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Abstract: Solute transport through porous media is usually described by well-established conven-
tional transport models with the ability to account for advection, dispersion, and sorption. In this
study, we further extend our previous one-dimensional model for solute transport in an unsaturated
porous medium to two dimensions. The present model is based on a small-strain approach. The
proposed model is validated with previous work. Both homogeneous landfill and pointed landfill
conditions are considered. A detailed parametric study shows the differences between the present
model and previous one-dimensional model.

Keywords: solute transport; consolidation; pore pressures

1. Introduction

Most conventional models for solute transport in porous media were developed based
on the advection–dispersion equation (ADE) using different approaches [1–5]. These
studies were based on the assumption of a rigid porous medium in which the volume of
the porous medium does not change. Therefore, the advective flow was usually induced by
external hydraulic gradient (groundwater flow, rainfall infiltration, etc.). Since the excess
pore pressure dissipation produces a transient advective flux of contaminant, which has
a strong influence on overall flux [6], consideration of coupled flow and deformation in
the consolidation process may be significant in the prediction of the solute transport in a
porous medium [7–9].

Based on Terzaghi [10]’s one-dimensional (1D) consolidation theory and ADE, numer-
ous studies considered consolidation-induced solute transport in a porous medium [7,8].
These studies consider saturated porous media. Recently, Zhang et al. [9] further developed
a 1D small-strain model for a homogeneous unsaturated porous medium, which was
further extended to layered media [11].

Note that the aforementioned models were limited to 1D. Based on the piece-wise
method, Fox and Berles [12] and Fox [13] conducted a series of theories and performed an
experimental test to evaluate their models. Considering a 1D consolidation [12] and 2D
solute transport scheme, [13] developed a coupled finite-strain model for saturated porous
media named CST1 to include advection, dispersion in both directions, the first-order decay
and linear equilibrium adsorption. However, the above investigations were limited to
saturated porous media.

In this short communication, we will present the two-dimensional (2D) model for
solute transport in an unsaturated porous medium. The theoretical formulation for the 2D
model will be outlined first and validated with the existing models. Then, a parametric
study will be presented to show the differences between 2D and 1D models.

Sci 2023, 5, 16. https://doi.org/10.3390/sci5020016 https://www.mdpi.com/journal/sci

https://doi.org/10.3390/sci5020016
https://doi.org/10.3390/sci5020016
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/sci
https://www.mdpi.com
https://orcid.org/0000-0003-0199-0918
https://doi.org/10.3390/sci5020016
https://www.mdpi.com/journal/sci
https://www.mdpi.com/article/10.3390/sci5020016?type=check_update&version=2


Sci 2023, 5, 16 2 of 21

2. Theoretical Model

In this section, the mathematical formulations of the 2D consolidation-induced so-
lute transport model will be outlined. The present model includes two sub-models: a
consolidation sub-model and a solute transport sub-model.

One of the novel contributions of this communication is the development of a two-
dimensional model for solute transport in an unsaturated deformable porous medium.
In the previous one-dimensional model [7–9,14], only the soil deformation in the vertical
direction is considered and the solute transport is limited to the vertical direction. In real
environments, both soil deformation and solute transport are multi-directional, i.e, two-
dimensional or three-dimensional, depending on the loading and dimension of the landfill
sites. In this situation, the conventional 1D model cannot fully describe the physical process.
To show the difference between the 2D and 1D models, we outline the governing equations
for the 1D model in Sections 2.4 and 2.5 for comparison with the present model.

Another novel contribution of this study is the comparison of the unsaturated porous
model with the previous 2D model for saturated porous media [12,13,15], which integrated
1D consolidation with the 2D solute transport model. To demonstrate the difference be-
tween saturated and unsaturated models, we outline the governing equations for saturated
models for 2D and 1D in Sections 2.3 and 2.5 for comparison with the present model.

2.1. Two-Dimensional Consolidation Model

In the present model, the small strain 2D consolidation theory was adopted, in which
the soil is elastically deformed and excess pore pressure (pe) and soil deformations in 2D
space (u, w) are calculated simultaneously. Based on the conservation of mass, the 2D
consolidation equation can be expressed as [16]:

Srnβ
∂pe

∂t
+ Sr∇ · vs =

1
ρwg
∇ · (K · ∇pe), (1)

where K (m/s) refers to the matrix of hydraulic conductivity:

K =

[
Kx 0
0 Kz

]
, (2)

in which Kx, and Kz denote the hydraulic conductivity in the x- and z-directions, respec-
tively. Note that (1) was originally derived by Biot [17] and modified by Wu [16] for the
2D case.

In (1), vs (m/s) is the velocity vector of solid particle movement, which can be deter-
mined by:

vs ≡
∂us

∂t
=

(
∂u
∂t

,
∂w
∂t

)
, (3)

where us is the soil displacement vector (m), while u and w are the soil displacements in
the x- and z-directions, respectively.

The compressibility of the pore fluid (β) is defined as: [18]

β =
Sr

Kw0
+

1− Sr + rhSr

Pa + P0
, (4)

in which Kw0 (Pa) is the pore water bulk modulus (2000 MPa), rh is the volumetric fraction
of dissolved air within pore water, and Pa and P0 (Pa) are the gauge air pressure and the
atmospheric pressure (P0 = 100 kPa), respectively.

Substituting (2) and (3) into (1) leads to the final 2D storage equation with respect to
the excess pore pressure (pe) and soil deformation field, us ≡ (u, w), i.e.,

Srnβ
∂pe

∂t
+ Sr

∂(∇ · us)

∂t
=

1
ρwg

(
Kx

∂2 pe

∂x2 + Kz
∂2 pe

∂z2

)
. (5)
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In addition to the storage equation, soil deformation can be calculated through the
force balance equations. Herein, the self weight change in the soil matrix due to the
drainage of excess flow is considered and applied to the z-direction. The force balance
equation written in matrix form is presented as:

∇ ·

 σ′x τxz

τzx σ′z

−
 0

(1− n0)(ρs − Srρw)g(∇ · us)

 =


∂pe

∂x

∂pe

∂z

, (6)

where σ′x and σ′z (N/m2) are the normal effective stress in the x- and z-directions, and τxz,
τzx (N/m2) is the shear stress. The soil is assumed to deform in a linear elastic way; hence,
Hooke’s law can be adopted to calculate the effective stress tensor. That is,

σ′x = 2G
(

∂u
∂x

+
µ(∇ · us)

1− 2µ

)
, (7a)

σ′z = 2G
(

∂w
∂z

+
µ(∇ · us)

1− 2µ

)
, (7b)

τxz = τzx = G
(

∂u
∂z

+
∂w
∂x

)
. (7c)

2.2. Two-Dimensional Solute Transport Model

In this section, the 2D solute transport equation is proposed based on the conventional
advection–dispersion equation (ADE). The process of soil consolidation is coupled to the
theory by adopting the transient flow due to consolidation as the advective flow in ADE.
In addition, both temporal and spatial variations in porosity are taken into account.

Considering the solute mass conservation in both fluid and solid phases, and adopting
the linear sorption, the coupled solute transport equation is proposed as [16]:

[
Srn0+(1− n0)ρsKd

]∂c f

∂t
= Srn0

(
Dx

∂c2
f

∂x2 + Dz
∂c2

f

∂z2

)
+ Srn0

(
∂Dx

∂x
∂c f

∂x
+

∂Dz

∂z
∂c f

∂z

)
+ Sr(1− n0)

[
Dx

(
∂u2

∂x2 +
∂w2

∂x∂z

)
∂c f

∂x
+ Dz

(
∂u2

∂x∂z
+

∂w2

∂z2

)
∂c f

∂z

]
+

1
ρwg

(
Kx

∂pe

∂x
∂c f

∂x
+ Kz

∂pe

∂z
∂c f

∂z

)
−
[
Srn0 + (1− n0)ρsKd

](∂u
∂t

∂c f

∂x
+

∂w
∂t

∂c f

∂z

)
+ Srn0β

∂pe

∂t
c f + Srn0β

(
∂u
∂t

∂pe

∂x
+

∂w
∂t

∂pe

∂z

)
c f

− β

ρwg

[
Kx

(
∂pe

∂x

)2
+ Kz

(
∂pe

∂z

)2
]

c f ,

(8)

where c f represents the solute concentration in fluid phase; D refers to the matrix of the
hydrodynamic dispersion coefficient shown as:

D =

[
Dx 0
0 Dz

]
, (9)

where Dx and Dz are the hydrodynamic dispersion coefficients in the x- and z-directions, re-
spectively.
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Note that D and K are 2 × 2 matrices, whereas u is a vector. The hydrodynamic
dispersion coefficients can be calculated as the sum of molecular diffusion coefficient and
dispersion [19]. That is,

Dx = αL
(v f x − vsx)2

|vd|
+ αTV

(v f z − vsz)2

|vd|
+ Dm, (10a)

Dz = αL
(v f z − vsz)2

|vd|
+ αTV

(v f x − vsx)2

|vd|
+ Dm, (10b)

where v f x, v f z, vsx, vsz (m/s) are respectively the portion of flow and solid velocity in the
x- and z-directions; αL refers to the longitudinal dispersion coefficient, αTV refers to the
transverse dispersion in the vertical direction; Dm is the coefficient of molecular diffusion;
|vd| (m/s) refers to the magnitude of the relative velocity between pore fluid and solid
particle, which can be determined as:

vd =

v f x − vsx

v f z − vsz

 =
1

ρwgSrn0


−Kx

(
∂pe

∂x

)
−Kz

(
∂pe

∂z

)
. (11)

In summary, three governing equations in 2D with respect to the field of excess pore
pressure (5), soil deformation (6), and solute concentration (8) have been outlined. The
first two equations related to the soil consolidation process are fully coupled and need to
be solved simultaneously, whereas the last solute transport governing equation is semi-
coupled and can be solved utilising the consolidation outcomes.

The above governing equations can be solved using appropriate boundary conditions
for various engineering problems, such as the case presented in Section 4 using the FEM
software COMSOL Multiphysics [20]. In the COMSOL model, the PDF solver is used to
establish both consolidation and solute transport models. First, with the loading profile at
the ground surface, the consolidation process will be simulated by solving (5) and (6) for
the pore pressures and soil displacements in the soil modulus. With the pore pressures and
soil displacements obtained from soil modulus, the concentration of solute transport can
be solved in the solute modulus. Both moduli are developed in the COMSOL environment
and the variables are linked together.

2.3. Special Case 1: Two-Dimensional Saturated Porous Model

In the present model, a two-dimensional solute transport in an unsaturated porous
medium is proposed. A special case occurs for a fully saturated porous medium, in which
Sr = 1 and β→ 0, according to (4). Then, the governing equations for the present model
can be simplified as

∂(∇ · us)

∂t
=

1
ρwg

(
Kx

∂2 pe

∂x2 + Kz
∂2 pe

∂z2

)
. (12)

∇ ·

 σ′x τxz

τzx σ′z

−
 0

(1− n0)(ρs − ρw)g(∇ · us)

 =


∂pe

∂x

∂pe

∂z

, (13)
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[
n0+(1− n0)ρsKd

]∂c f

∂t
= n0

(
Dx

∂c2
f

∂x2 + Dz
∂c2

f

∂z2

)
+ n0

(
∂Dx

∂x
∂c f

∂x
+

∂Dz

∂z
∂c f

∂z

)
+ (1− n0)

[
Dx

(
∂u2

∂x2 +
∂w2

∂x∂z

)
∂c f

∂x
+ Dz

(
∂u2

∂x∂z
+

∂w2

∂z2

)
∂c f

∂z

]
+

1
ρwg

(
Kx

∂pe

∂x
∂c f

∂x
+ Kz

∂pe

∂z
∂c f

∂z

)
−
[
n0 + (1− n0)ρsKd

](∂u
∂t

∂c f

∂x
+

∂w
∂t

∂c f

∂z

)
.

(14)

Comparing the above governing equations with the ones outlined in Sections 2.1 and 2.2,
the unsaturated model is much more complicated than a saturated model. Since the soil
near the ground surface is commonly unsaturated in real environments, it is necessary
to consider an unsaturated porous medium in the simulation of the solute transport in a
deformable medium.

2.4. Special Case 2: One-Dimensional Unsaturated Porous Model

The present model can be simplified to a one-dimensional case,

Srn0β
∂pe

∂t
+ Sr

∂2w
∂t∂z

=
1

ρwg
∂

∂z
(K

∂pe

∂z
), (15)

G
2(1− µ)

(1− 2µ)

∂2w
∂z2 + (1− n0)(ρs − ρw)g

∂w
∂z

=
∂pe

∂z
, (16)

[
Srn + (1− n)ρsKd

]∂c f

∂t
=SrnD

∂2c f

∂z2 +
∂c f

∂z

{
Srn

∂D
∂z

+ SrD(1− n)
∂2w
∂z2

+
K

ρwg
∂pe

∂z
− [Srn + (1− n)ρsKd]

∂w
∂t

}
+ Srnβ

∂pe

∂t
c f ,

(17)

identical to the governing equations in Zhang et al. [9].

2.5. Special Case 3: One-Dimensional Saturated Model

Again, the present model can be simplified to a one-dimensional saturated case with
Sr = 1 and β→ 0,

n0β
∂pe

∂t
+

∂2w
∂t∂z

=
1

ρwg
∂

∂z
(K

∂pe

∂z
), (18)

G
2(1− µ)

(1− 2µ)

∂2w
∂z2 + (1− n0)(ρs − ρw)g

∂w
∂z

=
∂pe

∂z
, (19)

[
n + (1− n)ρsKd

]∂c f

∂t
=nD

∂2c f

∂z2 +
∂c f

∂z

{
n

∂D
∂z

+ D(1− n)
∂2w
∂z2

+
K

ρwg
∂pe

∂z
− [n + (1− n)ρsKd]

∂w
∂t

}
,

(20)

identical to the governing equations in the previous model [8].

3. Model Validation

Due to the lack of field measurements and experimental data, the validation of the
present model can only be carried out by reproducing and converting the present model
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from 2D to 1D with regard to the excess pore pressure, settlement and solute concentration
with the existing 1D model.

In this section, the developed model was first established in a 2D rectangular domain
(Figure 1) under the action of a ramp load; then, the model results extracted from the center
vertical cut line were compared with the 1D model results to demonstrate the validity of
the developed model. The width (Ll) of this 2D domain varied from 1 m to 20 m, while the
domain depth (Hl) was fixed at 3 m, and origin was located at the bottom left corner.

 

 

 

 

 

 

 

 

 

 

 

Figure 1. Sketch of 2D rectangular domain.

Boundary conditions (BCs) and initial conditions (ICs) are summarised in Table 1. The
horizontal Darcy flow is assumed to be impeded at the two lateral boundaries ( 3© and 4©)
where the solute flux is assumed to be zero in the x-direction. Herein, we assume that the
soil domain is homogeneous and isotropic, and a uniform load is applied to this domain.
The input parameters for computation are given in Table 2.

In the comparison with the 1D model [9], a landfill with one leachate collection system
was assumed to be constructed on the top of a soil layer (Figure 2). The contaminant
migration through the soil layer beneath the landfill is evaluated. As shown in Figure 2,
the external load (Q) continues to increase at a rate of 200 kPa annually for two years and
remains constant at 400 kPa until the end of simulation period.
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Figure 2. Ramp load, Q(t), at the top of a soil layer in a landfill system.
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Table 1. Boundary conditions (BCs) and initial condition (ICs) setup for the rectangular domain.

Boundary Index BC of pe BC of u, w BC of c f

1 ∂pe

∂z = 0
[

0
σz

]
=

[
0

Q(t) + pe

]
∂c f
∂z = DG

n0hDm
(c f − c0)

2 pe = 0
[

u
w

]
=

[
0
0

]
∂c f
∂z = 0

3 & 4 ∂pe

∂x = 0 u = 0
∂c f
∂x = 0

IC: pe = 0,
[

u
w

]
=

[
0
0

]
and c f = 0

Table 2. Parameters for the 2D model validation with the 1D model.

Parameter Value Description

Q(t) Referring to Figure 2 Waste loading
h 0.0015 m Thickness of geomembrane

∗Hl 3 m Depth of soil domain
Ll 1 m, 3 m, 5 m, 8 m, 10 m and 20 m Width of soil domain
S0

r 0.88 Degree of saturation
n0 0.33 Initial porosity
G 2.75× 106 Pa Shear modulus
µ 0.33 Poisson’s ratio

∗Kx 1× 10−10 m/s Hydraulic conductivity in the x-direction
Kz 1× 10−10 m/s Hydraulic conductivity in the z-direction
ρw 1× 103 kg/m3 Density of the pore fluid,

varied due to fluid compressibility
ρs 2.6× 103 kg/m3 Density of the solid phase
Kd 0 Partitioning coefficient
rh 0.02 m Volumetric fraction of dissolved air

within pore water
DG 1.5× 10−4 m2/s Mass transfer coefficient of geomembrane
Dm 5× 10−9 m2/s Molecular diffusion coefficient in the clay
αL 0.1 m Longitudinal dispersion coefficient
∗αT 0.1 m Transverse dispersion coefficient

c0 0.1 kg/m3 Reference solute concentration
Note 1: The symbol ∗ indicates that the parameter is only applied in the 2D model, while the rest of the
parameters remain same in both models. Note 2: Total of six 2D models were computed with various Hl as listed.

In the 1D model [9], a fully coupled theory was used to describe the consolidation-
induced solute transport in the vertical direction while the mass conservation of pore
fluid and solute flux along the z-direction was satisfied. Recall the proposed 2D model
where drainage is prohibited at the lateral boundaries, and the excess pore fluid can only
drains from the bottom. This means that if the computational domain is wide enough
(relative to the depth), the results along center vertical cut line from 2D model should be
same as the 1D result. To prove this, 2D simulations were conducted for varied length
of the computational domain while keeping the depth of the domain constant at 3 m.
Figure 3 shows the evolution of excess pore pressure, vertical displacement as well as
solute concentration versus time at either the inlet point or the outlet point along the
the center vertical cut line. To be more specific, a higher excess pore pressure and faster
contaminant migration could be observed as the domain width increased. When Ll was
increased to 20 m, the 2D results appeared to be exactly the same as those obtained in
the 1D model; the results obtained for Ll = 10 m were also acceptable. Therefore, it has
been proven that when the clay layer is thin enough (i.e., Hl/Ll << 1), the 1D model
is adequate to describe the solute concentration development. However, the 1D model
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is limited to a homogeneous and isotropic soil environment with uniform loading and
contaminant source injection. Additionally, contaminant conditions around the landfill are
also meaningful, but could not be addressed by the 1D model [9].
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Figure 3. (a) Excesspore pressure (pe (kPa)) and (b) vertical displacement (w (m)) at the top point
(x = Ll/2, z = Hl) vs. t and (c) solute concentration (c f (kg/m3)) at the bottom point (x = Ll/2,
z = 0) from the 2D model with various soil domain lengths and the 1D model [9].

Another model validation was performed by comparing the simulated results with
the numerical model developed by Zhang and Fang [15], where a constant loading of
100 kPa was applied to the top surface with linear adsorption. The parameters used for
this validation are summarised in Table 3. Note that the Zhang and Fang [15] model only
considered a saturated soil with a constant loading. In this validation, the present model
was adopted for the case of Zhang and Fang [15].
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Table 3. Parameters for the validation with Zhang and Fang [15].

Parameter Value Description

Q(t) 100 kPa Constant waste loading
S0

r 1.0 Initial degree of saturation
n0 0.44 Initial porosity
G 2.6× 106 Pa Shear modulus
µ 0.3 Poisson’s ratio

Kx 1.7× 10−9 m/s Hydraulic conductivity in x-direction
Kz 1.7× 10−9 m/s Hydraulic conductivity in z-direction
ρs 2.6× 103 kg/m3 Density of the solid phase
Kd 8.142× 10−4 kg/m Partitioning coefficient

Dm 6.76× 10−9 m2/s Molecular diffusion coefficient in the clay
αL 0.5 m Longitudinal dispersion coefficient
αT 0.05 m Transverse dispersion coefficient
c0 0.5 kg/m3 Reference solute concentration

Figure 4 presents the distribution of solute concentration along a vertical cut line. In
general, the results of the proposed model and that of Zhang and Fang [15] show similar
trends. Figure 4 indicates that for both models, solutes vertically migrated to the depth of
2 m at year 5 and then spread to 3 m after 10 years. Moreover, the results after 5 years show
better agreement between the two models, whereas as the simulation time increases, a
less-polluted situation can be observed in the present model. This difference may be caused
by the use of an empirical relationship between soil permeability and void ratio in the
model of Zhang and Fang [15], which facilitates the development of solute migration in the
long-term simulation. Moreover, some of the results in [15] lacked an explanation, such as
the cut line locations where the vertical and horizontal distributions of solute concentration
were drawn were not specified, and the domain dimensions were not given. However, due
to the lack of experimental and field data, the comparison with Zhang and Fang [15] is still
presented here as a benchmark validation.
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Figure 4. The comparison of solute concentration distribution in the vertical direction for the present
model (solid lines) and that of Zhang and Fang [15] (triangles and squares) with a constant loading.
Note: results are present for simulation times of 5 years (red) and 10 years (black).
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4. Results and Discussions

In this section, a series of numerical examples for consolidation-induced solute trans-
port in an unsaturated porous medium are presented and discussed. The present 2D
model is able to describe the consolidation-induced solute transport in both the vertical and
horizontal directions. Although the load is applied in the vertical direction, flow and solute
migration are allowed in both directions. This section provides two studies to address 2D
consolidation-induced solute transport problem. Section 4.1 introduces a simulation of a
simplified landfill case with homogeneous and isotropic soil, and the pollution source is
assumed to be uniform and existing on all contact surfaces. Following that, with pointed
contaminant source, Section 4.2 shows the spread of pollution in the clay liner directly
beneath the landfill.

4.1. Homogeneous Soil and Uniform Contaminant Source (2D)

As shown in Figure 5, a sketch of the 2D landfill is proposed. Wastes are dumped
into the center landfill area, which leads to a ramp load applied on boundary 1©. In this
case, drainage is only allowed at the bottom (boundary 2©), while the lateral boundaries
3©, 7©, 8© and 4© prevent the horizontal flow and the top boundaries ( 5© and 6©) have zero

vertical excess pore pressure gradient. Moreover, in one of the most extreme cases, the
volatile source of pollution could diffuse through the geomembrane and spread into the
surrounding soil through boundaries 1©, 7© and 8©, which are in contact with wastes. The
total length of domain (L) is 60 m, and the center landfill area is 20 m long (Ll). The depth
of the landfill area is 20 m and a compacted clay layer of 3 m (Hl) is located directly beneath
the landfill. The remaining parameters are listed in Table 2.

 

 

 

 

 

 

 

 

 

 

 

Figure 5. Sketch of 2D landfill domain.

Figure 6 shows the contour plot of excess pore pressure distribution from the 1st year
to the 100th year. As shown in the figure, pe increases from the first to the second year
and starts to decrease from the third year. Because the free drainage boundary condition is
assumed at the bottom, pe remains at zero at z = 0 at all time steps. Furthermore, Figure 6f
shows that pe at 20 years is less than 5 kPa within the entire domain. Although drainage
is only allowed at the bottom, pore pressure differences exist in the horizontal direction.
Consequently, the transient excess fluid not only flows downward at the center loaded
area, but can also flow to the side and enter the surrounding area. To observe the excess
pore pressure at the surrounding area, Figure 6g–j are presented with a smaller colour
range (0–250 Pa), and Figure 6g–j are plotted for 50 years, 60 years, 80 years and 100 years,
respectively. Since pe can only dissipate from the bottom, it is difficult to dissipate around
the surrounding area, but will eventually fully dissipate after sufficient time has passed.
As Figure 6j shows, at the end of the 100th year, the highest residual excess pore pressure is
only 100 Pa near the top. It is important to point out that the excess pore pressure under
the loaded area is already fully dissipated after 20 years, while the surrounding area has
some residual pe left.
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Figure 6. Distribution of excess pore pressure (pe (kPa)) from 1 year to 100 years.

More detailed excess pore pressure progress can be studied from Figure 7. All three
subplots focus on the pe results within the region directly beneath the landfill. The pe

distribution along the vertical cut line plot indicates that pore pressure is the highest at the
top surface and then gradually reduces to zero. In the horizontal direction where z = 3 m,
pe coan be detected outside the loaded region (x = 20 m to x = 40 m); driven by the
pore pressure differences, the excess pore fluid flows to the surrounding area. Moreover,
Figure 7c reveals that pe has risen sharply and peaks at the level of 62 kPa after around
2.5 years when the external loading reaches its maximum value. After the loading becomes
constant, pore pressure starts to dissipate and it takes 30 years to return to 0 at the location
of the top point.

With the ramp loading acting on the clay liner, consolidation results in a soil deforma-
tion. Figures 8 and 9 show the distributions of horizontal displacements (u) and vertical
displacements (w) at different time steps. The +/− sign denotes the direction of the dis-
placement. Specifically, the largest horizontal displacement is 4 cm in the −x direction at
x = 20 m, and 4 cm in the +x direction at x = 40 m. Meanwhile, all vertical displacements
are pointing downwards. The horizontal displacement exists near the corner of the landfill,
while the vertical displacements are generally uniform beneath the landfill area.

Additionally, Figure 10 presents the vertical and horizontal soil deformation distribu-
tion by plotting u and w along the center vertical cut line and horizontal cut line at different
locations. Figure 10a demonstrates that the largest vertical displacement occurs on the top of
the clay liner. At the first 2 years, the vertical displacement rapidly increases; after reaching
the post-loading stage, as excess pore pressure gradually dissipates, w slowly increases until
it reaches the final level of 11 cm (Figure 10b. In general, the final state of the horizontal
displacement is easier to reach compared with w. Figure 10c reveals that at level z = 1.5 m,
it takes only 2 years to achieve the maximum horizontal displacement value of 3 cm.

0 10 20 30 40 50 60

Excess pore pressure pe [kPa]

0

0.5

1

1.5

2

2.5

3

z 
[m

]

1 yr
2 yrs
3 yrs
5 yrs
10 yrs
20 yrs
30 yrs
50 yrs

0 10 20 30 40 50 60
x [m]

0

10

20

30

40

50

60

70

80

E
xc

es
s 

po
re

 p
re

ss
ur

e 
pe  [

kP
a]

1 yr
2 yrs
3 yrs
5 yrs
10 yrs
20 yrs
30 yrs
50 yrs

Loaded area

(a) pe vs. z (b) pe vs. x

Figure 7. Cont.



Sci 2023, 5, 16 13 of 21

0 5 10 15 20 25 30 35 40 45 50
Time t [year]

-10

0

10

20

30

40

50

60

70

Ex
ce

ss
 p

or
e 

pr
es

su
re

 p
e  [

kP
a]

Top

Middle

Bottom

(c) pe vs. t

Figure 7. Excess pore pressure (pe (kPa)) distribution along (a) center vertical cut line where x = 30 m;
(b) top horizontal cut line where z = 3 m; and (c) pe (kPa) vs. t (years) at top cut point x = 30 m,
z = 3 m, middle cut point x = 30 m, z = 1.5 m and bottom cut point x = 30 m, z = 0 m.

0 10 20 30 40 50 60
x [m]

-10

-5

0

5

10

15

20

25

30

35

z 
[m

]

t=1 yr

(a) t = 1 year (b) t = 2 years

(c) t = 5 years (d) t = 20 years

Figure 8. Distributions of horizontal displacements (u (m)) from 1 year to 20 years.
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Figure 9. Distributions of vertical displacements (w (m)) from 1 year to 20 years.
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Figure 10. (a) Vertical displacement (w (m)) distribution along center vertical cut line (x = 30 m);
(b) w (m) vs. t (years) at top cut point x = 30 m, z = 3 m, middle cut point x = 30 m, z = 1.5 m and
bottom cut point x =30 m, z = 0 m; (c) horizontal displacement (u (m)) distribution along middle
horizontal cut line at z = 1.5 m.

Lastly, the solute concentration contour diagrams from year 1 to year 50 are plotted in
Figure 11. The pollution source is assumed to uniformly spread and exist in all three contact
surfaces. All sub-figures are plotted with the same colour legend (0–0.1 kg/m3) to show
the solute migration progress. Figure 12 shows the c f distribution at the center vertical
cut line, as well as several horizontal cut lines and cut points. In general, solutes not only
migrate in the vertical direction, but also spread horizontally into the surrounding area.
However, it is obvious that solute spreads faster beneath the landfill than the surrounding
area. Compared with Figure 12a,b, after 50 years, the solute concentration in the whole
loaded area (x = 20 m to x = 40 m) is above 0.075 kg/m3, whereas in the surrounding area,
this level of pollution only exists less than 1.5 m in the horizontal direction. This is mainly
caused by the vertical transient flow, which is produced by soil consolidation. As shown in
Figure 12c,d, at both z =3 m and z = 5 m, solute spreads out and the contaminated zone
expands over time. Specifically, at the end of 50 years, the contaminant spreads by around
10 m horizontally (Figure 12b–d).

(a) t = 1 year (b) t = 3 years

Figure 11. Cont.
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(c) t = 10 years (d) t = 20 years

(e) t = 30 years (f) t = 50 years

Figure 11. Distribution of solute concentration (c f (kg/m3)) from 1 year to 50 years; note that all
sub-figures share the same colour legend.
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Figure 12. Solute concentration (c f (kg/m3)) distribution along (a) center vertical cut line where
x = 30 m; (b) horizontal cut line where z =15 m; (c) top horizontal cut line where z = 3 m; (d) middle
horizontal cut line where z = 1.5 m; and (e) c f (kg/m3) vs. t (years) at top cut point x = 30 m,
z = 3 m, middle cut point x = 30 m, z = 1.5 m and bottom cut point x = 30 m, z = 0 m.

4.2. Point-Source Pollution Study (2D)

In a realistic environment, pollution may occur at certain points instead of the whole
contact surface. The whole computational domain is 300 m long and 23 m high, and
the center-loaded area was assumed to be 100 m by 3 m. In order to analyse the pointed
contaminant migration, three different types contaminant source were applied on the top
surface of the loaded area (as shown in Figure 13). Instead of a uniform pollution source
throughout the whole surface as introduced in the previous 2D model, the contaminant source
was considered to only be applied in a small region in this point-source? pollution study.

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 13. Sketch of point-source contaminant study case.

In this case, a ramp load with loading rate of 200 kPa/year was applied to the entire
top surface. After 2 years, the load stopped increasing and entered the post-loading stage
with constant value of 400 kPa until the end of the model simulation. The pollution source
distributions are summarised in Table 4.
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Table 4. Point-source pollution type.

Location Pollution Region Description

A x = 130 m to x = 132 m single pollution for 2 m

B x = 149 m to x = 151 m two 2 m pollution points
and x = 152 m to x = 154 m that are close to each other

C x = 170 m to x = 174 m single pollution for 4 m

The contour diagrams focusing on the polluted area are shown in Figure 14a after
5 years, Figure 14b after 20 years and Figure 14c after 50 years. Sufficient space was ensured
between each pollution source so that the pollution in each location would not influence the
adjacent pollution point. The polluted area increased in all pollution locations with time as
solute migrated in both directions. The polluted areas at Locations B and C generally had
a similar size and were larger than those in Location A because the contaminant sources
from Locations B and C were twice as wide as those in A.

The solute concentration distribution along two horizontal cut lines shows the in-
fluences of point-source load near the pollution source. As shown in Figure 15a, at the
pollution surface, although c f does not differ much at the beginning (at year 1, c f peaks at
0.05 kg/m3 in all locations), and this difference becomes more significant as the simulation
continues. At the end of 50 years, peak c f are 0.08 kg/m3, 0.085 kg/m3 and 0.09 kg/m3

respectively. However, as the pollution source in Location C was twice as wide as that
in Location A, the difference of 0.01 kg/m3 is not that obvious. As for Location B, where
two 2 m contaminant sources are placed near each other, two peaks can be observed at all
time steps. The peaks become less obvious as the simulation progresses. In terms of space,
the two peaks no longer exist in the middle and bottom horizontal cut lines (Figure 15b,c).
Near the bottom, c f at Locations B and C reaches 0.05 kg/m3, while Location A shows a
lower contaminant concentration of 0.035 kg/m3. These trends cannot be shown in any 1D
model, and the overall results highlight the impact of the size of the contaminant source
onthe pollution level around the soil.

Location A

Location B

Location C

Location A

Location B

Location C

(a) t =5 years (b) t =20 years

Figure 14. Cont.
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Location A

Location B

Location C

(c) t =50 years

Figure 14. Contour diagram of solute concentration (c f (kg/m3)) at Locations A, B and C after
(a) 5 years, (b) 20 years and (c) 50 years.
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Figure 15. Solute concentration (c f (kg/m3)) distribution along horizontal cut lines (a) z = 3 m;
(b) z = 1.5 m and (c) z = 0 m from 1 year to 50 years.
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5. Conclusions

In this short communication, a 2D numerical model of consolidation-induced solute
transport is proposed, with newly developed governing equations and boundary condi-
tions. Due to the lack of field study and experimental studies, the present 2D model was
validated by comparing with previous models [9,15]. With this 2D model, fully coupled
soil consolidation and solute transport can be simulated in an unsaturated soil environ-
ment with time-dependent loading. The proposed 2D model is particularly useful in the
following situations: i) when vertical (e.g., along the z-axis) load is applied on the site,
and the pollution condition only matters in a particular horizontal direction; ii) when soil
properties and pollutant propagation conditions are similar on both horizontal axes.

By conducting a 2D simulation with different pollution sizes and locations, the effects
of a point-source contaminant were studied. The proposed 2D model was able to simulate
the consolidation-induced solute transport in an anisotropic soil environment.
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