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1. Introduction and Preliminaries

The Hermite-Hadamard inequality states that if a function ¥ : I € R — R is convex, then

where a,b € I with a < b. Both inequalities hold in the reversed direction if ¥ is concave.

In recent years, many researchers have turned their attention to the Hermite-Hadamard inequality
and have found many variations and generalizations of it via various types of convexity. Some of
this research is related to functions that are convex on the coordinates (see, for instance, [1-5] and the
references therein).

Coordinated convex functions are defined as:

Definition 1 ([3]). Let us consider the bidimensional interval A = [a,b] x [c,d] in R? witha < b,c < d.
A function ¥ : A — R will be called convex on the coordinates if the partial mappings ¥y : [a,b] — R,
Yy(u) = Y(u,y) and ¥y : [c,d] — R, ¥x(v) = ¥(x,v) are convex where defined for all y € [c,d], and
x € [a,b]. Recall mapping ¥ : A — R is convex on the coordinates on A if the following inequality holds:

Y(tx+(1—-t)ysu+(1—s)w) <ts¥(x,u)+t(l—s)¥(x,w)

+s(1—t)¥(y,u) + (1 —1t) (1—3s)¥(y,w), @

forall (x,u),(y,w) € Aand t,s € [0,1].
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Discuss some preliminaries of fractional calculus.

Definition 2. Let ¥ € Lla, b], where a > 0. The Riemann—Liouville integrals J;, ¥ and J; 'Y, of order v > 0,
are defined by

Ji ¥ (x) = I,(ly) /ax(x — 1)1 (t)dt, forx > a
and . )
B = 1 / (t— x)" ¥ (H)dt, for x < b,

respectively. Here, T'(v) = f0°° e~ 'tV=1dt is the gamma function. We also make the convention
Jar ¥ (x) = Jp_¥(x) = ¥ (x).

More details about the Riemann-Liouville fractional integrals may be found in [6].
Salim and Faraj [7] have defined the generalized fractional integral operators containing
Mittag-Leffler functions:

Definition 3. Let y,v,k, 1,y be positive real numbers and w € R. Then the generalized fractional integral

operators containing Mittag—Leffler function s;i i’;w o+ and SZ:i’,]l(,w,b* for a real-valued continuous function ¥
are defined by:
’y,5,k x v—1 ')/,D k 2
(fy,v,z,w,aﬂ’) (x) = / (x = )" E (w(x — )F) ¥(t)dt ®)
and ,
0,k 0,k
(efthos¥) ) :/x (= x)" TE (w(t = x)F) ¥ (), @)

respectively, where the function EZ;S;( is a generalized Mittag—Leffler function defined as

75k t"
B (£ ZI’ynJrv ) (0)1m”

and (a)y is the Pochhammer symbol: (a), =a(a+1)-..- (a+n—1), (a)g = 1.

YOk
W, l w,at

Remark 1. If k = | = 1 in (3), then the integral operator ( ‘Y) reduces to an integral operator

(sZﬁ’}’wﬂ +‘I’) containing generalized Mittag—Leffler function E” oy, 1 ! introduced by Srivastava and Tomouvski
in [8]. Along withk =1 =1,if 6 =1, then (3) reduces to an mtegml operator defined by Prabhaker in [9]
7.0,k

wvlw,at

containing Mittag—Leffler function EZ,V. For w = 0 in (3), the integral operator (s ‘i’) reduces to

the Riemann—Liouville fractional integral operator [7]. Note that E%‘S’k (t) is absolutely convergent for all

t € R, where k < I+ p. Since |EZ’V’I ] < 0‘ (Jnﬁfv)#‘ wzth Yoo 0‘ SZ?%CV)%‘ = S, we have
,0,k

Inspired by Definition 3, we give the following new definition:
Definition 4. Let u, v, k, 1,y be positive real numbers and w € R, then

,0,k
(EZ,V Lwat C+qj) (x,y)

— 01,k 00,k
= [7 [ 0y = s (e 1) R (wnly - 9)1) W, s)dsdt
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x>ay>c
7.0,k
(Syvlwa‘*'d—ly) (x ]/)
— 01,k ,02,k
-/ / 0" s ) TE (@i (x = 1) B (wals — y)'2) ¥k s)dsdt,
x>a,y<d;
v,0,k
(Syvlwb* c*le> (X y)
01,k 00,k
= [ [ e e B 9 Yt

x < b,y > d respectively
'ybk
( uv,lwb=,d- ) (x ]/)
-/ / x)"1 (s — y) 2 ERA (wn(— x)") EZ (wa(s — y)") (e, )dsdt,

x < by < d, where y = (p1,42),v = (v, 1n),w = (w1, w2),y = (11,72),9 = (01,02),k =
(ki,k2) , v, w,7,6,k > (0,0).

Similar to Definition 4, we introduce the following fractional integrals

Definition 5. Let y, v, k, I, 7y be positive real numbers and w € R, then

Suk ct+d * 1 duk c+d
(Sm,l/lpl;,wlﬂ*) Y (x, 5 > = /ﬂ (x —t)n lEZ},vi,lll (wi(t—x)M) ¥ (t, 5 > dt,
1ok v c + d b(t i 1E71100k (r(t—x)) ¥ (¢ c+d 4
pv b w1,b™ YT X pavish wi(t—2) ) !
2k a+b y 02,k a+b
(S ivi lzqu C*) ¥ ( 2 > (y )1/2 lEZ;V;l; ( - S %2 Y < 5 ,S) ds,
72,00,k a—i—b d 1 pyadak a+b
(S ) ¥ ( 2 (S — )2 By (@s —y)) Y == ) ds.

Definition 6. A function tG : A — R is said to be symmetric with respect to # and % on the coordinates if

tG(a+b—x,c+d—y)
tG(x,y) = tG (x,c+d—y)
tG(a+b—xy)

holds for all x € [a,b] and y € [c, d].

Lemma 1. Let p € R\ {0}, and tG : [a,b] C R\ {0} — R be integrable and p-symmetric with respect to
P+ then
2 s

(i) Ifp >0,

10k 7.0,k
e tGoh | (bP) = [ ¢ tGoh | (a
(e 192n) 0= (42 osey 98 0
L1 [ grok 5k
= ||&" tGoh | (bP) + | 7 tGon | (a)],
ZK%MLOJ'(“”#”YQ >( ) (H,V,z,w,(arﬂ;hq g )( )1
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with h(x) = x1/?, x € [a?,bP].
(i) Ifp <O,

7.0k | ek
o) tg o h gp — e ,tg o h bp
(e 9o4) = (e 0o0) 0
L[ rok 5k
= = e tgoh gp + E,Y/, 7tgoh bp )
2 [< V'V’l’w’<M)+ ) (@) ( ;t,ul,m(%) (67)

with h(x) = x1/?, x € [bP,a?].

For the applications of and related results containing Mittag—Leffler functions, see [10,11].

For details on Hermite-Hadamard-type inequalities involving fractional integrals via different
classes of convex functions, see Kunt et al. [12], Mihai [13,14], Mihai and Mitroi [15], Nisan et al. [16],
Noor et al. [17], Sarikaya and Yildirim [18], and others.

2. Main Results
Now we are in a position to present our main results.

Lemma 2. If the function tG : A — R is non-negative, integrable, and symmetric with respect to ’zzib and %
on the coordinates, then the following equalities hold:

(ks a-19) @0 = (s o19) @) = (a1 4-19) (0.6) = (1 00.:19) (0
=4 [(2 4 19) @ (s 1) @)+ (35 16) 0.0 ®
+ (e,;yt,(ﬂff,llc,w,aJr,CJr tg) (b’ d)} :

Proof. Using tG symmetry with respect to “3% and <3¢ on the coordinates and substitutions
x=a+b—t,y=c+d—s, wehave

,0,k
(8';,25/ Lw,at,ct tg) (b d)

= 7 = @ = s B (i (b ) EF (wald — 5)"2) 4Gt 5)dsdt
01,k ,62,k
= J3 S =@ = )T (@i (b= 1) £ (w(d = 5)1) ©

xtG(a+b—t,c+d—s)dsdt
= [V [ =)y — )2 LEIO (i (x — a)) E12 (wa(y — o)) G (x, y)dydix

H1v1h Ha,v2,n
— (1o
- ( wv,lwb=,d- tg) (a’c)'

(E,;:f/,llcw at d*tg) (b C)

= [P S = 0 s — ) N (cor (b — 1)) E72 (con(s — o)1) G (1, )dlsdt
01,k 00,k
= 2 S0~ 07 (s — )N (cor (b — 1)) E12 (wop(s — o)) o

xtG(a+b—t,c+d—s)dsdt
= JP = @) (d — ) €N (o (x — ) 725 (s (d — ) G (x, ) dydlx

Hvih U2, V2, b2
_ (vok
- <ey,url,w/b,’c+tg) (a,d).

Now, using tG with respect to ”+h and substitution u = a + b — t, we obtain
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ot 16) (bd)

= fa JEW =ty (d = )2 LETOV (wy (b — 1)) E2021 (@) (d — 5)"2) £G (£, 5)dsdlt
b pd — 01,k ,02,k

= J (bt)”l) Hd —s)27tE i (wi(b— M) £ (wa(d = 5)2)

G(a+b—t,s)dsdt

= [P [T = a) 1 (d — s) 2L (o (1 — a) M) E72 (o (d — )F2) G (1, 5)dsdu

o H1vi Ha V2l
Z v,Lw,b—,ct tg) ({1, d)‘

®)

|
~/
o0

Combining Equations (6)—(8), we get Equation (5) and the proof is complete. [

Lemma 3. Let ¥ : [a,b] — R be a convex function such that' ¥ € L|a, b], and let y,v,1,7,5,k > 0, w € R.
If the function tG : [a, b] — R is non-negative, integrable, and symmetric with respect to %b, then the following
inequalities for fractional integrals hold:

¥(42°) ({0 t9) @+ (ke 19) O] < [(62502-78) )+ (ke f2) ©)

: )
¥(a)+¥ (b 5k Bk
< YOZXOL [ (eron |, 16) (@) + (104, 01G) ()],
where w' = (bf’u)y.

Proof. Since ¥ is a convex function on [, b], we have for all t € [0,1]

T(a—;b) :T(ta+(1—t)b+tb+(l—t)a> < ‘If(ta+(1—t)b)+‘F(tb+(1—t)a)_ (10)

2 2

Multiplying both sides of (10) by ZtV’lé’Zf lk (wt") tG(tb + (1 — t)a) then integrating the resulting
inequality with respect to t over [0, 1], we obtain

By

/ - 157"k(wt?*)‘1f(ta+(1—t) b)tG(th + (1 — t)a)dt

+/ FET () (th + (1= Ha)tG (th + (1 — )a)dt.

Setting x = tb + (1 — t)a and dx = (b — a)dt gives

2y (%4t
(bga))/ab(x a)" 15;511((“’/(x—11)”)tg(x)dx

= (b_l 27 [/ (e — ) E (W (x— @)") ¥(a 4+ b — x)HG(x)dx

+/ab(x @) ET (@ (x — a)) ¥ (x)1G (x)dx

= (b_a)v |:/:7(b )1/ 15’;51]( (w’(b—x)?‘) ‘Y(x)tg(a—l-b—x)dx
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s [l et (@ - ()]
- Gy [/ab(” ) IEN (@0 = 0)") ¥ ()G (x)dx
+[lxm S (@ - ) () (]

So

2% (U530 (64000 19) @ = [ (25 13) @) (1) 0],

and using Lemma 1, we have

¥ (57 [ 19) @0+ (G0 19) 0] = (6520100 18) @0+ (G ) O]

The first inequality is proved.
For the proof of the second inequality of (9), we first note that if ¥ is a convex function, then for

all t € [0,1], it yields

Y(ta+ (1—t)b) +¥((1 —t)a+tb) <¥(a)+ ¥ (b). (11)

Then, multiplying both sides of (11) by tV’lé';,’j lk (wtt) tG(th + (1 — t)a) and integrating the
resulting inequality with respect to t over [0, 1], we obtain

/ FIETON (i) ¥ (ta + (1 - DG (th + (1 — a)dt

+/ $- 15;3,’( (W) ¥ (th + (1 — 1)a)tG(th + (1 — t)a)dt

< (¥(a) + ¥ (b)) /0 ' FLET (wt) G (th + (1 — Ha)dt.
That is,

(€% - £8) (@) + (€125, 1o f8) (0)]

< HOLYO) (558 10) (0)-+ (615F,0019) )]
The proof is completed. O

Remark 2. If in Lemma 3 we put w = (0,0), we obtain [19] (Theorem 2.2).

The next result is the Hermite-Hadamard-type inequality for coordinated convex functions
containing the generalized Mittag—Leffler function.

Theorem 1. Let ¥ : A — R be coordinated convex on A = [a,b] x [c,d] in R? with a < b,c < d and
Y € L[A]. Then, one has the inequalities
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7 of 17
\Ij(anrb c;d) ;u/lkw’b d*1> (;“/1;,/}, ot )(tl,d)
7 ,5 ,5
+<£ZVlw’a+d* )(b c) + (Zvlw’u*c* >(b,d)
10k 7.0k
< (y,vlw - L (ewlw,b o )(a,d) W
S (e (b c)+ (b, d)
P’Vlw’ﬂ+d_ yvlw’a+c+ ’
v,0,k 7,0,k
< ¥(a,0)+¥(bo)+¥(ad)+¥(bd) (8y,vlw b= d*l) (a,c) + (ey,v,l,w’,b*,ﬁl) (a,d)
B 4 70k
+ (ey,vlw,utd*l) (b,C) + (E}t,v,l,w’,a+,c+1> (b, d)
where p = (p,p2),v = (n2), @ = (W,w@h), 1 = (1,72),86 = (1,8),k = (ki,k),

uv,w', 7,8,k > (0,0) with w} = (bf’gl),,l,wé = (didcz)ﬂz )

Proof. Using (2) withx =ta+ (1—-t)b,y = (1 —t)a+tb,u = sc+ (1 —s)d,w = (1 —s)c+td and
t=s5= %, we find that

< [¥(ta+ (1—t)b,sc+ (1 —s)d) +¥(ta+ (1 —t)b, (1 —s)c +sd) (13)
+¥((1—t)a+thsc+ (1 —s)d)+¥((1—t)a+th, (1 —s)c+s)d)].

. . . _ 01,k 102,k
Thus, multiplying both sides of (13) by #171s"2~ 15311 vy (@1 15”1)6'72 >, (w2sh?) and by
integrating with respect to (t,s) on [0, 1] x [0, 1], we obtain

‘I’(““’ ) Jo Jo £ TIENI (wythn) ET2 (wpsh?) dsdlt

Jo Jo 17182 TIETAN (cop i) E12212 (wish2) W (ta + (1 — £)b, sc + (1 — s)d)dsdt
+ fo fy #7182 1T () €7 (cns2) W (ta + (1 — Db, (1 = s)c + sd)dsdt (14)
+ Jo o BT IETO () £7202 (wnsh) W (1 — )a+ th,sc + (1 — s)d)dsdt |

o Jo B 1s T ETIE (1) €T (wsh2) (1~ H)a + th, (1 - s)c + sd)dsdt

H2,v2,l2

IN
i

Using substitutions u + ta + (1 — t)b,v = sc + (1 — s)d, we have

Tl — 01k Y
Jo Jo t1s2 15;1,/11 111 (w1 fyl)glz;,,;,zz (wpsh2) dsdt
1

= (b a)llfl( )1/2—1

81k ok (15)
X [y S0 —u) @ — )2 LEN (] (b — u)) ET022 (w)(d — v)") dodu
_ 1 v,0,k
T (b—a)1 L (d—c)2 T ( yvlw at,ct ) (b,d),
with wi = (b‘*’ﬁ, wh = (d:;}ﬁ’ and
1 b1k 02,k

fO f 1—1lgrn— 15;11]/1 lll ( ﬂ‘l) 53221/22122 (wzsl”z)‘f(ta + (1 _ t)b,SC + (1 _ S)d)dei’

- 1

B (b= a)”rl(d DR (16)

- 01,k 6k
><f f u)" 1 (d —v)¥2~ 15;3111/11111 (Wi(b*”)”wng 2k (401 (d — 0)#2) ¥ (1, v)dodu

Ha, V2.l

— 1 v.0.k
T (b—a)17(d—c)2 ! (Sy,v,l,w’,a+,c+ )(b’d)‘
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Analogously, we obtain

o Joh g lgmAv (g )y £12002 ((o502) ¥ (ta + (1 — )b, (1 — s)c + sd)dsdt

mvih 2Vl

_ 1 1ok (b, c) (17)
T (b—a)17 1 (d—c)2! ;4 vlw at, d— 1=l
fol fol t"l’lsVZ’lEle’fll’lﬁl (wqth) 5322’522’;;2 (wast2) ¥ ((1—t)a+ tb,sc + (1 —s)d)dsdt
1 (wek (a,d) (18)
T (b—a)17 1 (d—c)27! ;4,v,l,w’,b*,c+ et
) Jo rtsva 15;;3;,’11 (wrt) £ (wysh2) ¥((1 — Ha + th, (1 — s)c + sd)dsdt

(19)

1 vék
T (-1 (d—c)2 T ( wv,lw' b= d*lF) (a,c).

Using Lemma 2, introducing relationships (15)—(19) in (14) and after multiplying with
(b—a)171(d — )21, we get

v,é,k
‘-F(M ﬂ) (y,vlwb dﬁl) (yvlw’b ot )(a/d)
r2 ¥,6,k 7,§,k
PG+ () .

Tk 7.6k d (20)
< P’ vlw' b~ d_ (ll, C) + s]A,V,l,a;’,b—,c‘*' (a' )
- 0.k 6,k ,

+ (Sz,v,l,w’,,fr’df ) (b/ C) + (SZ,V,I,W’,a+,C+T> (b, d)

by which the first inequality of (12) is proved.
For the proof of the second inequality in (12) using (2), we have

Y(ta+(1—t)b,sc+(1—s)d)+¥ (ta+ (1—1)b,(1—s)c+sd)
+¥((1—-t)a+th,sc+ (1 —s)d)+¥ ((1—t)a+tb,(1—s)c+sd) (21)
<Y(a,c)+¥(b,c)+Y(a,d)+¥(,d4d).

Then, multiplying both sides of (21) by /1~ 1s"2~ 15;71’51’;(1 (wqtt) 53225221]; % (wpst?) and integrating

with respect to (£,s) on [0,1] x [0, 1], we get

1
/ / 15 MA@y 1) £102 (p12) Wt + (1~ £)D,sc + (1 — 5)d)dsdt
0 7 7

H1v1h

1
+/ / P2 E TN (o #11) €122 (wpsh?) ¥ (ta + (1 — H)b, (1 — s)e + sd)dsdt
0 2,

Hivih

1
—l—/o / 1 -1gva— 15;711’511’;{11 (wqtt) 572’52’119 (was") ¥ ((1—t)a+tb,sc + (1 —s)d)dsdt

H2,V2,2

1

,01,k ,00,k:

+/O / s LTI (g, ) €120 (ys2) W (1~ £)a + b, (1 5)c + sd)dsdt
Y(a,c)+¥(b,c)
+¥(a,d) + ¥(b,d)

H1,v1d1 Ha, V2l

1
S/O / fr1—1gvn— 15’71151,;(1 (w tm)g“rzrfszlkz (a)gsm)

] dsdt.

So, after multiplying with (b — a)"1=!(d — ¢)"2~! and using Lemma 2, we have

((Zi;l{kw’b d_‘P))(a,c) + ((Zi;;?/b c+‘I’)
+ (&7 (b,¢) + "

y,v,l,w’,a*,d* wvLw ,at,ct

‘I’) (b, d)
_¥(,0) +¥(b,o) + ¥ D)+ ¥(0,d) | (s 1) @O+ (s 1) @d)
- 4 + (eron 1) (b,0)+ (€127} 1) (b,d) |’

v lw',at,d- wv,lw at,ct
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which finishes the proof. [

The following theorem establishes Hermite—-Hadamard-Fejér-type inequalities for coordinated
convex functions containing the generalized Mittag-Leffler function.

Theorem 2. Let ¥ : A — R be coordinated convex on A = [a,b] x [c,d] in R? with a < b,c < d and
Y € L[A]. IftG : A — R is non-negative, integrable, and symmetric with respect to M ”d on the

coordinates, then the following integral inequalities hold:

a+b c+d
()

2

L0,k 6.k

( ZVlw/b A= tg) (a,c) + (SZ,V,l,w’,b*,ﬁtg) (a,d)
,0,k 5k

) mo s ()

< (gy,ill(w !b—,d— fg) ( ) + (sz:f/l,]lc,w/,b*,c*fg) (Ll, d)
- 7,6,k v.8,k ) (22)

(10 s a £8) B,) + (10 1o f8) (b,

_ ¥(a,0) +¥(bc) +¥(a,d) +¥(bd) (19 rp 4 1G) @)+ (12 1) (a,)
B 4 + <Sy,i,llc,w/,a+,d* tg) (b,C) + <€Z,il,llc,w’,u+,c+ g) (b’d)

where u = (u1,2),v = (v, 1),w

= (W)wh),r = (rm),8 = (61,82),k = (ki ko),
uv,',y,6,k > (0,0) with | = (bf’;)m,wé =

()
@z

Proof. Since V¥ is a convex function on A, then for all ¢,s € [0,1] x [0, 1], we can write

v (a+b c d) —y (ta+(1—t)b+(1—t)u+tb sc+(1—s)d+(1—s)c+sd

272 2 4 2
<1 (ta+(1—t)b,sc+ (1 —s5)d)+¥ (ta+ (1 —1t)b, (1 —s)c+sd) (23)
3 ¥ ((1—ta+thsc+ (1—s)d)+¥ ((1—t)a+th,(1—s)c+sd)

. . . _ _ 01,k 102,k
Then, multiplying both sides of (23) by 1~ 15" 15;11,311,111 (wqtt) 5;22,1/22/122 (wast2) tG((1 —t)a + tb,
(1 —s)c + sd) and integrating with respect to (¢,s) on [0,1] x [0, 1], we obtain

T(a—l—b’c—i-d)

2
/ / 1 lgva— 1571 Ak (wqth1) g0k (wast?) tG((1 —t)a+tb, (1 — s)c + sd)dsdt (24)

p1vi Ha, V2.l

Jo Jo t11s e eI (i) €122 (cp512) ¥ (ta + (1 — £)b, sc + (1 — 5)d)

Hvih H2,v2,12

xtG((1—t)a+tb, (1 —s)c+ sd)dsdt

11— 51k 52k
o Jo B Is T (gt 72 (wpst) ¥ (ta+ (1— )b, (1 - s)c + sd)
1 xtG((1 —t)a+tb, (1 —s)c+ sd)dsdt
< Z
- 1 1 ,y,— 01,k 102,k
B o o s e (o) 72 (wpsh2) (1~ )a+ th s+ (1 —5)d)
xtG((1 —t)a+tb, (1 —s)c+ sd)dsdt
51k Y
Ty Jo IS ED A (@t 724242 (wast) W(1 — D+ tb, (1 - 5)c + 5d)
i xtG((1—t)a—+tb, (1 —s)c+ sd)dsdt ]

Setting x = (1 —t)a+tband y = (1 — s)c + sd, we obtain

I = [y f) 1 lsv1ETOU (g ) E120202 (0p582) 1G (1 — t)a + th, (1 — s)c + sd)dsdt

M1Vl Hav2,l

(25)
10,k
:m(’;iﬂw’b A tg)(u,c)
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and

H1, V10 M2, V2,12

11
L= / / pr-lg-lgmok (wqth1) 572’52’119 (wast?)¥(ta+ (1 —t)b,sc+ (1 —s)d)
0 Jo

tG((1—t)a+tb, (1 —s)c+ sd)dsdt
1
T —a) id—c)a Tl

b pd
- — 01,k 00,k
X /a /C (x — a)V] 1(y — c)vz 15;11’]/11,111 (wi (x _ a)”l) 5;22’1/22’122 (aJé(y o C)yz)

x¥(@a+b—x,c+d—y)tG(x,y)dydx.

Now, using substitutions # = a + b — x, v = ¢ + d — y and the symmetry of function tG, we have

1
(b—a)yr=1(d —c)2—1

bord 1 —1 51,k / 2.k /
N / / (b—u)17 1 (d — o) 1EM (W (b —u)) E1%°22 (wh(d — v)H?)
a c

w11, H2,v2,12

L=

X ¥(u,0)tG(a+b—u,c+d—v)dodu
1

= 2
(b —a)n—1(d — )T (26)
X /b /d(b —u)1 1 (d - U)Vrlﬁh’&l'kl (i (b —u)kr) gk (wh(d —v)"2)
. Je mvh 71 pavaly \"2
X ¥(u,v)tG(u,v)dvdu
1 7.0k
= e Gderaefs) 04
Analogously, we get
1,1, — — 01,k 102,k
L= [y [t s 18;311”11,111 (wltm)«‘i,?;,vj,lj (wpsh2) ¥ (ta+ (1 —t)b, (1 —s)c +sd)
xtG((1 —t)a+tb, (1 —s)c+ sd)dsdt
= T aT
(b—a)1 - 1(d—c)2-
b rd v —1 v—1emdik ¢, 1\ ek ¢ 10
X fa fC (x - ﬂ) (y - C) g]/ll,l/l,ll (a)l(x - a) ) g]/lz,VZ,lz (w2(y - C) )
x¥(a+b—x,y)tG(x,y)dydx
_ 1
= oot
(b—a)" 1™ (d—c)"2 27)

x fab fcd(b _ M)Vlfl(]/ _ C)vzflg’hﬁhlﬁ (w{(b _ u)y]) 572,52,1(2 (wé(y — o))

]/11,1/1,11 VZ/VZIZZ
X¥(u,y)tG(a+ b —u,y)dydu

— 1
- (hfg)"l’l (dfc)VZ’l

b pd — — ,01,k 102,k
X [y Sl = g — o TEN I (wf (b= u)) £ (wh(y — 0)f)
XY (u,y)tG(u,y)dydu

— 1 7.0,k
T (b—a)1 Y d—c)2 ! (ey,v,l,w’,aﬂd*fg) (bc),
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I = f01 fol pr1-lgra-lgmoih (wqth) gk (wast2) ¥ ((1—t)a+tb,sc+ (1 —s)d)

Hvih MVl
xtG((1 —t)a+tb, (1 —s)c+ sd)dsdt

— 1
= —a)1 Ld—c)2 ]

b pd - “1emduk 2.k
< Jo Joe=a) T y — o E Rt (wi(x —a)n) E0 2 (ws(y — e)F2)

x¥(x,c+d—y)tG(x,y)dydx

_ 1
- (bfa)"l_l(dfc)"Z’l

b d _ 1 om0k ok (28)
x [0 [Hx—a)17(d —o)v 15}311,311,111 (wy(x —a)h) EZ;VZZJZZ (wh(d — o))
X¥(x,0)tG(x,c+d —v)dodx
_ 1
= —a)1 Yd—c)2 !
b rd — — 01,k ,00,k
x [0 [H(x —a)17(d — 0)» 18;11,1/11,111 (wf(x —a)k) gZ;,sz,lzz (wh(d — o))
x¥(x,0)tG(x,v)dvdx
_ 1 0,k
- (b_a)vl—l(d_c)vzfl (EZ,U,Z,(U/,b*,CJrfg) (ﬂ, d)/
and
Is — fl fl pr1-1gnn—1gmo1k (wrt™) g2k (wps") ¥ ((1— t)a +tb, (1 — s)c + sd)
5= Jo Jo H1,v1h 1 H2, V2,12 2 ’
xtG((1—t)a+tb, (1 —s)c+ sd)dsdt
_ 1
= (bia)ul—l(dic)vzfl (29)

X fy [T —a) =M (y — e ENI (] (x — a)) E12022 (wh(y — )2)

Hvah Ha V2l
x¥(x,y)tG(x,y)dydx
— 1 7.0,k
= o @ T (Sy,v,l,w’,b—,d—f 8) (a,c).

Introducing (25)—(29) in (24), multiplying the inequality with (b —a)"171(d — ¢)"2~1, and using
Lemma 2, we have the first inequality of (22).

We shall prove the second inequality of (22). Since ¥ is a convex function on A, for all (,s) €
[0,1] x [0, 1], it yields

Y(ta+(1—t)bsc+(1—s)d)+¥(ta+(1—1t)b,(1—s)c+sd)

+¥((1—-t)a+thsc+ (1 —s)d)+¥ ((1—t)a+th,(1—s)c+sd) (30)
<Y(a,c)+¥(b,c)+Y(a,d)+¥(b,d).

. . . _ — 01,k ,02,k
Multiplying both sides of (30) by 1~ 1s"2 15311’1/11,111 (wqth) 5;22,1/22,122 (wpst2) tG((1 —t)a+tb, (1 —
s)c + sd) and integrating with respect to (,5) on [0, 1] x [0, 1], we obtain

L+L+1L+15<(¥(ac)+¥0bc)+¥(ad +¥0bd)h.

That is, using (25)-(29),

,0,k ,0,k
1 (SZ,v,l,w’,b*,d*fg) (11, C) + (Ez,v,l,w’,b*,ﬁfg) ((1, d)

10,k 0,k
4 + (SZ,U,I,w’,aJr,d*fg) (b’ C) + (ez,v,l,w/,aﬂC*fg) (b’ d)

Y(a,c) +¥(b,c)+¥(a,d) +¥(,d) [ 1ok
< 2 (SZ,V,I,M/,h:ng) (a,c).
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Finally, by using Lemma 2 we get the second part of inequality (22), and the proof is complete.

Remark 3. If we take w = (0,0) in Theorem 2, we have [20] (Theorem 7).

Theorem 3. Let ¥ : A — R be coordinated convex on A = [a,b] x

Y € L[A].

[c,d] i

IftG : A — R is non-negative, integrable, and symmetric with respect to

coordinates, then the following integral inequalities hold:

%5 k

12 of 17

O

nRZ witha < b,c < d and

M c+d
7+ on the

¥ (ﬂ + b, c+ d> ( wv,lLw' b= ,d- tg) (11, C) + (‘C”pytf/’,]l(,w’,b*,cJr tg) (a’ d)
2 "2 (10 g g 1G) (Br) + (€1 o 19 (b,d)
(e ) (2 (0 552) (1222, ) 16 (0,)
(e ) ( (0550 (€22, ) 19 (1,0))
+ (e ) (¥ (2 559) () G(a,d))
| () (¥ (a5 (i, )16 @0)
T2 (e, ) (E () (e 741:‘51:?;,% +) (G (b,d))
(e e ) (¥ (22a) (10t oy ) 16 (ad)
(e ) (E(2e) (1t ) 16 (b))
(e ) (F (22 0) (g ) 16 @0)) |
< ( Zt,f/llcw ' b~ ,d— fg) (a’c) + (gl:i’,ll(,w’,b*,c*fg) (ll,d) (31)
T (g £8) Br) + (1 i f7) (B,)
() (Yo (202, )16 ) ]
(e ) (B ) (€222, ) )19 (8,0))
(et ) (Pl (2252, )16 (aa)
1| () (Y (2, )16 @)
SR () (Y (S, ) 1 (0,d))
(e, o) (Yd) (1, )19 (a,d))
(e ) (E ) (o, )19 (0,0))
(e, ) (Yo (e, )19 (ac) |
‘I’(a, )+ ¥(b,0) +¥(a,d) +¥(b,d) [ (20hy 4 t0) @)+ (105, 1G) (a.d)
< 4 (1 a4 1G) (0,0 (104 e 119 ) (B,l)
Proof. For an easier proof, we will use the following notations:
g1k —g ., Nk mbk —e, gk
Pl wyat a7 py vyl wy b b7y v o wh T Cup v by iy d =
5;11,;)11111(11 - S 5722’1(/522,1];2 - 52’ Z,i]l(w’b A- = Ep-d— ’;’v,lw’b ot = €ty SZf/’,l,w’,u*,d* = €t 4= and

v,0,k

wvlw at,et Eqt ot -
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Since ¥ : A — R is convex on the coordinates, it follows that the mapping ¥y : [c,d] —
R, ¥ (y) = ¥(x,y) is convex on [¢,d] and tG, : [c,d] — R, tG, = tG(x,y) is non-negative, integrable,
and symmetric with respect to %, for all x € [a,b]. Then, thanks to inequalities (9) we have

¥, (C ; d> [(ec+tGx) (d) + (e4-1Gx) (c)] < [(ec+ ¥xtGx) (d) + (e4- ¥xtGx) (c)]

< w [(ec+1Gx) (d) + (ea-1Gy) (c)].

That is,
‘Y(x C+d> INCE e '&a(w(d — y))tg (v, y)dy ]
' + Ay — )16 (wWhly — €)2)tG (x,y)dy
PR WGy I (0 y)dy ] )
+ 1y = )& (whly — ) ) ¥ (x,y)tG (%, y)dy
< Y +¥ ) [ -yl -Gy ]
B 2 + JHy = 021 (wh(y — 0)2)tG (x, y)dy

Multiplying both sides of (32) by (b — x)"171& (w] (b — x)#1) and (x — a)"1 " 1& (] (x — a)M),
and integrating with respect to x over [a, b], respectively, we have

c+d

b pd
| =0 =y e wf (b= x)) Ex(wh(d — ) ¥ ( 2) G (x, y)dydx

o0 — 0 w0 - 0 Ealwhly — ) (1 S5 ) 90 )dvan
/ / x) 7 (d = )2 € (wh (b — X)) E(wh(d — y))¥ (x,y) tG(x,y)dydx  (33)
+ / / )"y — €)1 E (@] (b — x)M)Ex(wh(y — €))¥ (x,y) G (x, y)dydx
L[S =) () (wh (b — X)) Ex(wh(d — y))¥ (x,0) 1G(x,y)dydx
+ f) L= 2y — )L (@ (b — )M Ea(wh(y — )'2)¥ (x,d) 1G(x, y)dyd
[ = - g el - ) Ea(ehd - y)ﬂzw(x,c;d) 16 (x,)dydx
+/ / a)"1 Hy — )2 LE (w) (x — a)!) &y (wh(y — c)F2) ‘Y(x, >tg x, y)dydx
/ / 0) M (d — )2 E (W] (x — )M Ex(wh(d — )Y (x,y) G (x,y)dydy  (34)
4 [ 1y e ] (- ) Ealwhly — o)) (1) 163, ) dyd
PN w d wz L3 (w0 (x — a) ) Ex(ah(d — y)*)¥ (x,¢) 1G(x,y)dydx |
=2 — 02 1E (] (x — a))Ex(wh(y — ©)'2)¥ (x,d) KG (x, ) dydx

For the mappings ¥y : [a,b] — R, ¥, = ¥(x,y) and tGy : [a,b] — R, tG, = tG(x,y), we use the
same arguments as before. So we can state that
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[[e-

+/u/c x—gV1 (d —y)»2~ 15’1( Hx — ))& (wh(d — y)yz)‘f(ll;—b

ff
+ S

and

[ [
0 1E) (@) (x — )" Exlw

+M
ff y

+ff x—a”l

Adding the inequalities (33)-(36), we can write

c+d

et {‘I’(b, >
-‘I’ a,ﬂ
(+3%)
},(a—i—b )
<a
<2[(e a+c+f8)(
at [F(

‘|‘8b [
+E+ [
+€d [

) +fgbd}+€a+[ b,

+ & e+1tG(a, d) + e
)

+ €.+

€+ tg(b d)| + €+

b

I )

+€d—

+Sd—

d> a+i’g b C

d) + (eg+a- fg)( )+
) c+tg(brd)] + e+ [
(a,c)ecrtG(a,d)] +e- [¥
(a,d) e, +tG (b, d)] + e+ [¥
(a,¢) e +tG(b, )] +e4- [F

b,
b,

IN
N =

So,

—_
_|_
m
b
&
x
n
3
—~
Q
—~
S
U
~—

M¢

¥ (”;b,d> sb_tg(a,d)}

a—+
MG
(ep-c+f8) (a,d) +
(b d)eg—tG(b,c)
(a,d)es-tG(a,c
(b,d)ey,-tG(a,d
(b,c) ey-tG(a,c)]
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b
=)= e b~ M) Ealh(d ~ )Y (T ) 100, y)dyd

, y) tG(x,y)dydx  (35)

)] (0 = X))l — )P (0,9) 163 dyda ]
Yd —y) 2718 () (x — a))Ex(wh(d — y)2) ¥ (b,y) tG(x,y)dydx

a+b

o)L (W (b — X)) Ex (wh(y — c)12)¥ (y) G (x, y)dydx

2y —o)F2)¥ (er y) tG(x,y)dydx  (36)

0)271E1 (] (b — x)")E2(wh(y — ©)2)¥ (a,y) £G (x, y)dydlx 1 .
Ny — o) 1w (x — a)M)Ex(wy(y — c)!2) ¥ (b,y) tG (x, y)dydx

c+d

e4- tgbc}

C;d) e4-tG(a, c)]

) e t6(ac)|

(ep-a-f8) (a,c)]
]

]
)
)]

< [(eq+cr £8) (b,d) + (eg+4-f8) (b, ) + (ep-c+ f8) (a,d) + (ey-a- f8) (a,C)]
eq+ [ (b,0) e+ tG(b,d)] + e+ [ (b,d) e4-tG (b, 0)]
| te [Y(ac)ecrtGlad)] +e,- [Y(a,d)es-1G(a,c)]
T4 | e [Y(a,d) e, tG(b,d)] et [Y (b,d) ey tG(a,d)]
| tea- [Y(a,0)eurtG(b,0)] +eg- [¥ (b, 0) gp-tG(a, )] |
egr [Y(b,¢) e tG(b,d)] + eyt [¥ (b,d) ey tG(b,c)] ]
<L +e- [Y(ac)ectG(ad)] +ep- [Y (a,d)eq-1G(a,c)]
T 2| Fe+ [Y(a,d)etG(bd)] e+ [Y (b, d)ey-tG(a,d)]
| teq [Y(a,c)entG(b,c)] +e4- [¥(b,c)eyp-tG(a,c)] |
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This gives the second and third inequalities in (31).
Now we will show the first inequality in (31).

Apply Lemma 3 for the functions F; : [4,b] — R, F(x) = ‘Y( ,%) and tG, : [a,b] —
R, tGy(x) = tG(x,y):
a+b
3 ( :

Therefore,

) [(e0-tGy) (a) + (0 £Gy) ()] < [(ep-FrtGy) (a) + (ca- F1tGy) (8)] -

¥ (st gt) | {0 GG
(b~ )18 (@] (b — x)M) G (x,y)dx

ff(x @)1 161 (@] (x — a))¥ (x, 50) G (x,y)dx 7
+f )L (W (b — x)M)Y (x,#) tG(x,y)dx

SN——

Multiplying both sides of (37) by & (wh(d — y)¥2)(d —y)2~

Land & (wh(y —c)2)(y —c)2 and
integrating with respect to y over [c, d], respectively, we have

JINE: d — )2 L& (W] (x — a)!) Ex(wh(d — y)2)
¥ (w ﬂ) +G(x,y)dydx
TR d — )27 181 (w] (b — x)M) & (wh(d — y)2)
+G(x,y)dydx
JAAC: d —y)2 18 () (x — a)!) E(wh(d — y)2) (38)

Y (x, C+d) tG(x,y)dydx
Jy S =)0~ y) e e (@] (b 1)) Ea(wh(d - y)t)
¥ (x, %) tG(x,y)dydx

J2 A — a1y — o)1 (] (x — a)M) Ex(wh(y — o)P2)

v (152, 4) G (x, y)dydx
20T g P b= ) (y — o) (] (b — x)M) Ex(wh(y — o)F2)
G (x,y)dydx
J2 A = a) Yy — o) E (W] (x — ) ) Ex(wh(y — c)P2) (39)

y
¥ x,#) tG(x,y)dydx

+ L2 [ = x) 7 (y — )21 (W (b — X)) Ex(wh(y — o))
Y x,%) tG (x,y)dydx

The same way, we apply Lemma 3 for the functions F, : [c,d] — R, F(x) =¥ (”zib,y) and
tGy : [a,b] — R, tGx(y) = tG(x,y), and we get:
Ji J e = )7y — 02 1 (@] (x — @) Exfawh(y — o))
¥ (m m) G (x, y)dydx
PO S = ) () (x - ) Ea(wh(d - y)r)
G (x,y)dydx
Ji JE =)y = 02 (w (x — a)) Ea(wh (y — ) 0)
_ ¥ (”*b,y) tG(x,y)dydx
e Hd —y)» & (w) (x — a)) E(w)(d — y)H2)

¥ (”*b, y) tG(x,y)dydx
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Ji JE =)7Ly — )2 (@] (b — X)) Ex(wh(y — o))
¥ (agb,%) G (x,y)dydx
+ [ b= (d = )2 E (@] (0 — 1)) E(wh(d - y)F2)

G (x,y)dydx
Jo JE = )17y — o) 21 (] (b= x)) Ex(wh(y — ©)2)
¥ (M,y) tG(x,y)dydx
- Jy S0 =) d = )2 1E (] (b — x)M) Ex(wh(d — y)F2)
¥ (#,y) tG(x,y)dydx
Adding (38)-(41), we get the first inequality of (31).
For the last inequality of (31), we apply Lemma 3 to the functions

1. F:[ab] = R F(x) =Y(x,c)and tGy : [a,b] — R, tG,(x) = tG(x,y),
2. Fy:lab] = R F(x) =Y¥(x,d)and tGy : [a,b] — R, tGy(x) = tG(x,y),
3. F:cd] - R F(x)=Y¥(a,y)and tGy : [c,d] = R, tG:(y) = tG(x,y)
4. Fs:lc,d] - R, Fs(x) =¥ (by) and tGy : [c,d] — R, tG+(y) = tG(x,y),
and we obtain
(¢4 FstGy) (a) + (e, atGy) (1) < 2OEBO (616, @)+ (e016,) )],

(¢4 FitGy) (a) + (e, FutGy) (1) < BOFEBO (016 )+ (e,016,) )],

F5(c) + F5(d)

(e4- F5tGx) (c) + (ec+ F5tGy) (d) < 5 [(eq-tGx) (c) + (ec+tGx) (d)],

and

(ea-FtG) () + (ec Fote) (@) < PO (e 16 (0) 4 (epet) (@)

Then we have inequality

16 of 17

(41)

(42)

(43)

(44)

(45)

1. (42) and (43) by (y — ¢)2 L& (wh(y — c)*2), respectively (d — y)"2~ & (wh(d — y)#2) and

integrating with respect to y over [c, d],

2. (44) and (45) by (x —a)"171& (w)(x — a)"), respectively (b — x)"171& (w(b — x)*1) and

integrating with respect to x over [a, b].

We get four inequalities that we are adding, and taking into account the symmetry of tG, we obtain

the last inequality of (31). The proof is complete. []

Remark 4. If in Theorem 3 we put w = (0,0), we obtain [20] (Theorem 8).

3. Conclusions

First, we introduced and studied generalized fractional integral operators containing the
new extended general Mittag—Leffler function of two variables. We then obtained several new
two-dimensional versions of trapezium-like inequalities via coordinated convex functions. We also
discussed the linkage of the obtained results with previously known results by considering some
special cases. It is expected that the ideas and techniques of this paper may stimulate further research.
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