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Abstract: Ultra high-performance concrete (UHPC) application, to enhance the mechanical strength of
axially loaded reinforced concrete bridge substructure elements, was proposed and investigated in an
earlier study. The results recommended that depending on the UHPC shell thickness, this method may
cause shifting of the critical section to undesired locations, due to over-strengthening of the repaired
section, and this should be a design consideration. This paper proposes a new simplified analytical
approach to calculate the bending moment capacity of the repaired circular section. This method relies
on hand calculations and only requires basic material properties (compressive and tensile strengths).
The results from the simplified approach are validated with a well-established numerical sectional
analysis method. The proposed approach may be considered simple and more straightforward for
professional engineers.
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1. Introduction

The United States spends annually over a billion dollars on bridge maintenance and their damage
control [1,2]. The damages mainly result from corrosion chloride attack on substructure elements such
as columns [1,2], and the repair procedure of such elements usually involves removal of the damaged
substrate and recasting the damaged zone with new material.

The recast can change the material properties and/or the geometry of the section, which will affect
the mechanical behavior of the substructure. With the advances made in the production of concrete
mixes with much higher mechanical strength compared to the conventional concrete, the application of
such high-performance materials for repair application is becoming more common. The considerable
difference in the mechanical properties of the repair and substrate material changes the sectional
properties and leads to a more significant effect on mechanical behavior.

A method has been proposed for repairing reinforced concrete elements using ultra high-performance
concrete (UHPC) to enhance the mechanical strength of the structure [3–5]. This method replaces the
damaged surface concrete with a UHPC shell encapsulation [3–5]. The experimental investigation of
the retrofitted columns with UHPC showed that this repair method is rather efficient regarding lateral
strength, deformation, energy dissipation capacity, and stiffness degradation [3–5]. Furthermore, the
results indicated that depending on the UHPC shell thickness and due to its much higher strength
compared to substrate material, the capacity of the repaired section could significantly increase and
become stronger than the original designed section. Therefore, repairing the critical section (or plastic
hinge location) of a column will significantly change the behavior of the structure. This change in the
sectional properties of the repaired portion of the column may cause the critical section (or plastic
hinge) to relocate to adjacent unrepaired sections or footing/cap-beam. This relocation could put
protected members such as footings and cap-beams at risk, which should be avoided. Therefore,
sectional changes due to repair should be investigated carefully in the design stage.
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Typically, a reinforced concrete bridge column has a circular cross-section, with a circular
distribution of reinforcements, which makes the sectional analysis more complicated, to a point that it
requires using design software (such as SAP2000) to obtain the new sectional properties. The successful
implementation of such an approach inherently depends on the availability of the stress-strain curves
for the substrate and repair materials. The analytical solutions available in the literature to calculate
the moment capacity of beam sections after repair are limited to rectangular cross-section [6,7]. To date,
there has been no research proposing a simplified method to calculate the sectional properties (bending
moment capacity) of circular columns repaired with a layer of UHPC.

In this communication, a simplified approach to calculate the sectional properties of the repaired
circular section is proposed. This method requires only the basic material properties (compressive
and tensile strength) and works well even without having access to the material stress-strain curve.
Furthermore, the proposed method mostly relies on hand calculations, which provides the opportunity
to easily implement this method at the repair design stage. Therefore, the proposed tactic can be
considered simple and more straightforward for professional engineers.

2. Solution Derivation

The presented method was derived to calculate the moment capacity of a circular reinforced
normal strength concrete (NSC) column repaired with UHPC. It was assumed that the repair material
(UHPC) has a perfect bond with substrate concrete and act composite in the section. Figure 1a shows a
typical section of a repaired column, where the column radius is r, the repair thickness (UHPC shell
thickness) is t, the structural concrete cover is c, and the column is under axial load (P).
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Figure 1. (a) Repaired section schematic. (b) Simplified section schematic. (c) Strain and stress diagrams
for the cross-section.

The first step in calculating the moment capacity of the repaired section is to obtain the location
of the neutral axis (NA). The depth of the NA (a) was found using force equilibrium in the section,
Equation (1). There are four types of axial forces acting on the section: (1) tensile and compressive
force in NSC (NtNSC, NcNSC), (2) tensile and compressive forces in UHPC (NtUHPC, NcUHPC), (3) tensile
and compressive forces in steel reinforcement (Ns, N′s), and (4) external axial force (P).

NcNSC −NtNSC + NcUHPC −NtUHPC + N′s −Ns = P (1)

The terms on the left-hand side of Equation (1) represent all the internal axial forces in the
column section.

To find the contribution of each material (UHPC, steel, NSC) to the internal forces, one should
use their stress-strain diagrams to relate the flexural deformations to the internal forces. However,
the stress-strain diagram of each material is not always readily available. To overcome this limitation,
a solution is proposed using only basic material properties. The material behavior is simplified with
reasonable assumptions. Rigid–ideally plastic material behavior was assumed for reinforcing steel.
The flexural behavior of NSC was simplified using a rectangular stress block [8]. On the other hand, a
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linear stress distribution was assumed for UHPC, due to the higher compressive strength, instead of a
constant stress block [9–12]. The tensile stresses in NSC can be ignored [8]; however, tensile stresses in
UHPC should be considered, due to its higher ductility and tensile strength. The tensile stresses in
UHPC were assumed to have a constant distribution [12–15].

Under these assumptions, if the section is loaded above its moment capacity, it will fail due to
concrete crushing. Any strain distribution in the section conforming to such mode of failure should
have its fixed point at the limit value of maximum concrete compressive strain (εcu) [16]. Such strain
distribution was used to model the section’s behavior, Figure 1.

Following the scheme presented by Cosenza et al. [17] (to calculate the bending moment capacity
of circular RC cross-sections subjected to axial loads combined with uniaxial bending), all of the steel
reinforcements are merged into an equivalent steel ring, with the total area of As.

Figure 1b,c show the simplified repaired section, the unknown location of the NA, the corresponding
strain diagram, and the assumed stress distributions in NSC, UHPC, and reinforcements. fcd is the
design value of concrete compressive strength (0.85 f ′c ), and a is the distance of the NA from the top
of the section. f ′cUHPC is the nominal 28-day compressive strength of UHPC, and f ′tUHPC is the tensile
strength of UHPC.

The internal axial forces shown in Equation (1) can be calculated by integrating each stress
distribution over the area of corresponding material in the section (Figure 2).
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steel reinforcement.

2.1. NSC

The compressive axial force in NSC is equal to the integral of the constant stress block over the
circle segment shown in Figure 2a. Since the stress is assumed to be constant, the integral would be
equal to the product of the area and the stress magnitude, Equation (2).

NcNSC =

∫
AcNSC

σcNSCdA = AcNSC fcd =

(
θr2

2
−

r2 sinθ
2

)
fcd =

r2

2
(θ− sinθ) fcd (2)

The tensile axial force in NSC is assumed to be zero, NtNSC = 0.

2.2. UHPC

The compressive force in UHPC, Equation (3), is equal to the integral of the linear stress distribution
over the shell segment shown in Figure 2b. α is one half of the angle subtended at the center of the
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cross-section by the UHPC compression sector, and β is one half of the angle subtended at the center of
the cross-section by the concrete compression sector (Figure 2b).

NcUHPC =
∫

AcUHPC

σcUHPCdA

=
α∫

0
σcUHPC,α(2rsinθ)(rsinθ)dθ

−

β∫
0
σcUHPC,β(2(r− t)) sinθ(r− t) sinθdθ

(3)

where:

σcUHPC,α = f ′cUHPC
cosθ− cosα

1− cosα
, σcUHPC,β = f ′cUHPC

(r− t)(cosθ− cos β)
r(1− cosα)

(4)

Substituting Equation (4) back into Equation (3):

NcUHPC =
∫

AcUHPC

σcUHPCdA

=
∫ α

0

(
2r2 f ′cUHPC

1−cosα

)
sin2 θ(cosθ− cosα)dθ

−

∫ β
0

(
2(r−t)3 f ′cUHPC

r(1−cosα)

)
sin2 θ(cosθ− cos β)dθ

=
(

2r2 f ′cUHPC
1−cosα

)(
1
3 sin3 α− α

2 cosα+ 1
4 cosα sin 2α

)
−

(
2(r−t)3 f ′cUHPC

r(1−cosα)

)(
1
3 sin3 β− α

2 cos β+ 1
4 cos β sin 2β

)
(5)

The tensile force in UHPC can be calculated by integrating the tensile stress in UHPC over its
corresponding area. Since the tensile stress in UHPC is assumed to be constant (see Figure 2b), we can
approximate the integral by Equation (6).

NtUHPC = AtUHPC f ′tUHPC =
(
π− α
π

)
AUHPC f ′tUHPC =

(
π− α
π

)
π
[
r2
− (r− t)2

]
f ′tUHPC (6)

2.3. Reinforcement

Considering that the reinforcements are merged into an equivalent steel ring, the area of
longitudinal reinforcements in compression and tension will respectively be

(
α
π

)
As, and

(
π−α
π

)
As

(Figure 2c). Accordingly, the axial compressive and tensile forces in the reinforcements could be
approximated as:

N′s =
(
α
π

)
As fyd (7)

N′s =
(
π− α
π

)
As fyd (8)

2.4. Force Equilibrium

Substituting Equations (2), (5)–(7), and (8) back into Equation (1) will result in:

(r−t)2

2 (2β− sin 2β) fcd +
(

2r2 f ′cUHPC
1−cosα

)(
1
3 sin3 α− α

2 cosα+ 1
4 cosα sin 2α

)
−

(
2(r−t)3 f ′cUHPC

r(1−cosα)

)(
1
3 sin3 β− α

2 cos β+ 1
4 cos β sin 2β

)
−

(
π−α
π

)
AUHPC f ′tUHPC +

(
2α−
π

)
As fyd = P

(9)
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For a given section, finding the location of NA is the same as finding the values of α and β that
satisfies Equation (9). Considering that the angles α and β are related by:

(r− t)
r

cos β = cosα (10)

Equation (9) could be rewritten in terms of only one unknown and solved by any numerical root
finding technique. It should be noted that for deriving Equation (9), the initial assumption is a > t (see
Figure 2). If the calculated a is less than the UHPC thickness, then the whole NSC section would be
in tension. As mentioned earlier NSC does not contribute to the tensile forces; therefore, when a < t,
Equation (9) should be modified to reflect this:2r2 f ′cUHPC

1− cosα

(1
3

sin3 α−
α

2
cosα+

1
4

cosα sin 2α
)
−

(
π− α
π

)
AUHPC f ′tUHPC +

(2α−
π

)
As fyd = P (11)

2.5. Moment Capacity

The moment capacity of the section (MRd) could be calculated by summing the moments of each
force about the NA.

MRd = McNSC + McUHPC + MtUHPC + Mcsteel + MtSteel (12)

where McNSC, McUHPC, MtUHPC, Mcsteel, and MtSteel are the moments due to compression in NSC,
compression in UHPC, the tension in UHPC, compression in steel reinforcement, and tension in steel
reinforcement, respectively. The parameters on the right-hand side of Equation (12) are defined as:

McUHPC =
(

2 f ′CUHPCr3

1−cosα

(
α
8 −

1
3 cosα sin3 α− 1

32 sin 4α
))

−

(
2 f ′CUHPC (r−t)4

r(1−cosα)

)( β
8 −

1
3 cos β sin3 β− 1

32 sin 4β
) (13)

McNSC =
2
3
(r− t)3 sin3 β fcd (14)

Msteel = 2(r− c)
(sinα
π

)
As fyd (15)

MtUHPC =
2
3

ft sin3 α
(
r3
− (r− t)3

)
(16)

Equations (13)–(16) are valid when a > t. If the obtained value for a is smaller than t, then the
NSC is in tension and it will not produce any moment. Equation (14) should be presented as:

McNSC = 0 (17)

and Equation (13) will be simplified to:

McUHPC =

2 f ′CUHPCr3

1− cosα

(α8 − 1
3

cosα sin3 α−
1
32

sin 4α) (18)

To make the equation more simplified, the same process was performed except rectangular stress
distribution was considered, instead of the triangular one, for UHPC. “κ” is the reduction factor of the
compressive strength of UHPC.

The compressive force of the UHPC shell is then calculated by integration over the shell length on
the compression side (Equation (19)).

NcUHPC = 0.5t(2r− t)κ f ′cUHPC(2(α−β) − sin 2α+ sin 2β)) (19)
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The force component of the remaining sections follows the previous equations. The determination
of the location of the neutral axis was again carried out by iteration methods with the initial assumption
of a > t (Equation (20)).

(r−t)2

2

(
2β− sin 2β) fcd + 0.5t(2r− t)κ f ′cUHPC(2(α− β) sin 2α+ sin 2β)

)
+

(
2α−
π

)
As fyd −

(
π−α
π

)
AUHPC f ′tUHPC = P

(20)

If the calculated a does not meet the initial assumption, it should be calculated using Equation (21).

0.5r2κ f ′cUHPC(2α− sin 2α) +
(2α−
π

)
As fyd −

(
π− α
π

)
AUHPC f ′tUHPC = P (21)

The member flexural capacity of the UHPC in compression (MCUHPC) is then determined by
Equation (22) for the initial assumption of a > t.

McUHPC =

(2κ f ′cUHPC
3

)(
r3 sin3 α− (r− t)3 sin3 β

)
(22)

and if a ≤ t, MCUHPC is calculated by Equation (23).

McUHPC =

2κ f ′cUHPCr3

3

 sin3 α (23)

The reduction factor for the compressive strength of UHPC was determined by equating the
results calculated through both stress distributions. It was observed that κ varies when t/r varies.
This relationship was estimated by Equation (24).

κ = 0.43
( t

r

)−0.172
(24)

3. Illustrative Example

In this section, the proposed method is examined against the well-known moment-curvature
method. Three sets of numerical experiments are designed using three common sizes of prototype
columns (r = 686, 914, 1067 mm). Each set is repaired with three different UHPC shell thicknesses
(t/r = 0.1, 0.2, 0.5) and loaded with three different axial loads (P = 0%, 10%, 20%). The moment capacity
for each repair configuration is obtained using the proposed simplified method and compared with
the moment-curvature data. For both methods, substrate concrete, UHPC, and steel are characterized
by f ′c = 41 MPa, f ′cUHPC = 165 MPa, and fy = 450 MPa, respectively.

The moment-curvature method uses the constitutive model proposed by Mander et al. [18] for
the confined and unconfined concrete. The required stress-strain data for UHPC is based on the
experiments presented in References [12,19], and the stress-strain relation for reinforcing steel is defined
according to Park et al. [20].

To obtain a numerical solution for the moment-curvature method, the moment capacity of
the section is calculated for increasing levels of curvature, and the location of the neutral access is
determined for each level of curvature using an iterative method.

This method stops when the concrete strain in the core exceeds the maximum concrete compressive
strain, or the tensile strain in the steel bars surpasses the maximum steel strain. The nominal moment
capacity (MM) is then determined by balancing the area between the actual and idealized (elastic-plastic)
moment-curvature curve beyond the first reinforcing bar yield point [21].
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Figure 3 shows the values of bending moment capacity of the three prototype circular cross-section
columns under different axial load level and with different shell thicknesses. MM is the value of the
flexural capacity of cross-section computed by the moment-curvature analysis. MT and MR are the
value of the flexural capacity of cross-section calculated by the proposed method when the stress
distribution for UHPC in compression is triangular and rectangular, respectively.
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Figure 3. Moment capacity comparison for (a) set 1, r = 686 mm (b) set 2, r = 914 mm (c) set 3,
r = 1067 mm.

Figure 3 reveals that the design value of load carrying capacity of eccentrically compressed
RC members of circular cross-section determined by the proposed method for both triangular and
rectangular stress distribution for UHPC in compression is very close to that determined using more
refined methods of analysis.

The comparison shows that the average ratio between design load carrying capacity of eccentrically
compressed RC members of circular cross-section determined by the proposed method with triangular
stress distribution of UHPC in compression (MT), and the moment-curvature ones (MM) is 0.98 with a
maximum value of MM/MT = 1.05. These values for the rectangular stress distribution of UHPC in
compression (MM/MR) are 0.99 and 1.07 for the average and maximum values, respectively. The results
show that the method is very well-suited for smaller thicknesses of UHPC and axial load level of 10%,
which is a common condition for bridge substructures.

4. Conclusions

In this study, simple formulae were proposed to analyze the bending moment capacity of circular
cross-sections, repaired with an outer layer of UHPC, subjected to axial loads. Since this method
requires only the basic material properties (compressive and tensile strength) and mostly relies on
hand calculations, it can be easily implemented at the repair design stage.

A thorough numerical experiment has been performed to determine the level of precision of the
proposed method. The results obtained for a wide range of design cases (corresponding to the most
commonly employed in practice) have shown a very good resemblance of the values computed by
moment-curvature analysis, especially for axial load levels similar to common existing bridge column
conditions. This approach can be taken advantage of by professionals to quantify the strengthening of
circular columns when repaired with a UHPC layer.
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