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Abstract: In this paper, firstly we have established a new generalization of Hermite-Hadamard
inequality via p-convex function and fractional integral operators which generalize the
Riemann-Liouville fractional integral operators introduced by Raina, Lun and Agarwal. Secondly,
we proved a new identity involving this generalized fractional integral operators. Then, by using
this identity, a new generalization of Hermite-Hadamard type inequalities for fractional integral are
obtained.
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1. Introduction

In mathematical literature (see, [1] and references therein ), the Hermite-Hadamard inequality,
named after Charles Hermite (1822-1901) and Jacques Hadamard (1865-1963) and sometimes also
called Hadamard’s inequality, states that if a function f : [4,b] — R is convex, then the following
chain of inequalities holds:

H(57) <ot [ i < MOS0 w

The inequality (1) is one of the most famous result for convex functions. A number of paper
have been written on this inequality providing new proofs note worthy extensions, generalizations,
refinements and new inequalities connected with the Hermite-Hadamard inequality. Since then,
the inequality (1) has attracted many mathematicians attention. Especially, in the last three decades,
numerous generalizations, variants and extensions of this inequality have been presented (see,
e.g., [1-7]) and the references cited therein.

In [8], Zhang and Wan gave definition of p-convex function as follows.

Definition 1. Let I be a p-convex set. A function f : I — R is said to be a p-convex function or belongs to
class PC(I), if

FIBP + (1= 0y7]7) < t(x) + (1= DF(Y)
forallx,y € Iand t € [0,1]

1
Remark 1 ([8]). An interval I is said to be a p-convex set if [txF + (1 — t)yP]? € I forall x,y € I and
t € [0,1], wherep =2k+1orp =2, n=2r+1,m=2s+1landk,r,s € N.
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Definition 2 ([8]). IfI C (0,00) be a real interval and p € R\ 0, then [tx? + (1 — t)yf’]% €lforallx,y el
and t € [0,1].

According to Remark (1), a different version of definition of p-convex function was given by Iscan
as below.

Definition 3 ([9]). Let I C (0,0) be a real interval and p € R\ 0. A function f : I — R is said to be a
p-convex function, if

F(Ex? + (1= )yP]7) < tF(x) + (1= D) (y)

forall x,y € Iand t € [0,1]. If the inequality is reversed, then f is said to be p-concave.

According to definition above, it can easily be seen that for p = 1 and p = —1, p-convexity reduces
to ordinary convexity and harmonically convexity [10] of functions defined on I C (0, o), respectively.
The Hermite-Hadamard inequality for p-convex functions is as the following (see [11,12])

Theorem 1. f: I — R be a p-convex function and a,b € I witha < b.If f € L|a, b], then we have

f({aww]%) < P [ S@ ), o

2 —bP—abf J, x1-P

For some result related to p-convex functions and its generalizations, we refer the reader to see
now [8,9,11-18].
We recall following special functions (see [19,20])

1. The Gamma Function :

The Gamma I' functions are defined by
I'(a) :/ e~ft*dt, a > 0.
0

The gamma function is a natural extension of the factorial from integers n to real numbers «.
2. The Beta Function:

I'(x)T Lo _
Blxy) = r((x)+(yy)) :/0 P (1 —y)Yldt 5y >0
3. The Hypergeometric Function:
1 1 b—1 c—b-1 —a
zFl(a,b;c,z):m/o 11— TN — 26) e > b > 0,]2] < 1

Definition 4. Let [a, ] be a finite interval on the real axis R and f € [a,b]. The right-hand side and left-hand
side Riemann—Liouville fractional integrals [}, f and ] f of order a > 0 are defined by

B A0 = g [ =0 x>0

Jp-f(x) = 1,(1) /xb(t —x)* 7 f(Hdt, x < b

(14

respectively.

For more details and properties concerning with this fractional integral operators defination (4), we refer
the reader, for example, to [2,19,21-24] and the references therein. In [4] Sarikaya et al. proved the following
inequality for fractional integrals.
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Theorem 2. Let f : [a,b] — R be a positive function with 0 < a < band f € Li[a,b]. If f is convex
function on [a, b], then the following inequality for fractional integrals holds:

(50 = g s + gyt < LSO

with « > 0.

Raina [25] introduced a class of functions defined formally by

v oo (k) +.
o () =Ty (x)_kg’)il"(pk—i—)\)x (0, € RT;|x| < R) (3)

where the coefficients o (k) € R (k € Ny) form a bounded sequence. With the help of (3) Raina [25]

and Agarwal et al. [26] defined, respectively, the following left-side and right-sided fractional
integral operators:

(orassn®) ) = [ (=0 wlx = P p(t)dt (x> a) @

a

b

(o) (x) = [ (£ =" 1FD [t = x)lg (bt (x < b), ©)

X

where A, p € RT,w € R and ¢(t) is a function such that the integrals on right sides exits.
It is easy to verify that (J7, ., ,¢)(x) and (]g Ap—w®) (X) are bounded integral operators on
L(a,b),if
M= FJralw(b —a)f] < oo

In fact,
155 2 at0®llt <MB—a)* || @ [l (¢(t) € L(a,b)) (6)

and

g r -l SME—2)" [ ¢l (¢(t) € L(a,b)). @)

Here, many useful fractional integral operators can be obtained by specializing the function
]:;)7/ ,(x). For instance, the classical Riemann-Liouville fractional integrals Ji, and Jj of order a
follow easily by setting A = «, ¢(0) = 1 and w = 01in (4) and (5). Sarikaya and Yaldiz [7] proved
Hermite-Hadamard type inequality involving the fractional integral operators (4) and (5) asserted by
the following theorem.

Theorem 3. Let A € R* and ¢ : [a,b] — R (a < b) be a convex function on [a, b]. Then

a+b 1
< o rarwf (D) 715
(P( 2 ) = Z(b IR ”))‘ngH [ZU(b _ a)p] []p,)\,qu,wf( ) +]p,/\,b—,wf(u)}
¢(a) + ¢(b)
- 2
The aim of this paper is to establish new Hermite-Hadamard type inequalities for p-convex
functions in terms of generalized fractional integral operators.
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2. Main Results

In the section, using generalized fractional integral operators, we start with stating and proving
the fractional integral counter of Theorem 4, Lemma 1 and Theorem 5 then some other refinements
will follow. We begin by the following theorem:

Theorem 4. Let A € RY, f : | C R — R be a p-convex function and a,b € [ witha < b, p > 0. If
f € L[a,b], then we have

(")

1
= 2]:0/\+1 [w(bP — aP)P)(bP — aP)? [];A,ap+;wfog(bp) + ]g,/\,b”*;wfog(ap”

f(a) + £ ()

2

==

where g(x) = x7.

Proof. Since f is p-convex function on [a, b], we have for all x,y € [a, ]

—_

f(vzyp]) SR,

Choosing x = [ta? + (1 — t)bp]% andy = [(1 —t)a? + tbp]%, then we get

—

zfqavsz} > < F([ta? + (1= OBP]P) + F([(1— Ha? + t67]P). ©

Multiplying both sides of the inequality (8) by t/\’l]-"g’ A[w(bP — aP)PtP] and then integrating the
resulting inequality with respect to t over [0, 1], then we obtain

2F 7y [w(bF — ap)p]f< [al’ _; bp} );

1
< / PV [w(bP — aP 1) f([ta + (1 — £)bP]F )dt
o

1
b [PEL e - a1 - a? + )7 )t
0
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i = 1
= /t/\—l kzo U(k)wﬁ((ﬁZ;f\z)Pktpkf([mp + (1= t)bP]7)dt
0 -
i = 1
+ /tH 1;6 J(k)wﬁésZ;f\z)pktpkf([(l — t)aP + tb?] ¥ )dt
01 ) k k |
.=
1 o :
© [ B R e 0 07—
0 k=0
bP
©  o(k)wk  (bP — x)Pk(bP — x)A 1 Ly
) k;o T(pk + A) (bP — aP ok (bP — aP)A 1 (b — aP )P f(xP )m
bP
= o(k)wt (x —aP)P(x —aP)M! 1 dx
* / ,§O T(ok + 1) (b — aryh(pr —ar)i 10~ YT
bP
1 = o (k)wk(bP — x)Pk 1
- (bp—llp))‘[ho N I G AL
bP
1 = g (k)wk(x — aP)Pk _ 1
T ey / L ke e
= M(I;)T,/\,ui’Jr;zung)(bp)
1 (%

i m(]p,)\,bn;wfog)(ap).

Thus we have

1/p
2Faale® (|57 ] ) £ G amyr | U f9)@) + (afos) 0

which completes the proof of the first inequality.
Now we will prove the right-side of the inequality in (8). Using the p-convexity of f

F(lta” + (1= )bP]7) < tf(a) + (1 — £)£(b)

and

F(I(1 = £)aP + 6P)7) < (1 — 1) f(a) + L (D).

By adding these inequalities, then we have

F(ta? + (1= P} ) + F([(1 = )aP + 167]7) < F(a) + £(b).

Multiplying both sides of inequality by t)‘_l]-"g, A[w(bP — aP)PtP], and then integrating the resulting
inequality with respest to t over [0, 1], we obtain

U 00 07) 4 o) Fog(a)] < 275 oo = aryl AT LE)

This completes the proof. [
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Lemmal. Let A € RT ¢ : I C RT — R be a differentiable mapping on I° a,b € I witha < b, p > 0. If
f e L{a, b, then the following equality the generalized fractional integrals holds:

B I e = e 1 f08) () + (o))

pA+11Y

(b? — aP) [ fra— AJT;;M[ w(bP —aP)P(1 —t)P]
2pF gy [w(®F —aP)P] | (tap 1 (1 )bP) P LF ((taP + (1 — £)bP) 7 )dt
+ [ P lw(bP —aP )Pt ]

(taP + (1 — )bP)P L F ((taP + (1 — £)bP)P )dt

)

==

where g(x) = x7.
Proof. Here, we apply integration by parts in integrals of right part of (9), then

S = 0P FG, [P —ab)P (1= DP)(taP + (1 — DbP) 7 f ((taP + (1 — )bP) T )dt

o PFG LB — a)Pi) (ta? + (1= HbP)7f ((ta? + (1~ H)bP)7 )
1 1
= (1= DA FG (B — aP)P (1 = 0F] ol F((1a? + (1= )bP)7)

0
— Jo (= O TLF (b — aP)e (1~ 0] g F((taP + (1~ H)bP) 7 )dt
1

+AF

1@ (DF — aP)ete]

(apfbp)f((fﬂp +(1— t)bp)%)

0
— o PV [w (B — aP )] s F(1a? + (1~ b))

= i Fopalw(® —a")PF(b) = ol fo (1= OALF [w(b? — a?)P(1 = P f((taP + (1 — )b7)F)dt

t i P (b — )P F(a) — s o ATIF, w(b? — ab )] f((taP + (1~ Db7)F )t
= i F ol — a1 (@) + F0)] — b U o fOS(07) + [ fo8 (0]

(a?-b)
=]

Multiplying both sides (10), by T we have (9). Thus we accomplish proof of
oA

this lemma.

Theorem 5. Let A € Rt f: [ C R — R be a differentiable mapping on I° a,b € I° witha < band p > 0.
If | f/| is p-convex on [a, b], then the following inequality for generalized fractional integrals operators holds:

a b T T
0 — ey U 10 0 E) + ULy _afos) (@)

A+1

< (pM[Iw\(b“aP)"]+f"A+1[|w|(b’”fa’”)P})|f( )+ (T (88 a0+ 758 o0 = ] )16

where
o, = o (k)b 2 LFi(1— 1 20k +A+3,1— F’)]
(pk+ A +1)(pk+ A +2) p’ bp
1 ab
= I=p__ -
oy = (k)b pk+/\+2[2]:1(1 plpk+)\+31 bP)]
1 1 ab
— 1-p _ = . _
o3 = (k)b pk+A+1[2f1(1 p,pk+)\+2,pk—|—/\—|—3,1 bp)]
2 aP
= 1-p
oy = (k)b (pk+A+1)(pk+A+2)[2f1(1 ,pk+/\+1pk+A+31 bP)]
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Proof. Using Lemma 1 and p-convexity of |f | we have,

’f(ﬂ)Jrf( ) 1
2 (bP _ ap)/\]_"(f
B ’2;7?‘3:71’][71)(;5 —apyP] [ /01(1 — N FS i [w(bP —aP )P (1 1)
1% .
% (ta? + (1= 1)bP) 7 (1a? + (1 £)bP) P

1
+ /O P F ) [w(OF — o))

(b — a?)7] [(Topar+50f08)(0F) + (g p b~ f08) (a7)]

A1

x(taP + (1 — )bP) P f (taP + (1 — t)b?’)%dt} ‘

bP — aP © (k) w|k (b — aP )Pk
S 6P — ] A Tk + AT 1)
[Tl 0 o a1 e (1 @)+ (0 1 ) )
- b ar © o(k)]wlF(bP — o)k

Zp]-"gAH[|w|(bP —al)Pl /= T(pk+A+1)
([0 (= b @]+ (- ) e
[ (@ 00 @)+ (- 01 )1

So we have,

e =] Ui 09 8) U —afos) )|
B b ar oK) w] (07 — a7}
- 2p]—"7)\+1[|w|(bl’ —ab)Pl = T(pk+A+1)

( / H(L— PN F (@) (ta? + (1 — 1)bP) 7 dt
+/ P (b)) (P + (1 — £)bP) 7t
+/ R ()| (baP 4+ (1 — £)bP) Pt

+/ DAL F (B) | (ta? 4 (1 — t)bp)ll’_ldt>
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Thus,
‘f(a) ;f(b) 2007 - ap)/\fg/\1+l [w(bP — aP)P] (o ar+0f08)(bF) + (g 0 pp 0 fo8) (a7)]
0,
Y )L G
prg)\+1[|w| (bP — aP)P] = T(pk+A+1)

1— 1 ap /
x (b P2 pk A )27 (1 20k + A4 31— 5)1f (a)]
1— 1 Llp /
+b P‘B(l,pk+)\+2)2.7:1(17;,1;pk+/\+3,1—b—p)|f(b)|
1 P
+b1‘Pﬂ(pk+A+2,1)2f1(1—;,pk+/\+2;pk+/\+3,1fz7)|f(a)l

1 v
+b1_P‘B(pk+)\+1,2)2f1(1 — ;,pk+/\+1,Pk+/\+3rl - Z?)Lf (b)|)

From here,
f(a) + £(b) 1 i
N . b? v . p
‘ 2 2(b? — a?’)’\}‘ﬁ‘i/wrl [w(bP — aP)P] (g A ar+50f08) (bF) + (G p v —of08) (a )]‘
bP —a” =, o (k) |w|* (b — aP )Pk
2pFg i llwl(bP —ab )] = T(pk+A+1)
2 1 ap ’
1-p 1 _ar
(o kA s (ks A 271 (- ZpkA+3 1= 5)lif (o))
1 ai" ’

1-p_ > L _ar

+b pk+/\+2[2}—1(1 p'l’pk+)\+3’1 bp)Hf (b)|
1 1 ap ’

1-p_ > 1 . _ar
b pk+/\+1[2]:1(1 p PR AT 2pk+A+3,1 o)1l (a)]
L 2 [zﬂ(l—1,pk+A+1,~pk+A+3,1_ﬂ)ﬂf’(b)‘)

(ok+ A +1)(ok + A +2) p o

Using (10) we obtain,

‘f(a) erf(b) - 2(bP - uV)A-FU/\lJrl[w(bp —ap)P] (U rar0f08) V") + Up ppr—suf08) (“m‘
0,
— s k - k / / / /
Al e (mf (@) + 02l (8)] + 3l (0)| + 3 <b>|>

Thus, proof is completed. [
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