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Abstract: In this paper, we investigate a new class of boundary value problems involving fractional
differential equations with mixed nonlinearities, and nonlocal multi-point and Riemann-Stieltjes
integral-multi-strip boundary conditions. Based on the standard tools of the fixed point theory,
we obtain some existence and uniqueness results for the problem at hand, which are well illustrated
with the aid of examples. Our results are not only in the given configuration but also yield several
new results as special cases. Some variants of the given problem are also discussed.
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1. Introduction

In this paper, we introduce and study a new boundary value problem of fractional
differential equations involving mixed nonlinearities, and nonlocal multi-point and Riemann-Stieltjes
integral-multi-strip boundary conditions. Precisely we consider the following problem:

SDPDIx(E) + (1, x(1)] = g(t,x(), 0<t<1, 0<pqg<1, 1)

0)=Y bx(1) = a [ x(s)dH(s) + Y a [ x(s)d 2
(0) = L pye(o), bx(1) = o [[xa(s) + Vo [T x(ds @

where D" denotes the Caputo fractional derivative of order r (r = p,q), f and g are given continuous
functions, 0 < ¢; < & <17 < La,b € Ra;, B € Ri =1,2,...,n,j =1,2,...,mand H(.) is
a function of bounded variation. One can note that the nonlinearities in (1) appear in the form:

g(t,x(t)) —“DPf(t,x(t)),

provided that it is possible to write (1) as “DPT9x(t) +° DP f(t,x(t)) = g(t,x(t)). Notice that (1) is the
neutral fractional differential equation.

Remark 1. Letting f(t,x(t)) = Ax(t), where A is a constant, (1) becomes the Langevin equation with two
fractional orders, which is a well known equation of mathematical physics and describes many interesting physical
situations like fluctuating phenomena, anomalous diffusion, etc. [1]. In the limit p,q — 17, the Equation (1)
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takes the form: D?x(t) + Df(t,x(t)) = g(t, x(t)), D = d/dt, which is an equation of motion with nonlinear
damping. Thus, (1) can be regarded as the fractional analogue of equation of motion. In case we fix p = «,
g=2pB, f(t,x(t)) = (Rz/L)x(t), f(t,x(t)) = (1/LC)[—x(t) + e(t)], (1) takes the form of a fractional-order
differential equation of the voltage function x(t), see Equation (4) in [2]. The nonlocal conditions involved in the
problem (1) appear in several applications of diffusion processes, computational fluid dynamics (CFD) studies of
blood flow problems, bacterial self-regularization models, for instance, see [3-5].

The topic of fractional order boundary value problems has been of great interest in recent years
and many researchers contributed to it by contributing a variety of results involving different kinds
of boundary conditions. The literature on this subject is now quite enriched and varies from the
existence theory to the methods of solution for these problems [6-21]. Fractional order differential
and integral operators are found to be of great utility in enhancing the mathematical modeling of
dynamical systems involving fractals and chaos. It has been mainly due to the nonlocal nature of these
operators, which accounts for hereditary characteristics of many materials and processes in contrast to
their integer-order counterparts. For application details of fractional differential equations, we refer
the reader to the works [22-28], while the theoretical aspects of fractional calculus can be found in the
texts [29-31].

In Section 2, we outline the basic concepts of fractional calculus and prove an auxiliary lemma.
Section 3 contains the main results for the problem (1) and (2) and illustrative examples for the obtained
results. In Section 4, we present some variants of the problem (1) and (2).

2. Preliminaries
Before presenting some auxiliary results, let us recall some preliminary concepts of fractional

calculus [30].

Definition 1. Let { be a locally integrable real-valued function on —co < a < t < b < +oo.
The Riemann—Liouville fractional integral I of order & € R (& > 0) is defined as

t
B = (@K () = gy [ (19" (o)

where Ky (t) = %, I denotes the Euler gamma function.
Definition 2. Let {,{(™) € L[a,b] for —o0 < a < t < b < +oo. The Riemann—Liouville fractional
derivative Df of order « > 0 (m —1 < o < m, m € N) is defined as

d" d" m—1-a
DI (1) = T (0 = pr—ay e | (=" (o)

Definition 3. Let { € C™|[a, b]. Then the Caputo fractional derivative °D§ of order x € R (m —1 < o <
m, m € N) is defined as

“DiZ1) = 10" (1) = gy [ (=" L ().

a

Remark 2. The Caputo fractional derivative °Dj of order « € R (m —1 < o < m, m € N) can be expressed
in the following equivalent form

(t —a)m1
(m—1)!

Diz (5= D3 |2 ()~ ()~ (@) L= - g0 (g
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In the present work, we denote the Riemann-Liouville fractional integral I and the Caputo
fractional derivative Dy with a = 0 by I* and D* respectively.

Definition 4. A function x € C?[0, 1] satisfying the problem (1) and (2) is called its solution on [0, 1].
Associated with the linear variant of problem (1) and (2), we consider the following lemma.
Lemma 1. Let h,k € C([0,1],R), the unique solution of the linear fractional differential equation
‘DPFx(t) +° DPh(t)) = k(t), 0< p,q <1, 3)

supplemented with the boundary conditions (2) is given by

() = —/Ot Wh(s)ds%—/(;tus)wk(s)ds

I'(q) I'(q+p)
, oyg—1 _ ~1
1 s (s — u)qupfl (s _ u)qfl
+a /O ( /0 (Wk(u) - r(q)h(u)> du) dH(s) @)

+iméfﬁf(“&ﬁjfum—“;afiwﬂdod%

n (o (o= s 0 (0= )11
+A2(t)]; Bi </0 ]rTh(s)ds - (/0 Wk(s)ds) ,

where

M=o rig) = 1t

o
/ 1
A P A P
B 1 1 n ( iq+1 . €?+1)
03 = W (b—ll‘/o Squ(S) —izzlal‘qT , (5)
1 n

ps=Db— ﬂ/o dH(s) — l;lxi(’?i -3,

K = 0203 — 104 7# 0. (6)

Proof. Applying the integral operator I” on (3), and then I7 on the resulting equation together with
Lemma 2.22 in [29], we get

t1

x(t) = —17h(t) + ITTPk(t) + COF(q =y

+ C1, (7)

where ¢, ¢ are arbitrary constants. Using the boundary condition (2) in (7), we obtain

9

(% m m m
(g i_ et (}; Bi— 1)01 = ]; Bil'h(cj) — ]; il k(cy), ()

2P
j=1
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1 1 n (17;14-1 _g?-i-l) 1 n
W(b — a./o s1dHs — gai?)co + (b — a/o dHs — i:lexi(m — {;’i))q
= bIh(1) — bITTPK(1) +a /01 (— I9h(s) + I‘7+”k(s))dH(s)
1 i
+i:leXi /@i (1‘7+pk(s) - Iqh(s))ds. )

For the sake of convenience, we use the notations (5) in (8) and (9) to find the following system
of equations

{mco + p201 = Ps, (10)

P3c0 + p4ac1 = Pe,

where
m m
ps = ) Bil'n(c;) — ) Bl Pk(cy),
j=1 j=1
1
o6 = bITh(1) —bITTPk(1) + a/ (—I%(s) + I7"Pk(s)) dH(s)
0
n 1i
+) / (I"Pk(s) — I7h(s)) ds.
i=1 i
Solving the system (10) for cg and ¢, we get

co = (0206 — P504) /%, c1 = (P305 — P106) /K,

where « is given by (6). Substituting the values of ¢y, and ¢; in (7) together with the notations (5), we get
the solution (4). By direct computation, one can obtain the converse of the lemma. This completes
the proof. O

3. Existence and Uniqueness Results

In view of Lemma 1, we transform the problem (1) and (2) into a fixed point problem as x = Gx,
where the operator G : C([0,1],R) — C([0,1],R) is defined by

(t—s)11 s)atp-1

Gx(t) = —/O o) ds+/ Wg(s,x(s))ds

—s —1 —s —1
“h0) [b A (wf(s,x(s» - Wg(s,x<s>>) ds

I'(q) T(g+p)
1 —u -1
+a/ / < qj;l’ 8(”rx(”))—<srw))qf(u,x(u))) du dH(s) (11)
i sS—1u 1 S—1u 1
ey [ [ (S stoxt) = S () ) ds]

) (0] _ S)qupfl

i — )11 o
+Aa(t ZIBJ (/ (q;f(s,x(s))ds—/o Wg(s,x(s))ds).

Note that C([0,1], R) denotes the Banach space of all continuous functions x : [0,1] — R endowed
with the norm defined by ||x|| = sup{|x(¢)|,t € [0,1]}.
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For the sake of computational convenience, we set

A SR S o I
~ T(g+1) r(q+p+1) T(g+1) T(+p+1)

il [ (e * Ty ) )

(Ufﬁl . giq+1) (U?ﬂﬂrl . é?Jr10+1)
+Z|’X’|< @+2) | TGip+2)

Ly of o’
e L lb (r<q+1> : r<q+p+1>) ' =
and
M= Ty v
where
R = max 0] = (2L l), = max a0l = i (25 + el
b W g+ 1) oo W\Tl+1)

Now we present the existence and uniqueness results in the subsequent subsections.

3.1. Existence Result Via Leray—Schauder Nonlineear Alternative

Lemma 2. (Nonlinear alternative for single valued maps [32]) Let E be a Banach space, C a closed, convex subset
of E, U an open subset of C and 0 € U. Suppose that F : U — C is a continuous, compact (that is, F(U) is
a relatively compact subset of C) map. Then either
(i) F has a fixed point in U, or (ii) there is a u € dU(the boundary of U in C) and ¢ € (0,1) with
u = eF(u).

Theorem 1. Let f,g: [0,1] x R — R be continuous functions. Assume that:

(A1) There exist functions py,p2 € C([0,1],RT), with p = max{py, p2} and nondecreasing functions
Y1, 92 RT = R, ¢ = max{yy, o} such that |f(t, x)| < p1y1 (||x[]) and [g(t,x)| < pagpa({x]),
forall (t,x) € [0,1] x R.

(Ap) There exists a constant M > 0 such that

M

_ 1.
Tple(MA ~

Then the boundary value problem (1) and (2) has at least one solution on [0, 1].

Proof. Let us first show that the operator G : C([0,1],R) — C([0,1], R) defined by (11) maps bounded
sets into bounded sets in C([0, 1], R). For a positive number 7, let B, = {x € C([0,1],R) : ||x|| < r} be
a bounded set in C([0,1],R). Then, in view of the assumption (A;), we have

@O < lpr () sup{ [ [|b| R

te[0,1]

+|a|/ (/ " )dH(s)+i|oci| ;i(/os(s;(uq))q_ldu)ds]



Fractal Fract. 2019, 3, 34 6 of 16

o (=)
+ha(o)] 1 18 A ds}

Hipalgalie) sup o [ s el [P
x||) su AV A N i
P 2oy Lo TG ) ! T+

+|a|/ </ i ﬂ; 1du)dH +2|”‘1|/ 5_5:51)5114):15]
sl Lie [ "f_swds}

I'(qg+p)

r q+1)+r(q+p+1)

p o Lo
< ||P1|¢1(||x||)tz‘épl]{w+|)\1(t)| m"‘w/o WdH(S)
q+1 q+1 ‘7
711 —C
ta+p b
+|P2|1P2(Hx|)tzl[gpl]{w+’/\1(f)| NCETE)
sa+p 17;4+p+1 Cq-&-p—&-l
Jr||/ Fq+p+1 +Z|’|( I'(g+p+2)
qJFP
#al0l Lpi ol
1 1 — 1 1
< ||p||¢<|r||>{ : 3|0l (7 + et )

sqtp s JH
e |/ < Flg+p+1) (q+1)) )
g+1 §q+1 q+p+1 §g+p+l ]

111 171 1
+Dal|( Tq+2)  T@+p+2)

Uﬁ 0.]{7+P
”22“31'“ 1>+r<q+p+1>)}'

Consequently, using the notation (12), we have

1G]l < [pllwClrHA

Next we show that G maps bounded sets into equicontinuous sets of C([0,1],R). Let 7y, 7> € [0,1]
with 11 < 1 and x € B,, where B, is a bounded set of C([0,1],R). Then we obtain

1Gx(12) — Gx(T1)|

1 (o — V-1 _ (1 _ c\a—1
< | [ s s

w (1'2 — s)qfl 5] (1—2 — s)qJFP*l
/71 I'(q) Lfs,x(s)lds v T(g+p)

(g —8)THP~1 — (1 —s)atP~1
[ e 18(5,%(5)) s

+ |g(s, x(s)) |ds
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RV _ 1
()~ Mi(m) [w [ (A2t + B2 gt vt ) s
s—u 1 s—u)i1
ol [ (St tstwxtw + S x)] ) au ) ari(s)

(s —u)Ttpr—1

+Z|az\ L H‘;;lﬂu,x(u))uWrgw,x(um)du)ds]

)“

o — g)itp—1
bt~ S8 [ (i) + g s )
17 — 5| +2(n—7) |q+p g +2(n — )T
< ||p||¢<||x||>{ 2 e

(q ) q+p q
+piFTéHl) ’[' |< (q+1)Jr <q+P+1> a |/ ( qip+1>+F(qs+1)>dH(s)

g+1 §q+l g+p+1 é’r.querl ]

171 ’71 1
+Z|l|< R (EE)

pald] - i g
+‘ qu+1 ’2“31( T'(q) +F(q+p+1))}'

Obviously the right hand side of the above inequality tends to zero independently of x € B, as
T — 11 — 0. As G satisfies the above assumptions, therefore it follows by the Arzeld—Ascoli theorem
that G : C([0,1],R) — C([0,1],R) is completely continuous.

The conclusion of the Leray-Schauder nonlinear alternative (Lemma 2) will apply once we
establish the boundedness of the set of all solutions to equations x = ¢Gx, for ¢ € (0,1). Let x be
a solution of (1) and (2). Then, following the computation used in proving the boundedness of G,

we get

1 1
ESTRS IrEE VA

+la I/( qji];p+1)+ (qsil)>dH(s)

g+l _ aqt1 g+p+l _ agtptl
l q+2) T(g+p+2)

gq (quﬂi
+A2Z|ﬁ] (7 (q+1)+T(q+P+1>)}'

which, on taking the norm for ¢ € [0, 1] and using (12), takes the form

1
x| < |p||¢<||x||>{r( 105755+ T 95T

x|

_ 1
Iple(xDA =

By the condition (A;), we can find a positive number M such that ||x|| # M. Let us define a set

Y = {x € C([0,1],R) : ||x|| < M} and note that the operator G : Y — C([0,1],R) is continuous

and completely continuous. From the choice of Y, there is no x € 9Y such that x = G (x) for some

€ (0,1). In consequence, we deduce by the nonlinear alternative of Leray-Schauder type (Lemma 2)

that the operator G has a fixed point x € Y which is a solution of the problem (1) and (2). The proof
is completed. O
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3.2. Existence Result via Krasnoselskii’s Fixed Point Theorem

Lemma 3. (Krasnoselskii’s fixed point theorem [33]). Let X' be a bounded, closed, convex, and nonempty subset
of a Banach space Y. Let @1, @ be the operators mapping X into ), such that (i) ¢1x1 + @ax2 € X whenever
x1, Xy € X; (ii) @1 is compact and continuous; (iii) ¢, is a contraction mapping. Then there exists x3 € X
such that x3 = @1x3 + @ax3.

Theorem 2. Let f,g: [0,1] x R — R be continuous functions satisfying the conditions:

(As) |F(62) — F(ty)] < Lalx — yl, and |3(t,%) — g(t,y)| < Lolx — ylforallt € 0,1], L > 0, x,y € R,
with L < 1/ /Ay, where Ay is given by (13), and L = max{Ly, L, }.

(Ag) 1f(t )] < pa(t), 8(t,x)| < pa(t), for all (t,x) € [0,1] xR, py,pp € C([0,1],RT) and p =
max {1, p2}-

Then the boundary value problem (1) and (2) has at least one solution on [0, 1].

Proof. By the assumption (A4) and (12), we fix 7 > A||u|| and consider the closed ball By = {x € C :
||x|| < 7}. Next we define operators G; and G, on By as follows

_g)a-1 s 1
(Gix)(t) = —/0 Wf(s x(s) ds—i—/ tq_:;g(s,x(s))ds, telo,1],

Gox)(t) = —Ay(t) [b/ol (O_Sy]_lf(s,x(s))—(l_swp_lg(s,x(s))) ds

I'(q) I'(q+p)
s —u)Ttr-1 (s —u)i1
+a/ | ( F ey 8w (w) - r(q)f(u,x(u))) du dH(s)
i s —u)TtpP- 1 (s — u)q—l
* Z“’ / / < Tgrp) St = T(fi)f(u'x(u))> o dS]
m —3 1
+Ax(t Z (/ (Tl_(q;qf(s,x(s))ds
0j (0—4 — S)WFP 1
—/0 Wg(s,x(s))ds), te0,1].
For x,y € By, we find that
Gix+Gayl| = sup |Gix+ Gyl
tel0,1]

” ” 1 + 1 +X |b| |b|
MNTG+D) "Tarp+rD)  "YT(g+1) "T@rp+l)

il [ (e * T ) H)

( q+1 - Cq—&-l) (17;7+p+1 _ g?-l-p—&-l)
+Z|’X’|< T(q+2) T(q+p+2)

O'q o1ty
]
+A2}E\ﬁ;| ( PERY +1“(q+p+1)) }

= ula<r.

IN
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This shows that Gi1x + Goy € Br. Next we establish that G, is a contraction mapping. For x,y €
C([0,1],R) and for each t € [0, 1], we obtain

IGax — Gyl < ti‘é‘i{'“ 1 [ s x(00) — £,
ol [ 1‘;3’1 (6, %(5)) — g6, y(5)) I
sl ([ *q” f;’; gl x(0)) — gy ) )
o (S () — fl ) s
eyl [ / %Wx(u))_g@,y(um
+W|f(u,x<u>> ~ i y(w))])au) ds]

s)’i’1

Dl 5 81 7y 1656 st

/0']' (0'] — s)q+p71
0

) |g<s,x<s>>—g<s,y<s>>)ds}

~ [__lb] b|
= L{Al[r(q—i-l) MSCETES)

wal [ (¢ qf;pﬂ Fa ) MO

+p+l +ptl +1 +1
THPHL_ gt T

7/1 1
+2"| T(g+p+2) * T(g+2)

q oIt
J _
< LAle—yII,

which is a contraction mapping by assumption LA; < 1 (A is given by (13)).
Continuity of f, g implies that the operator G; is continuous. Also, G; is uniformly bounded on
B7 as

—_g)i-1 _g)atp-1
I6ux] < tSl[Bpl]{ [ s s+ [ *qj:)|g<s,x<s>>|ds}

1 1
<l (F(er) +F(q+P+1))‘

Now we prove the compactness of the operator G. In view of (A3), we define

sup |f(t,x)| = f, sup  [g(t,x)| =3
(t,x)€[0,1] x By (t,x)€[0,1] x Br

Consequently, for 0 < ¢, < t; <1, we have

|G1x(t1) — Gix(2)]
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f
= I'(g+1)

q_ . RY: 8 a+p A+ PRV Y
[1t5 — ]| +2(t1 tz)]+7r(q+p+1)[t2 117 +2(h — )] =0,

as t; — tp — 0, independent of x. Thus, G is relatively compact on B;. Hence, by the Arzeld—Ascoli
theorem, G is compact on Br. Thus the hypotheses of Lemma 3 are satisfied. Hence we deduce by the
conclusion of Lemma 3 that the problem (1) and (2) has at least one solution on [0,1]. [

3.3. Existence and Uniqueness Result

Theorem 3. Assume that f,g : [0,1] x R — R are continuous functions satisfying the assumption (As).
Then the problem (1) and (2) has a unique solution on [0,1] if LA < 1, where A is given by (12).

Proof. Define M = max{M;, My}, where M; and M, are positive numbers such that
A

SUPye(o |f(t,0)] = M; and SUPye(o ) |g(t,0)] = M,. Fixing r > %, we consider B, =

{x € C:||x|| <r}. Then, in view of the assumption (Aj3), we have

[f(x0)]| = 1f(tx) = f(£,0) + f(£0)] < |f(£,x) = f(£,0)| + [f(£,0)] < Laf[x[| + My < Lyr+ My,

Similarly one can obtain that |g(t,x)| < Lor + M,. In the first step, we show that GB, C B,.
For any x € B, we have

|Gx[| = sup |Gx(t)]
te[0,1]
1 1 T L4 L
< (Lr+M){F(q+1)+F(q+p+1) WT+D T Ta+p D

1 s sd+p
*h /o <F(q+1) N p+1)> 4H(s)

n | (17;1+1 . §?+1) (17?+p+1 . C?—&-p—i-l)
+z;w ( Mg+2) | Tq+p+2)

m ol o tp
+A : L 4
2};”5]' T(g+1) T(g+p+1) }
= (Lr+ M)A <,

which implies that GB, C B,. Next, for x,y € C([0,1],IR) and for each t € [0, 1], we obtain

_ -1
I6x-Gyll < t%{ [ i s ) = s ol
t(t— S)q+p71
) Ty 86X — sl y(s)lds
1 (1_5)1771
1ol [ (Sl x(6) ~ £5y(6)
_g)rtp-1
2 lgts 206D — (s (o) s
1 s (S _ u)qupfl
Hal () Sy I8t x(w) - sy
e

[, 2()) = £t y(w)) |du )AL (s)
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— 1
+Z|al|/ /%'ﬂw(u»gw,yw»
s—y)i-1
(F(q);\f(u,x(u)) _f<“'y<“))|)du)ds]

m +p—1
e 5 151 [l x9) ~ g(o.v(o)

l] 1 I'(q+p)
L -1
TS 5, 2060) s, 6) ) }
< LAfx—y.

From the above inequality together with the given condition LA < 1 (A is given by (12)), it follows
that the operator G is a contraction by means of the contraction mapping principle (Banach fixed point
theorem). Therefore, there exists a unique solution for the problem (1) and (2) on [0,1]. [

Remark 3. In Theorem 2, we proved the existence of solutions for the problem (1) and (2) under the assumption
that LAy < 1 ((A3)) by applying Krasnoselskii’s fixed point theorem, which is a hybrid fixed point theorem
combining two well known theorems (algebraic (Banach) and one topological (Schauder)). It gives a fixed point
for the sum of two operators; one of them is a contraction while the other one is completely continuous. It is well
known that the application of Krasnoselskii fixed point theorem only provides an existence result as only a part of
the associated operator is shown to be a contraction. In other words, the entire operator is not a contraction.
Indeed, Theorem 3 is an existence—uniqueness result obtained by applying Banach contraction mapping principle
under the condition LA < 1. Moreover, LA < 1implies that LA1 < 1, where A = A1 + j + (

1 1
T(g+1 T(g+p+1)°
This means that an increase of e +1) + e +1p ) fo th? Ualu'e of Ay will lead to the cgndition LA < ‘1, ensurirfg
the uniqueness of solutions. This provides the relationship between the contractive conditions imposed in
Theorems 2 and 3. On the other hand, interchanging the roles of the operators Gy and Gy in the proof of

Theorem 2, the difference of the values of A and Ay is

1 1

A—A; = .
1 F(q+1)+F(q+p+l)

Thus, Theorem 2 provides a precise estimate to extend the contractive condition required for the existence of
solutions to the one needed to ensure the uniqueness of solutions in Theorem 3 for the problem at hand.

Example 1. Consider the following boundary value problem:
“DY2(DV2x(t) + f(t,x())) = g(t,x(1)), t€[0,1],

3 1 3 i
0) =Y Bix(c;), x(1) :/O x(s)dH(s)+Zvc,»/ x(s)ds, (14)
j=1 i=1

J6i

wherep=q=1/2,a=1,b=1,H(s) =s,00 =1/32,00 =1/26,05 =1/16,51 =1/7,8, =3/7,&3 =
5/7,m =2/7,120=4/7,13 =6/7,01 =1/12,00 =1/6,a3 = 1/4,51 =1/15,62 =1/10,3 = 1/5,
and f(t,x) and g(t,x) will be a fixed later. Using the give values, we find that A ~ 16.905854 and A1 ~
14.777475 (A and N\q are respectively given by (12) and (13)).

In order to illustrate Theorem 1, we take

ft,x)= 2e—ittan*lxnt ! (t,x) = e ™ ( 1 +sinx + 1) (15)
Y= 36 2+36" 8 V289 1 2 \2(1 + [x]) 2)°

Clearly |f(t,x)| < [e—f/36+1/(t2+36)] lg(t, x)| < e 2(1+ ||x||)/ /289 + 12 with p1(t) = e~1/36 +
1/(# +36) (Ip1ll = 1/18), yr(llx[]) = 1, pa(t) = e/ V289 + 2 (||pa|| = 1/17), (||x]|) =
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p =max{1/18,1/17} = 1/17 and p = max{1,1+ ||x||} = 1+ ||x||. From the assumption (A3), we find
that M > 179.570603. As all the conditions of Theorem 1 are satisfied, there exists at least one solution on [0,1]
for the problem (14) with f(t, x) and g(t, x) given by (15).

Next we explain Theorem 2 by choosing the following functions in the problem (14):

1 (V]
f(t,x)—ﬁsmaﬂ—e cost, g(t,x) = 19< P |)+6t. (16)

Notice that L1 =1/20,L, =1/19as

£(63) ~ Flw)] < 5lx —yl, ls(t,) = g(ty)] < g5 lx— gl

Moreover

|f(t,x)] < 21—0| sinx| +e f|cost| < 21—0 +eteost = puy(t),|g(t, x)| < 11—9 + 6t = pp(t).
Obviously ||u1|| = 21/20, ||u2|| = 115/19, L = max{1/20,1/19} = 1/19, 4 = max{21/20,
115/19} = 115/19, LA =~ 0.777762 < 1 and LA =~ 0.889782 < 1. Clearly all the assumptions of Theorem 2
are satisfied. Hence, by the conclusions of Theorem 2, we deduce that there exists at least one solution for the
problem (14) on [0, 1] with f(t,x(t)) and g(t, x(t)) given by (16).
Finally one can notice that the problem (14) with f(t,x(t)) and g(t, x(t)) given by (16) has a unique
solution on [0, 1] as the hypothesis of Theorem 3 holds true.

Remark 4. Several new results for the fractional differential equation with mixed nonlinearities (1) subject to
different boundary conditions follow as special cases by fixing the parameters in (2). For example, our results
correspond to (i) Dirichlet boundary conditions if we take Bi =0, Vi=1,...,ma=0,b#0,a; =0,Vi =
1,...,n; (ii) multi-point Riemann-Stieltjes integral boundary conditions if we take a; = 0,Vi = 1,...,n;
(iii) multi-point and multi-strip conditions if we take a = 0; etc.

4. Analogue Problems

In this section, we discuss variants of the problem (1) and (2). As a first problem we consider
CDPHIx(t) +°DPf(t,x(t))) = g(t,x(t)), 0<t<1, 0<p,q<1,

0) = :Zl Bjx(c;), a /01 x(s)ds — i o; /; x(s)ds =6, (17)

i=1

0<oj<g<m<li=1L12..,nadécR
As argued for the problem (1) and (2), we can transform the problem (17) into a fixed point
problem with associated operator W : C([0,1],R) — C([0, 1], R) defined by

’/I+P 1

_ gyl
Wx)(1) = —/O (tr(q);f(s x(s) ds—i—/ Wg(s,x(s))ds

—w (1) [a /01 (/0 (S—F(Ly)‘“f(u,x(u))du> ds

—a /01 (/Os Wg(u,x(u))du> ds

—Zocl/m / Hq))qlf(u,x(u))—Wg(u,x(u)))du)ds—i-é
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oj (0'] — s)‘H‘P—l

m 0j (0-. S)
+wz(t)]; 5].(/0 ]rTf(s,x(s))ds—/O Wg(s,x(s))ds),

where
1 m
@) = g (LA ~ LB~ ).
]: :
1 n
wilt) = 5y (0= L™ =) = @+ Dla— Lastn = )#r),
and

F(q1+2 It 1p - 1)(a- L] - &™)

£ i =
—(q+1) iﬁ] ]g(”— i“z’(ﬂi—gi))} # 0.
= i=

In relation to the problem (17), we define

A = 1 + 1 _,_@1[ |a| |a|
(q+1) Flg+p+1) I(g+2) T@+p+2)

( q+l _(:qul) (17;1+p+1 §g+p+l)

+ )l + :
2' | I'(q+2) IF(g+p+2)
O'q A

*“’ZZW ESTRATEarrwy)L

) <11

~ —~ 1 1
S Y PES VRS Y PRy
where
01 = ma ln®) = 7 [| 2 by =1+ | b )
©2 = max [«w2(t) _?H”_Z"‘” €Z’+‘Fq+2< Z"‘ )|

The existence and uniqueness results for the problem (17), analogue to the ones for the problem (1)
and (2) obtained in Section 3, can be obtained in a similar manner.
As a second variant of the problem (1) and (2), we consider

CDPFx(t) +C DPf(t,x(t))) =

g(tx(t), 0<t<1 0<pg<l,

p -2

=Y Bix(ey), x(1) = Z / $)ds, 0 < oy < & <17 < 1. (18)
j=1 i=1
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In relation to the problem (18), the fixed point operator V : C([0,1],R) — C(]0, 1], R) is defined by

Vx)(t) = — fo U=t ( ))ds + ff %g(s,x(s))ds
t) [fol (1 fo % (s, x(s))ds

i s [ (s—u)i~t s—y)qtpr-1 (19)
e (s (%f(u,x(u)) - Wg(m(u)))du)ds]

+vZ<t>[z;?:1ﬁj(fo“f G f s x(s))ds — Jy] %L’;’;lg@,x@))ds)],

where
n(t) = q+1 []gﬁ](ff ]; B~ 1)t]
1 L n
nl = m[(qﬂ—;azwﬁ“—@?*l))—<q+1><1—;ai<m—¢i>>ﬂ],
1 n n
Q= r(q”)[(];ﬂ;—l) g+1- 1221 wi(n! =)

Moreover, we set
_ 1 + 1 +v( 1 n 1
© T Ta+t) " Tatp+tn) TG+ D)  T@tp+D)
( q+l_§q+l) ( q+p+1 C?+P+1)
+W( o 7))
+2) Ilg+p+2)
U'q o1t

! v = t),i=1,2
0 L 8 1 T ) B gy bi=12

1 1
F(g+1) T(g+p+1)

As in Section 3, we can obtain the existence and uniqueness results for the problem (18) with the
aid of the operator V and the parameters-dependent quantities ¢ and ¢ (defined above).
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