,ys}
R{xz,ya} V(WBZ) — {x1}U{y1}U{z1}  R{xs,ys}
R{xs,ys} V(WBZ) — {x2} U{y2} U{z2}

R{y1,z3} V(WBZ) — {x3} U{y2} U{z2}

R{x2,y4} V(WBZ) — {xs4} U{ys} U{zs}

R{x3,y5} V(WBZ) — {x5} U{ya} U{zs}
Table 26. RNs R, for 22 < y < 25.

RNs Elements

R{y1,y2} V(WBZ) U {x2, x5}
R{y2,y3} V(WBZ) U {x3, x6}
R{ys,ya} V(WBZ) U {x1, x4}
Table 27. RNs Ry for25 <y < 27.

RNs Elements

R{ys,zs} V(W]B%%n)

O

Case II: For any m > 6:
As we can see from Lemma 3. the RN with the least cardinality of % is Ry =

R{xs,ys-1}, | Enj Rs| = 3m and |R{s,t} N Lnj Rs| > |Rs| ¥ {s,t} € V(G). Suppose that

a = | U Rs| = 3m and B = |Rs| = 3. Then we define a mapping y : V(G) — [0,1]

such that
m
% fora e U R,
s=1 "
0 foraeV(G)— U Rs
s=1
It is observed that y is a RF for G with m > 6 because u(R{s,t}) > 1V s,t € V(G).

Assume on the contrary that there exists a different RF -y, such that y(u) < u(u), for some
u € V(G) y(u) # u(u). Consequently, v(R{s,t}) < 1, where R{s, t} is an RN of G having

u(v) =
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the least cardinality B. This shows that  is not a RF contradiction. Consequently, y is
a MRF that attains minimum |y| for G. Also, all the R; are intersecting in a pairwise

m
manner, representing non-cyclic pattern with () Rs = ¢, thus by Theorem 3, assigning
s=1
m
% to the vertices of G in |J Rs and evaluating the summation of all the weights, we get:
s=1

1< fdim(G) < 2.

l:
=P

It

Corollary 1. Suppose that G =2 WBS, is a 3-faced web network network, taking any non-zero
positive number m > 6 and m = 0(mod 2), then 1 < fdim(G) < 2.

Proof. The above statement is true as WB2, = WB},. O

Theorem 9. Suppose that G = W2, is a 3-faced web network network, taking any non-zero
positive number m > 6 and m = 0(mod 2), then 1 < Ifdim(G) < 2.

Proof. Case I: For m = 6.
By making use of symmetry, the LRNs are tabulated as below:
Table 28 is exhibiting the LRNs with the least cardinality of 9. Whereas LRNs with

3
maximum cardinality has been shown by Tables 29-31 respectively. Thus U Rs = V(G).

s=1
3 _ 3
It is observed that | |J Rs| = 18 and |[LR, N U Rs| > [Rs|, where 1 <y < 9. Now, we are
s=1 s=1

defining a mapping y : V(G) — [0,1] such that p(x) = p(yx) = p(zx) = §. It is observed
that R for 1 < r < 3 of V(G) intersecting in pairwise manner, representing non-cyclic

3 18
pattern with (| Ry = ¢, therefore, by Theorem 1, we have 1 < Ifdim(G) < ) % =2
s=1

s=1

Table 28. RNs R; for 1 < s < 3.

LRNs Elements

LR{x2,y1} V(WB;,) — {x1,%5,%6} U {y2,y3,ya} U {22, 23,24}
LR{x3,y>} V(WB,) — {x1,%2, %6} U {y3,ya,y5} U {23, 24,25}
LR{x4,y3} V(WB;,) — {x1,%2,%3} U {ya,y5,¥6} U {24, 25, 26}

Table 29. LRNs L_Ry forl1 <y <3.

LRNs Elements

LR{x1,x2} V(WBE) — {y1,ya} U{z1, 24}
LR{x2, x3} V(WB3) — {y2,y5} U {22, 25}
LR{x3, x4} V(WBZ) — {y3,y6} U{z3, 26}

Table 30. LRNs LRy, for 4 < y < 6.

LRNs Elements
LR{y1,y2} V(WBZ) U {x2, x5}
LR{y>,y3} V(WBZ) U {x3,x¢}

LR{ys,ys} V(WBG) U {x1, x4}
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Table 31. LRNs L_Ry for7 <y <09.

LRNs Elements
LR{ys,zs} V(WB;,)
O

Case II: For any m > 6:
As we can see from Lemma 4 the LRN with the least cardinality of 37”‘ is Ry =

LR{xs,ys-1}, | Cj Rs| = 3m and |[LR{st} N Lnj Rs| > |Rs| V {s,t} € V(G). Suppose that
s=1

o= | U Rs| = 3mand B = |Rs| = 2. Then we define a mapping y : V(G) — [0,1]
such that
m
% fora e U R,
s=1
0 foraeV(G)— U Rs

u(v) =

It is observed that y is a LRF for G with m > 6 because y(LR{st}) >1Vs,t € V(G).
On the contrary, suppose that there exists a different LRF -, such that (1) < u(u), for some
u € V(G) y(u) # u(u). Consequently, y(LR{st}) < 1, where LR{st} is an RN of G having
the least cardinality 8. This shows that 7 is not a LRF a contradiction. Therefore, y is a
MREF that attains minimum |]/t\ for G. Also, all the R; intersecting in pa1rw1se manner, show

non-cyclic behavior with ﬂ Rs = ¢, thus by Theorem 1, assigning /5 to the vertices of G in
s=1

m
U Rs and evaluating the summation of all the weights, we get: 1 < [fdim(G) < = 2.

s=1 1

It
o=

4.4. FMD and LEMD of Antiprism Web Network

Theorem 4.4.1: Suppose that G = AWB,, is the antiprism web network network, taking
any non-zero positive number m > 6 and m = 0(mod 2), then 1 < fdim(G) < 2.

Proof. Case I: For m = 6.
By making use of symmetry, the RNs are tabulated as below:
Table 32 is exhibiting the RNs with the least cardinality of 9. Whereas RNs with

6
maximum cardinality has been shown by Tables 33-37 respectively. Thus U R = V(G).

It is observed that | U Rs| =18 and R, N U Rs| > |Rs|, where 1 < y < 26. Now, we are

defining a mapping y : V(G) — [0,1] such that u(xx) = p(yx) = p(zx) = 3. Itis observed
that Rs for1 <r < 3of V(G) intersecting in pairwise manner, holding non-cyclic behavior

18
with ﬂ Rs = ¢, therefore, by Theorem 3, we have 1 < fdim(G) < Y, % =
s=1

s=1

Table 32. RNs R; for1 < s < 6.

RNs Elements

R{x1,y1} V(AWB,,) — {x2, x3, x4} U{va, Y5, Y6} U {24, 25,26}
R{xz,y2} V(AWB,,) — {x3, x4, %5} U{y1,Y5, Y6} U {21,25,26 }
R{x3/]/3} V(AWBM) - {x4/ X5, x6} U {]/1/]/2/]/6} U {21122/ Zﬁ}
R{xo,y1} V(AWB,,) — {x1,x5, %6} U{y2,y3,ya} U{22,23,24}
R{x3/]/2} V(AWBTH) - {xll X2, x6} U {]/3/]/4/]/5} U {23/ Z4, 25}
R{xq,y3} V(AWBy,) — {x1, %2, %3} U{Y4,Y5, Y6} U {24,25,26 }
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Table 33. RNs R, for 1 <y < 3.
RNs Elements
R{xy,z1} V(AWBg) — {y1,y2,¥3} U{22,23,24}
R{x, 20} V(AWBs) — {y2,Y3,ya} U{z3,24,25}
R{x3,z3} V(AWBg) — {y3,y4,y5} U{24,25,26}
Table 34. RNs Ry for4 <y < 14.
RNs Elements Equality
R{x1,y2} V(AWBs) — {x2} U{y1} U{z1}
R{xz,y3} V(AWBg) — {x3} U{ya} U{z2} R{x1,z3}
R{x2,y3} V(AWBg) — {x4} U{ys} U{z3} R{xz,z4}
R{x1,y3} V(AWBg) — {xs5} U{ys} U {zs} R{x3,y5}
R{x,ys} V(AWBg) — {x6} U{ys} U{ze} R{x1,z4}
R{x3,ys5} V(AWBg) — {x1} U{y1} U{z1} R{xa,z5}
Table 35. RNs R, for 15 < y < 17.
RNs Elements Equality
R{X],Xz} V(AWIB%) — {y11y4} U {21,24} R{Zl,Z?,}
R{xz, X3} V(AWBO — {]/2,]/5} U {Zz, 25} R{Zz,Z4}
R{xz, X3} V(AWIB%) — {]/3/]/6} U {23, 26} R{Z3, 25}
Table 36. RNs LRy, for 18 < y < 20.
RNs Elements Equality
R{yl,yz} V(AWIB%) — {XQ, X5} R{Zl,Z3}
R{y2,y3} V(AWBs) — {x3, %6} R{zy,z4}
R{yz,yg,} V(AWIB%) — {xl, X4} R{Z3,Z5}
Table 37. RNs R, for 21 <y < 26.
RNs Elements
LR{ys,zs} V(AWBy)
O
Case II: For any m > 6:
As we can see from Lemma 5. the RN with the least cardinality of 37’” is Rs = R{xs,ys},

\ U Rs| = 3mand |R{s,t} N U Rs| > |Rs| V {s,t} € V(G). Suppose that o = | (nj Rs| =
s=1

Sm and B=

% fora € U R,
s=1

0 foraeV(G)

u(o) =

Ry| = 3 Then we define a mapping y : V(G) —

m
— URs
s=1

[0, 1] such that

It is observed that y is a RF for G with m > 6 because u(R{s,t}) > 1V s,t € V(G).

Assume on the contrary that there exists a different RF vy, such that y(u)

ueV(G)

< u(u), for some
(1) # u(u). Consequently, y(R{s, t}) < 1, where R{s, t} is an RN of G having

the least cardinality B. This shows that -y is not a RF contradiction. Hence, y is a MRF that
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attains minimum |p| for G. Also, all the R; intersecting in pairwise manner, representing

m
non-cyclic behavior with (| Ry = ¢, thus by Theorem 3, assigning % to the vertices of G in
s=1
m
U Rs and evaluating the summation of all the weights, we get: 1 < fdim(G) <
s=1 1

=2

It

1
B

Theorem 10. Suppose that G = AWB,, is a antiprism web network , taking any non-zero positive
number m > 6 and m = 0(mod 2), then 1 < Idim(G) < 2.

Proof. Case I: For m = 6.
By making use of symmetry, the LRNs are tabulated as below:
Table 38 is exhibiting the LRNs with the least cardinality of 9. Whereas LRNs with

3
maximum cardinality has been shown by Tables 39-41 respectively. Thus |J Rs = V(G).
s=1

3 _ 3
It is observed that | J Rs| = 18 and [LR, N U Rs| > |Rs|, where 1 < y < 9. Now, we
s=1 s=1

are defining a mapping y : V(G) — [0, 1] such that ‘u(U;{) = 1. Ttis observed that R, for
1 <r <3of V(G) are intersecting in a pairwise manner, showing non-cyclic behavior with

3 18
N Rs = ¢, therefore, by Theorem 1, we have 1 < Ifdim(G) < ) % =2.
s=1 s=1

Table 38. LRNs R; for1 < s < 6.

LRNs Elements

LR{x1,11} V(AWB,,) — {x2, x3, x4} U{ya, y5,¥6} U {24, 25,26}
LR{x2,y2} V(AWB,,) — {x3, x4, x5} U{y1,y5,¥6 } U {21, 25,26}
LR{X:),, ]/3} V(AWBTH) - {x4/ X5, x6} U {]/1/]/2/]/6} U {Zl/ZZI Z6}
LR{x2,y1} V(AWB,,) — {x1, x5, %6} U{y2,y3, ¥4} U {22, 23,24}
LR{x3,y2} V(AWB,) — {x1,x2, %6} U{y3,Ya, Y5} U{z3, 24,25}
LR{X4, ]/3} V(AWBTH) - {xll X2, x3} ) {]/4/]/5/]/6} U {24/ Z5/Z6}

Table 39. LRNs R, for 1 <y < 3.

LRNs Elements

LR{x1,x2} V(AWBg) — {y1,ya} U {z1,24}
LR{xz, x5} V(AWBs) — {y2,y5} U {22, 25}
LR{x3,x4} V(AWBg) — {y3, 16} U{z3, 26}

Table 40. LRNs R, for 1 <y < 3.

LRNs Elements

LR{y1,y2} V(AWBg) — {x2, x5}
LR{y2,y3} V(AWBg) — {x3, x6}
LR{y2,y3} V(AWBg) — {x1, x4}

Table 41. LRNs R, for 1 <y < 3.

LRNs Elements
LLR{ys, zs} V(AWBy)
O
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Case II: For any m > 6:
As we can see from Lemma 6. the LRN with the least cardinality of 37”‘ is R =

LR{xs,ys-1}, | Cj Rs| = 3m and |LR{st} N Lnj Rs| > |Rs| V {s,t} € V(G). Suppose that
s=1 s=1

m

= | U Rs|] =3mand B = |Rs| = 3. Then we define a mapping  : V(G) — [0,1]
s=1

such that

1 m
B fora e U R,
s=1 "
0 foraeV(G)— U Rs
s=1

It is observed that u is a LRF for G with m > 6 because y(LR{st}) > 1Vs,t € V(G).
Assume on the contrary that there exists a different LRF v, such that y(u) < u(u), for some
u € V(G) y(u) # u(u). Consequently, v(LR{st}) < 1, where LR{st} is an RN of G having
the least cardinality . This shows that < is not a LRF a contradiction. Therefore, u is a MRF
that attains minimum || for G. Also, all the R; are intersecting in pairwise manner, holding

u(o) =

m
non-cyclic behavior with | Rs = ¢, thus by Theorem 1, assigning % to the vertices of G in
s=1
m
U Rs and evaluating the summation of all the weights, we get: 1 < [fdim(G) < =2.
s=1 1

It
o=

5. Conclusions
In this article, we have:

e Found the FMD and LEMD of networks called by subdivided QCL, 2-faced web,
3-faced web, and antiprism web networks;

e  Since subdivided QCL and 2-faced web networks are bipartite in nature, both thus
have [ fdim as unity;

¢  The 3-faced web and antiprism web networks have FMD and LFMD in the interval
[1,2];

e  The summary of obtained results are shown in Table 42.

Table 42. Summarized Numerical Results.

G fdim Ifdim fd}rinri . lfdliinli o Remarks

SQ,, 1, % 1 3/2 1 Bounded and Constant
WBL 1, S o1 3 1 Bounded and Constant
WB2,  [1,2] [1,2] 2 2 Bounded and Constant
WB3,  [1,2] [1,2] 2 2 Bounded and Constant
AWB,, [1,2] 1, 2 2 Bounded and Constant

¢ The graphical analysis of obtained results at oo is shown in Figure 5.

e  The networks under consideration bear rotational symmetry and planarity as well.
Moreover, they are non-regular and vertex transitive networks with the attachment of
a pendent edge that they can use to help solve the problems related to designing a fire
exit plan, computer network, or in chemical strata.

¢ These results strengthen and prove the tautology of Theorem 1, Theorems 2 and 3
proved in [21,25].

¢ However, finding the distance-based fractional dimensions of families of networks
other than web-related ones is still an open problem.



Fractal Fract. 2021, 5, 276 23 of 24

LEGEND
R FMD of sy,
I -0 and LFMD of WB2,, WB 3, and AWB/,

I o of wa',

Figure 5. Graphical analysis, 2D (left) and 3D (right).
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