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Abstract: In this paper, some real world modeling problems: vertical motion of a falling body
problem in a resistant medium, and the Malthusian growth equation, are considered by the newly
defined Liouville-Caputo fractional conformable derivative and the modified form of this new
definition. We utilize the o auxiliary parameter for preserving the dimension of physical quantities
for newly defined fractional conformable vertical motion of a falling body problem in a resistant
medium. The analytical solutions are obtained by iterating this new fractional integral and results are
illustrated under different orders by comparison with the Liouville-Caputo fractional operator.
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1. Introduction

Fractional differential equations were first suggested as an idea by Leibniz on generalizing
the integer order derivative about three centuries ago. From this point of view, they introduced
Riemann-Liouville and Liouville-Caputo fractional derivatives. Very recently, Jarad et al. [1] have
introduced a new fractional derivative called the Liouville-Caputo fractional conformable derivative.
Nowadays, fractional derivatives have been begun to be applied to real world modeling problems [2-8].
However, many new fractional derivative definitions have been introduced in recent years. Some of those
are Atangana—Baleanu [9], Hilfer [10], Hadamard [11], Caputo-Fabrizio [12], etc. The Liouville-Caputo
fractional conformable derivative is a fractional form of conformable derivative introduced by
Abdeljawad [13]. On the other hand, Delgado et al. [2] used this new fractional definition for electrical
circuits and they made contribution to this new definition by introducing the B-form of this new fractional
definition. The B-form of conformable derivative has been introduced by Atangana [14]. However,
the conformable derivative idea has been firstly suggested by Khalil et al. [15] and thereafter a different
form of this definition called as proportional a-derivative has been defined in [16]. On the other hand,
you can find new studies about this new generalized fractional conformable definition in [17-20]. Some
studies about fractional differential equations and its applications are studied in [21-25].

In this paper, we consider firstly the vertical motion of a falling body problem in a resistant
medium and it is defined as in the classical meaning as

do (t)

m—= = —mg —mkv (1),

v (0) = vy,
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where v (f) (m/s) is velocity, f (s) is time, g (m/ s?)isa gravitational force, m (kg) is mass, and k (s™h
air drag. If we fractionalize the ordinary derivative, we must make use of the ¢ auxiliary parameter,
which has time~! (s~!) dimension, for preserving the dimension of physical quantities, so we get

% — gl 5’8 Df

where ,Eﬁ D{ is Liouville-Caputo fractional conformable derivative operator introduced by
Jarad et al. [1]. We consider a similar case with beta form of Liouville-Caputo fractional conformable
derivative defined by Delgado et al. [2]. This approach will shed a light on future studies including
fractional physical problems.

In population biology, we use the Malthusian growth model to define animal population or the
growth of tumor and bacteria. Fractional models of these equations give more sensitive results than
the integer order differential equations. The Malthusian growth model is used to guess approximately
in the change of the population in time. It is also used to guess the approximate numbers of bacterial
culture, approximate radioactive decay time, etc., and it is defined classically as

P'(t)=kP(t),
where P (t) is the population, k is the change rate.

2. Preliminaries

Definition 1. [21] The Riemann-Liouville derivative of order « is defined as

X

RL _ 1 dn/ a1 _

p D"f(x)_l"(n—a)dt”. ft)(x—t) at, n—1<a <n.
a

Definition 2. [21] The Liouville-Caputo derivative definition of order w is defined as

X
1 dr o
aCDﬁf(t):m ﬁf(t)(x—t)" gt n—1<a<n.
a

Definition 3. [21] Let z, B € C, Re(a) > 0. Then Mittag—Leffler function with two parameters is defined as

00 k

Z

Fo (= 0o Tk T By

k=0

Definition 4. [15] Let f : [a,00) — R. The conformable derivative of f (t) is defined as follows

(0 — tim L) ()

e—0 €

forallt > 0,a € (0,1].1If f (t) is «— differentiable in some (0,a),a > 0 and if hr(])@r F®) (t) exists, then define
e—
lim f1®) (t) = £ (0).

t—0t
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Definition 5. [13] Let f : [a,00) — R. The left and right conformable derivative of f (t) is defined as
follows respectively

flttet—a)™*) —f(t)

Dif (1) = lim S ,
(Dif () = lim (t+e(b - ?1“") 10}

forallt >0,a € (0,1].

Definition 6. [13,15] The left and right conformable integrals are defined as

X

alﬂf(x):/(t—a)“*lf(t)dt, ¥>a,0<a<1 (1)

a

b

I5f (x) = /(b—t)“*lf(t)dt, x <b.

X

Definition 7. [1] Fractional conformable integral is defined as, p € R, Re (B) > 0,

Barrn 1 [{x—a*—@-a)"\" F@)
! (x)‘wa)a/ ( x ) ot @

Theorem 1. [1] Let Re (B) > 0,n = [Re(B)] +1, f € C{,([a,b]). Then, Riemann-Liouville fractional
conformable derivatives are defined as follows,

Brne o EDF(H) [ ((x—a) —(t—a)\"PT f()
D= iy | (=) e ©
and ,
a1 npya oY pa n—p-1
P8 () = | 1r>(n ?%f(t) /<<b il Ul ) wi%“dt, 4

where ;; D* and "' Dy are the left and right conformable derivatives.
Proof. You can find the proof of this theorem in [1]. O

Theorem 2. [1] Let Re () > 0, n = [Re(B)] + 1, f € Cy,([a,b]). Then, Liouville—Caputo fractional
conformable derivatives are given by,

e 1 (et (- \" P aDes ()
D f(x)= T(n—p) ﬂ/( " ) mdt, ®)
and
T G )y WA st () A TAC I )
bf(x)_F(n—ﬁ)/< w ) (b—ti ©

Proof. You can find the proof of this theorem in [1]. O
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Definition 8. [14] Let f : [— %, oo) — R, then a different type of conformable derivative of f (t) is defined as

) L
éD“f<x>:umf<t+g(t+““)> ) o

e—=0 &

The different type of left conformable integral is defined as

Alaf( ): tf(x)a,() Sl-
0 X O/(x+r(1a))l <uw

Theorem 3. [2] Let Re (B) > 0,n = [Re (B)] +1, f € Cy, ([a, b]) . Then a different type of Liouville-Caputo
fractional conformable derivatives are defined as follows,

St L] (o) ~(rnt) ) Aemise,
a - — 1—a ™"
rh) ' (t+ 1)
" n 7% ( b +t>a7<i +x)a n_ﬁ_lA npe ¢
ACBpy f <x>:F((n1—) 5 / T T A= i fﬂidt 8)
x (et +1)

Proof. You can find the proof of this theorem in [2]. O

Theorem 4. [2] Let Re(f) > 0, n = [Re(B)]+1, f € Ci,([a,b]). Then a different type of
Riemann-Liouville fractional conformable derivatives are defined as follows,

o ; w\ n—p—-1
Anpa + ) = (t+
ARPDAf (x) = 1"(:1 —D,B) / (x r(a)) : ( FOX)) <t+fit))1“ dt, )
a T'(a)
and
n noa b b " _ (b A
ARBDS £ (1) = (—;)(n _Aﬁ)Db / (F(rx) + l‘) - (F(tx) —|—x) (be(rtz)llx it (10)
x I'(«)

Proof. You can find the proof of this theorem in [2]. O
Theorem 5. [2] Let f € C}, ([a,b]), B € R. Then the following property is valid,

n—=1kpu _ ek
B (Eorf () = £ -y PO

k=0

and
n—1(_1\k ® &k
a,BIoc (fC’BD“f (t)) :f(t) _ Zl ( 1) I;Dj‘{kgb) (b t) )

k=0

Proof. You can find the proof of this theorem in [2]. O
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3. Main Results

In this section, we find exact analytical solutions of vertical motion of falling body problem in
the resistant medium, and fractional Malthusian growth model with newly defined Liouville-Caputo
fractional conformable derivative.

3.1. The Fractional Vertical Motion of a Falling Body Problem in a Resistant Medium

3.1.1. The Vertical Motion of a Falling Body Problem in a Resistant Medium with Liouville-Caputo
Fractional Conformable Derivative

Let us consider Liouville-Caputo fractional conformable derivative, and obtain the analytical solution
of the vertical motion of a falling body problem in a resistant medium. Taking the initial value problem

mal_“ﬁocﬁD‘t"v(t) = —mg—mko(t), (11)
v(0) = v (12)

Solution 1. We apply Picard successive approximation method for obtaining the analytical solution of the
problem (11)—(12). So, let us apply the inverse operator of HC’B Df to Equation (11), we get

C _ —
b (PDro () = =1 {1 (g} — o** {1 (ko (1)).
Considering the Theorem 2 and the initial condition (12) , we have

o(t) =0(0) — 0¥ 11 g} — ko™ 1 (17 (v (1))

Then
v (B) = 09 =P 18 {g} o1 — ko1 B 1% (0 (1), i =0,1,2,...

For i = 0, we can write
o1 (1) = o0 = If (8) 0"~ —ko™* 1 ({1 (00 (1)) (13)

where

0 (en (1) = ol 0/ ()

Using the change of variable u = (3=2)" , we have

Uotlxlg

olf (vo) = FT(B+1)

(14)

Substituting Equation (14) into (13) , we have

gtaﬁaaﬁ—l ka.zx[%—lvotaﬁ
CWPT(B+1) afT(B+1)

v1 () =9
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Fori =1, we get

(t) = oo I {gho T —ke"P I (o (1)}
gtocﬁo.ocﬁ—l gtzxﬁo.zxﬂ—l ko.zxﬁ—lvottxﬂ }

_ B  pap—1Bga .
= 0T rgan ol {”0 T (B+1) «PT(B+1)

12
gtBgab=1  fgab-ly bk (Uocﬁfl)zgtbcﬁ (ko*F=1) g (glf‘t“ﬁ)
S afT(B+1) aPT(B+1)  a?T(26+1) «fT (B+1)

(15)

= ’UO

wp _ F(‘B—F 1) 20 p
-~ afT (2B +1)

; . koB—1pap (ko.txﬂfl)z £20p
e2(t) = oo (1= 5Ty T @ s 1)

‘Tﬂcﬁflgtaﬁ 1 katxﬁfltrxﬁ
af (ﬁrw)_aﬁzzsr(zzﬂ))

where glf (t—a) , then we can rewrite Equation (15)

Proceeding inductively we have

koB—1ap (kgtxﬁ—l)z 120
v (t) = v (1- + -
ofT (B+1) T (26+1)
mxﬁ—1g(t)aﬁ( 1 B ko*B—14ap N )
ab BT (B) aP2pT (28)
i (71)2 (ko.zxﬁ—l)z zop Uaﬁflgtaﬁ i (71)z (ko""ﬁ_l)ztmﬁ

.

= T (zp+1) ab Z e (z4+1)pr (zB+B)

Therefore, as i — oo, we find the velocity as follows,

koP—1 taﬁ) o P 1gpap (—ka“ﬂ*lt"‘ﬂ)z
5 _

v (t) =vokg (— P = atP (z+1) BT (zB+B)’

from here we get vertical distance of falling body in a resistant medium as follows

., (16)

ap—1 af—1,qap+1 —koB—1xB)*
X (t) = h+ 0gtEg, (—k” t"‘ﬁ> s (“ke )
o S+ ap+1]atf (24 1) BT (zp + )
where Eg 5 (t) is Mittag-Leffler function [21].

Now, let’s consider the different type of Liouville-Caputo fractional conformable derivatives
defined in [2]. We obtain the analytical solution of the vertical motion of a falling body problem in a
resistant medium. Considering the initial value problem

fcﬁD“v(t) = —mg—mko(t),
v(0) = v

Solution 2. If we apply similar arquments used in the proof of Problem (11)—(12), then we have

a xp—1 a
X(t) = holtt 5o <—k0a,z (t+r(o¢))rxﬁ)

_(Tacﬁflg(t_i_%)txﬁJrl i (—kaaﬁil(t—kﬁ)ﬂéﬁ)z
af S lz+1)ap+1]af (z+1)pr (zB+B)’
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3.1.2. Vertical Motion of Falling Body Problem in a Resistant Medium with Liouville-Caputo
Fractional Derivative

Now, let’s consider to the model of the vertical motion of a falling body problem in a resistant
medium with the Liouville-Caputo fractional operator in [22] for comparing to Solution (16),
mol=* $Dfo (1) = —mg—mko(t),
v(0) = v

Taking direct and inverse Laplace transform to the equation above, we have analytical solutions

0(t) = =3 + (oo + 8) Ex (—ko111),

X(t)=h-— g% + (vo + %) tEq 2 (—ka”"lt“) .

We observe the vertical motion of a falling body in the resistant medium with Liouville-Caputo
conformable fractional derivative taking v (0) = 5m/s, k = 0.01s7!, ¢ = 9.8 m/s?, h = 31,400 m in
Figures 1-4.

— a=0.3 a=0.5 a=0.7 — a=0.9 — Classical
X(t)
30000

25000f
2oooof
15000f
1oooof

5000

oL~ LN Ny N N g
0 20 40 60 80 100

Figure 1. Analysis of the vertical motion of a falling body in a resistant medium under different orders

while g = 0.9.
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Figure 2. Comparative analysis of the vertical motion of a falling body with different types of
derivatives while « = 0.95, = 0.95.
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————— Caputo Conformable Caputo Classical

15000 N

ot \ s s N
0 20 40 60 80 100

Figure 3. Comparative analysis of the vertical motion of a falling body with different types of
derivatives whilea = 0.8, p = 1.

— B=0.3 B=0.5 B=0.7 — pB=0.9 — Classical
Xt
30000

2sooof
2oooof
15000f
1oooof

5000

oL v NN N
0 20 40 60 80 100

Figure 4. Analysis of the vertical motion of a falling body in a resistant medium under different orders
while &« = 0.9.

3.2. Fractional Malthusian Growth Model

3.2.1. Malthusian Growth Model with Liouville-Caputo Fractional Conformable Derivative

Let us consider the Liouville-Caputo fractional conformable derivative, and obtain the analytical
solution of Malthusian growth model. Considering the initial value problem

$PDEP(H) = kP(H),a>0,0<B<1, 17)
P(a) = B, (18)

where P (t) denote the population at time ¢, k is a positive constant.

Solution 3. Let’s apply the Picard successive approximation method for obtaining the analytical solution of the
problem (17) and (18). So, applying the inverse operator of ,95 Df to Equation (17) , we get

b1 (Poep () = 1 (kP (1))
Considering the Theorem 2 and the initial condition (18) , we have

P(t) = P (a) +£ 1% (kP (1)).

Then
Poi1 () = P+ koI (P, (1), n=0,1,2,...
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For n = 0, we can write
Py (t) = Po+ Ky I (Po (1) (19)

/ —a) x—a) 1 dx
o1 (Ro) = rl(j% /( : ) (x—a)'™™

Applying the change of variable u = (¥=2)*, we have

where

I (Py) = (20)

Substituting Equation (20) into (19) , we have

Forn =1, we get

Py + kfl;" (Pr)

kP, t—a”‘ﬁ
py+kP1ed (p b (
O+at{<0+ 5F‘B—|—1 )}

Ba
ﬂ

>

—
=

=
I

kPy (t — H)DC‘B k2P0
T (E D) AT ()

H-ay, (21)

0

—g)2B
where (515 (t— a)“ﬁ) = %, then we can rewrite Equation (21)

kP (t—a)*f k2P, (t —a)**P
aPT(B+1)  a2PT(2B+1)

3 k(t—a) K2 (t—a)™F
=P <1+aﬁl"(,3+1) +a2ﬁr(25+1)>'

Proceeding inductively we have

Py (1) aPT(B+1)  a2PT(28+1)

t )Zﬂﬁ
R E uczlgl" (zp+1)

_ )P 2 (4 _ g)24B
P0<1+k(t R Geall) +>

Therefore, as n — oo, we find
k
P(t) = PyEg ( 5 (t— a)“ﬁ) (22)

Now, let’s consider the different type of Liouville-Caputo fractional conformable derivatives
defined in [2]. We obtain the analytical solution of Malthusian growth model. Considering the initial
value problem

ACPpap (1) kP (), a>0,0<p<1,
P({Il) = Po.
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Solution 4. If we apply similar arquments used in the proof of Problem (17)—(18), then we have

P(t) = RyEp (;(H r?a))“ > .

3.2.2. Malthusian Growth Model with Liouville-Caputo Fractional Derivative

Now, let us consider the Malthusian growth model with the Liouville-Caputo fractional operator
in [23] for comparing to Solution (22)

CDEP(t) = kP(t),0<a<1,
P(0) = P,

Taking direct and inverse Laplace transform to the equation above, we have the analytical solution
x (t) = PyEq (kt*).

We observe Malthusian growth model with Liouville-Caputo conformable fractional derivative taking
x (0) = 500, k = 0.5 in the Figures 5-8.

— a=0.5 a=0.7 a=0.9 — Classical

A
10000 -

8000
6000
4000

2000

o T S S S S S [
0 2 4 6 8 10

Figure 5. Analysis of the Malthusian growth model under different orders while g = 0.9.

— B=0.5 B=0.7 B=0.9 — Classical

P(t)
5000

4000 [
3000
2000

1000

. . . | . . . | . . . | . . . |t
0 2 4 6 8

Figure 6. Analysis of the Malthusian growth model under different orders while & = 0.9.
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————— Caputo Conformable Caputo Classical
P(t)
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Figure 7. Comparative analysis of the Malthusian growth model with different types of derivatives
whilew =08, g =1.

————— Caputo Conformable Caputo Classical
P(t)
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/
/
/
r /
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/
/
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7
(4
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4000 | Va
. //
///
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-‘"‘/‘/\J""\‘H‘\HH\HH\HH\HH\t
0 1 2 3 4 5 6 7

Figure 8. Comparative analysis of the Malthusian growth model with different types of derivatives
while x« = g = 0.95.

4. Conclusions

The vertical motion of a falling body in a resistant medium and the Malthusian growth model
with a newly defined fractional conformable derivative are analyzed. The ¢ auxiliary parameter is
introduced for fractionalizing truly in view of physical comment of the vertical motion of a falling
body problem. Analytical solutions of these modeling problems are found and shown by figures
comparatively with the Liouville-Caputo fractional versions.

We observe the solution of the vertical motion of a falling body approaches to the classical case
while & and 8 approach to 1 in Figures 1 and 2. Besides, we show the comparison of this problem with
the Liouville-Caputo and classical cases while «, B approach to 1, and so, we observe that the solution
converges to the Liouville-Caputo and classical case in Figures 3 and 4.

We observe the solution of the Malthusian growth model approaches to the classical case
while & and B approach to 1 in Figures 5 and 6, we show the comparison of this problem with
the Liouville-Caputo and classical cases while «, § approach to 1, and we observe that the solution
converges to the Liouville-Caputo and classical case in Figures 7 and 8.
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