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Abstract: Research to date on Dynamic Amplification Factors (DAFs) caused by traffic loading,
mostly focused on simply supported bridges, is extended here to multiple-span continuous bridges.
Emphasis is placed upon assessing the DAF of hogging bending moments, which has not been
sufficiently addressed in the literature. Vehicle-bridge interaction simulations are employed to
analyze the response of a finite element discretized beam subjected to the crossing of two vehicle
types: a 2-axle-truck and a 5-axle truck-trailer. Road irregularities are randomly generated for two
ISO roughness classes. Noticeable differences appear between DAF of mid-span moment in a simply
supported beam, and DAFs of the mid-span sagging moment and of the hogging moment over the
internal support in a continuous multiple-span beam. Although the critical location of the maximum
static moment over the internal support may indicate that DAF of hogging moment would have to
be relatively small, this paper provides evidence that this is not always the case, and that DAFs of
hogging moments can be as significant as DAF of sagging moments.

Keywords: vehicle-bridge interaction; dynamic amplification factor; continuous bridges; traffic load;
bridge; bending moment

1. Introduction

The dynamic behavior of beam structures (i.e., bridges where one dimension is significantly larger
than the other two) on highways and railways subjected to moving loads has been investigated for
over a century [1]. The last four decades have seen several authors investigating and explaining the
reasons behind the dynamic impact caused by moving vehicles on the bridge response. “Dynamic
increment” [2], “impact factor” or “dynamic load allowance” [3], “dynamic increment factor” [4],
“dynamic load allowance” [5] and “dynamic amplification factor” or “DAF” [6–8] are some of the terms
employed in quantifying the dynamic impact with respect to the static response. Bending moment is
the load effect investigated in this paper, where DAF is calculated dividing the maximum total bending
moment (“static” + “dynamic”) by the maximum static bending moment for a given section “A-A”
due to the crossing of a vehicle (Equation (1)). If only the static response of a simply supported bridge
was considered, bending moments due to a moving vehicle tend to be largest at mid-span. For this
reason, the “A-A” section used as a reference is generally the mid-span section [7].

DAF =
Max. total BM at A− A
Max. static BM at A− A

(1)

DAF due to traffic has been assessed mostly for simply supported bridges and there is not an equivalent
amount of research for continuously supported bridges. For instance, the comprehensive reviews on
the topic by [9,10] do not distinguish between DAF in simply supported and in continuous bridges.
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This is justified not only by the significant proportion of single-span structures among the bridge stock,
but also by those multi-span structures constructed as a series of simply supported spans. However,
the continuous solution is becoming increasingly popular. From a structural point of view, the use of
continuous deck reduces the bridge deck thickness compared to a simply supported solution. From
a construction and maintenance point of view, the reduction in the number of joints in continuous
bridges also represents substantial cost savings [11]. Additionally, the influence of factors such as
rail irregularity, ballast stiffness, suspension stiffness and suspension damping appears to be smaller
for continuous bridges than simply supported bridges. These factors can affect drastically the riding
comfort of the train cars traveling over bridges [12]. In a recent publication, ref. [13] report on DAF
results for sagging bending moment in continuous bridges; however, there is no mention to hogging
moments. The modes of vibration of a structure are characterized by their mode shape and their modal
frequency. For a given mode of vibration, there are points of the mode shape that are always zero,
which are referred to as nodes. The location of the maximum static hogging moment, i.e., over the
internal support, corresponds to a node for all modes of vibration of a continuous bridge. The fact that
there is no modal contribution at a node (i.e., the displacement remains zero at all times) may lead
to the belief that the hogging moment will experience only small dynamic increments with respect
to its static value (i.e., purely due to the varying vehicle dynamic forces). While this may be true
for the section located exactly over the internal supports in the case of low dynamic vehicle forces,
the same cannot be said for high dynamic vehicular forces (i.e., as a result of very rough profiles) or
nearby sections where static hogging moment could still be significant and combined with dynamic
contributions not only from the vehicle but also from the bridge inertial forces.

Full Dynamic Amplification Factor (FDAF) is another term used to quantify the relative dynamic
increment that addresses maximum total response and maximum static response may not necessarily
occur at the same location. It is introduced first by [14], who define FDAF as the ratio of the maximum
total load effect across the bridge length to the highest static load effect at a particular section taken as
reference (i.e., mid-span). They report on FDAFs for simply supported beams, but these calculations
are not available for continuous beams yet.

This paper seeks to fill gaps in the DAF literature by determining the dynamic impact for the
maximum moments on a continuous beam model with two equal spans. DAFs are obtained for
sagging moments in both the 1st and 2nd span as well as hogging moments over the internal support.
DAFs and FDAFs of a continuous bridge are compared to a simply supported bridge. The authors
build on preliminary work that analyses DAF of multi-span continuous beams when traversed by
vehicle models consisting of moving constant point loads [15]. This paper discusses key parameters
on the dynamic response of a bridge such as variations in vehicle dynamics, vehicle configuration,
road profile and the interaction between the bridge and the vehicle.

2. Finite Element Modelling of Vehicle-Bridge Interaction

A review of Vehicle-Bridge Interaction (VBI) algorithms available in the literature can be found
in [16]. This paper employs a coupled Finite Element (FE) VBI algorithm, similar to that used by [17]
and [18], which has been experimentally tested using measurements of the response of a scaled bridge
to the crossing of a scaled 2-axle vehicle over a rough surface in [19]. The structural response is
calculated by solving the equations of motions of the combined vehicle-bridge system for each time
step. Unlike the uncoupled approach, the system matrices vary with the position of the vehicle on the
bridge and there is no need for iterations to ensure compatibility between bridge and vehicle models
at each time step. The vehicle and bridge models and the coupled VBI procedure employed in this
paper are set out in the following sub-sections.

2.1. Vehicle Model

The responses of the beam models are obtained for planar 2-axle and 5-axle trucks to assess
the influence of multiple axles and vehicle length on the DAF-velocity pattern. Figure 1 gives
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the configurations adopted for these two vehicle types based on the European Committee for
Standardization [20]. The static weights of the 2-axle vehicle are 90 kN and 190 kN for the front
and rear axles respectively, while those of the 5-axle vehicle are 90 kN, 180 kN, 120 kN, 110 kN and
110 kN for the first to the fifth axle [20].
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Tables 1 and 2 provide the mechanical properties of the two vehicle models, taking as reference
values suggested by [21] and [22]. The characteristics of these numerical models are as follows:

• The 2-axle model represents a rigid truck with four Degrees of Freedom (DOFs) corresponding
to axle hop displacements (yu1, yu2) of the two axle masses (un-sprung masses, mu1 and mu2),
bounce displacement, ys1, as well as the pitch rotation, θT1, of the body mass (sprung mass, ms).
The two axle masses are linked to the road surface by means of linear springs of stiffness (Kt1 and
Kt2) and damping elements (Ct1 and Ct2) representing the tires. The body mass is linked to the
two axle masses with the help of springs of stiffness Ks1 and Ks2 that have linear viscous dampers,
with values of Cs1 and Cs2 respectively, representing the suspensions.

• The 5-axle model is a truck comprising two major bodies, truck and trailer, with a total of 9 DOFs.
Four of these DOFs are located in the tractor and they correspond to axle hop displacements
(yu1, and yu2) of the two axle masses (un-sprung masses, mu1 and mu2), bounce displacement,
ys1, as well as the pitch rotation, θT1, of the body mass (sprung mass, ms1). The two axle masses
are linked to the road surface by means of linear springs of stiffness (Kt1 and Kt2) and damping
elements (Ct1 and Ct2) representing the tires. The body mass is linked to the axle masses with the
help of springs of stiffness Ks1 and Ks2 that have linear viscous dampers, with values of Cs1 and
Cs2 respectively, representing the suspensions. Another 5 DOFs are located in the trailer, and they
correspond to the axle hop displacements (yui (i = 3 to 5) of each axle mass (un-sprung masses
mui with i = 3 to 5)), bounce displacement, ys2, and pitch rotation, θT2, of body mass (sprung
mass, ms2). The same description of the tire and suspensions elements of the tractor apply to
the trailer. Tire elements are labelled Kti (i = 3 to 5) and Cti (i = 3 to 5), and suspension elements
Ksi (i = 3 to 5) and Csi (i = 3 to 5).

The equations of motion of the vehicles’ models are obtained by imposing equilibrium of all
forces and moments acting on the masses and expressing them in terms of the degrees of freedom:

[Mv]
{ ..

yv
}
+ [Cv]

{ .
yv
}
+ [Kv]{yv} = { fint} (2)

where [Mv], [Cv] and [Kv] are mass, damping and stiffness matrices of the vehicle, respectively and{ ..
yv
}

,
{ .

yv
}

and {yv} are the respective vectors of nodal acceleration, velocity and displacement. { fint}
is the time-varying dynamic interaction force vector applied to the vehicle’s DOFs.
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Table 1. 2-axle truck properties (4 DOFs).

Property Symbol Value Unit

Body Mass ms 26,750 kg
Axle1 mass mu1 700 kg
Axle2 mass mu2 1100 kg

Suspension stiffness Ks1 4 × 105 N m−1

Ks2 10 × 105 N m−1

Suspension Damping Cs1 10 × 103 Ns m−1

Cs2 20 × 103 Ns m−1

Tire Stiffness
Kt1 1.75 × 106 N m−1

Kt2 3.5 × 106 N m−1

Tire Damping Ct1 3 × 103 Ns m−1

Ct2 5 × 103 Ns m−1

Moment of Inertia Is 154,320 kg m2

Body bounce frequency fbounce 0.86 Hz
Body pitch frequency fpitch 1.02 Hz
Axle1 hop frequency faxle 1 8.83 Hz
Axle2 hop frequency faxle 2 10.19 Hz

Table 2. 5-axle truck trailer properties (9 DOFs).

Property Symbol Value Unit

Body Mass 1 ms1 25,200 kg
Body Mass 2 ms2 30,700 kg
Axle1 mass mu1 700 kg
Axle2 mass mu2 1100 kg
Axle3 mass mu3 1100 kg
Axle4 mass mu4 1100 kg
Axle5 mass mu5 1100 kg

Suspension stiffness Ks1 4 × 105 N m−1

Ks2, Ks3, Ks4, Ks5 10 × 105 N m−1

Suspension Damping Cs1 10 × 103 Ns m−1

Cs2, Cs3, Cs4, Cs5 20 × 103 Ns m−1

Tire Stiffness
Kt1 1.75 × 106 N m−1

Kt2, Kt3, Kt4, Kt5 3.5 × 106 N m−1

Tire Damping Ct1 3 × 103 Ns m−1

Ct2, Ct3, Ct4, Ct5 5 × 103 Ns m−1

Moment of Inertia 1 Is1 86,410 kg m2

Moment of Inertia 2 Is2 112,440 kg m2

Body 1 bounce frequency f1bounce 1.56 Hz
Body 1 pitch frequency f1pitch 2.39 Hz

Axle1 hop frequency faxle 1 9.97 Hz
Axle2 hop frequency faxle 2 8.77 Hz

Body 2 bounce frequency f 2bounce 2.12 Hz
Body 2 pitch frequency f 2pitch 2.33 Hz

Axle3 hop frequency faxle 3 10.03 Hz
Axle4 hop frequency faxle 4 10.15 Hz
Axle5 hop frequency faxle 5 10.17 Hz

2.2. Bridge Model

The simply supported beam model has a total length of 15 m, while the continuous two-span
beam model has 30 m (each span is 15 m). The beam models are discretized using the FE method.
The length of each element is 0.5 m, therefore, the simply supported and continuous models are made
of thirty and sixty discretised beam elements respectively with four DOFs per beam element (2 per
node). The vertical displacements at the end nodes over the support sections are restrained. Bridge
properties, based on [23], are constant mass per unit length, µu, of 28,125 m−1 kg, modulus of elasticity,
E, of 35 GPa, and second moment of area, I, of 0.5273 m4. The first natural frequency of the continuous
and simply supported bridge models is 5.65 Hz.



Infrastructures 2018, 3, 12 5 of 15

The response of the beam model to a series of time-varying forces is given by the system of
equations:

[Mb]
{ ..

yb
}
+ [Cb]

{ .
yb
}

+ [Kb]{yb} = { fint} (3)

where [Mb], [Cb] and [Kb] are the respective mass, damping and stiffness matrices of the beam
model and

{ ..
yb
}

,
{ .

yb
}

and {yb} are vectors of nodal bridge acceleration, velocity and displacement,
respectively. Rayleigh damping is used here, which is given by:

[Cb] = α[Mb] + β[Kb] (4)

where α and β are constants. These constants are obtained from α = 2ζω1ω2
ω1+ω2

and β = 2ζ
ω1+ω2

, where
ω1 andω2 are the first two circular natural frequencies of the bridge. The damping ratio ζ is assumed
to be 0.03 and the same for all modes [24].

2.3. Road Profile

The roughness of the road surface is acknowledged to be the main cause for dynamic
excitation in vehicle-induced bridge vibrations [25–27]. According to International Organization
for Standardization [28], an artificial road profile can be generated stochastically using the Power
Spectral Density function of vertical displacements along with the inverse fast Fourier transform
technique explained by [29]. Here, the total number of spatial waves used to construct the road profile
is 1000. A random phase angle ∅i is sampled for each spatial wave from a uniform probabilistic
distribution in the range of 0-2π. In this paper, 100 road profiles are randomly generated for road
classes “A” (i.e., very good) and “B” (i.e., good) [28]. In these random profiles, the respective mean
value and the standard deviation employed for the geometric spatial mean are 24× 10−6 m3/cycle
and 4.95× 10−6 for class “A” and 82.5× 10−6 m3/cycle and 31.05× 10−6 for class “B” [30]. A moving
average filter is applied to the generated road profile heights over a distance of 0.24 m to simulate the
attenuation of short wavelength disturbances by the tire contact patch [25,31]. Furthermore, a road
approach that spans over 100 m is added before the bridge to induce initial conditions of dynamic
equilibrium in the vehicle. Figure 2 shows an instance of class “A” and of class “B” road profiles of
130 m length, including the 100 m approach.
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2.4. Coupling of the VBI system

The dynamic interaction between the vehicle and the bridge is implemented in MATLAB [32].
The vehicle and the bridge are coupled at the tire contact points via the interaction force vector fint.
Combining Equations (2) and (3), the coupled equation of motion is formed as:[

Mg
] { ..

u
}
+
[
Cg
]{ .

u
}
+
[
Kg
]
{u} = { f } (5)
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where [Mg] is the combined system mass matrix, and [Cg] and [Kg] are the coupled time-varying

system damping and stiffness matrices, respectively. The vector {u} =
{
{yv}
{yb}

}
is the displacement

vector of the system. { f } is the coupled force vector system. In this paper, the coupled force vector
{ f } has different formulae depending on the vehicle system; whether a truck (Equation (6)) or a
truck-trailer (Equation (7)) is employed:

{ f }T =
{

0, 0, Kt1r1 + Ct1
.
r1, Kt2r2+Ct2

.
r2, {{P1 − Kt1r1 − Ct1

.
r1, P2 − Kt2r2 − Ct2

.
r2}[Nb]

T}
}

(6)

{ f }T =
{

0, 0, Kt1r1 + Ct1
.
r1, Kt2r2 + Ct2

.
r2, 0, 0, Kt3r3 + Ct3

.
r3, Kt4r4 + Ct4

.
r4, Kt5r5

+ Ct5
.
r5, {{P1 − Kt1r1 − Ct1

.
r1, P2 − Kt2r2 − Ct2

.
r2, P3 − Kt3r3 − Ct3

.
r3, P4

− Kt4r4 − Ct4
.
r4, P5 − Kt5r5 − Ct5

.
r5}[Nb]

T}
} (7)

where:

• the zero elements in the force vectors correspond to pitching and heaving DOFs for the trucks
and trailers.

• [Nb] is an (n × nf) matrix which distributes the nf applied interaction forces on beam elements
to equivalent forces acting on the nodes (i.e., nf is equal to 2 and 5 for the 2- and 5-axle vehicles
respectively) and n is the total number of DOFs of the beam (i.e., n is equal to 60 and 120 for the
single span and two-span beam FE models respectively).

• Pi is the static axle weight corresponding to axle i of the vehicle.
• ri is the road profile displacement under axle i.

The equations for the coupled system are solved using the Wilson-Theta integration scheme [33]
with a time interval of 0.002 s. The optimal value of the parameter θ = 1.420815 is used for unconditional
stability in the integration scheme. The initial conditions are considered to be zero displacements,
velocities and accelerations in all solutions. The static bridge response is calculated by driving the
static weights of the vehicles at a quasi-static velocity (0.3 m/s) over a smooth road profile. The static
component of sagging moment and the total sagging moment at mid-length of the 1st span of the
two-span model due to a 2-axle truck (two-constant point loads) travelling at 25 m/s are illustrated
in Figure 3a. Figure 3b represents the hogging moment over the internal support for the same
loading scenario.
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respectively) and n is the total number of DOFs of the beam (i.e., n is equal to 60 and 120 for the 
single span and two-span beam FE models respectively). 

• Pi is the static axle weight corresponding to axle i of the vehicle. 
• ri is the road profile displacement under axle i.  

The equations for the coupled system are solved using the Wilson-Theta integration scheme [33] 
with a time interval of 0.002 s. The optimal value of the parameter ߠ  = 1.420815 is used for 
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profile. The static component of sagging moment and the total sagging moment at mid-length of the 
1st span of the two-span model due to a 2-axle truck (two-constant point loads) travelling at 25 m/s 
are illustrated in Figure 3a. Figure 3b represents the hogging moment over the internal support for 
the same loading scenario. 
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Figure 3. Static and total Bending Moment (BM) response of continuous beam due to the effect of the 
two-axle truck: (a) sagging moment at mid-length of the 1st span; (b) hogging moment over the 
internal support. 
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Figure 3. Static and total Bending Moment (BM) response of continuous beam due to the effect of
the two-axle truck: (a) sagging moment at mid-length of the 1st span; (b) hogging moment over the
internal support.
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3. Dynamic Amplification Factors

DAFs and FDAFs of simply supported and continuous bridge models are calculated for
comparison purposes. Calculations are carried out for vehicle velocities from 10 km/h to 120 km/h in
increments of 1.08 km/h.

3.1. Simply Supported Beam

Figure 4a,b shows the mean and standard deviation respectively of DAF values due to the 2-axle
truck travelling on 100 class “B” road profiles. It is noted that the highest mean value of DAF is equal
to 1.12 and identical to the highest FDAF for a velocity of 85.32 km/h. Standard deviations of DAF
and FDAF are found to be 0.065 for this critical velocity.
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Figure 4. DAF/FDAF due to the 2-axle vehicle on road class “B”: (a) mean; (b) standard deviation.

Figure 5a,b shows the mean and standard deviation respectively, of DAF/FDAF, due to the 5-axle
truck travelling on 100 profiles of road class “B”. The highest mean value of FDAF is 1.173 with a
standard deviation of 0.07 for a velocity of 92.88 km/h. Meanwhile, the highest mean value of DAF is
1.144 with a standard deviation of 0.064 for a velocity of 91.8 km/h.
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Figure 5. DAF/FDAF due to the 5-axle vehicle on road class “B”: (a) mean; (b) standard deviation.

Similar trends in mean (µ) and standard deviation (σ) are observed for road classes “A” and “B”.
Table 3 summarizes the highest mean DAF and FDAF values and the critical velocities at which they
occur. The standard deviation of maximum DAF and FDAFs for class “B” are always higher than for
class “A” due to the larger uncertainty associated with the rougher profile. However, maximum mean
DAF and FDAF and critical velocity due to the 2-axle vehicle are equal for both road classes. It appears
that the dynamic forces of the 2-axle vehicle do not reach sufficiently high values with class “B” as to



Infrastructures 2018, 3, 12 8 of 15

distort the trend found with class “A”, which is mostly determined by the bridge inertial forces as well
as vehicle configuration and velocity. The effect of road roughness is felt more strongly by the 5-axle
vehicle, where differences between mean DAF and FDAFs of both road classes are noticeable.

Table 3. Highest mean value (µ) and standard deviation (σ) of DAF in the simply supported beam
with road classes “A” and “B”.

Vehicle
Type

Class Type of Road Surface

Class “A” Class “B”

DAF FDAF DAF FDAF

µ σ
Velocity
km/h µ σ

Velocity
km/h µ σ

Velocity
km/h µ σ

Velocity
km/h

2-axle 1.12 0.036 85.32 1.12 0.036 85.32 1.12 0.065 85.32 1.12 0.065 85.32
5-axle 1.12 0.04 93.6 1.14 0.04 91.8 1.14 0.07 91.8 1.17 0.07 92.88

By definition, FDAF is always equal to or larger than DAF, as any differences are due to
the maximum total bending moment (TBM) developing in a location different from mid-span.
The locations where the maximum total bending moment takes place are illustrated in Figure 6
for each vehicle velocity.
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Figure 6. Location of maximum total bending moment (TBM) along the simply supported beam due to
the crossing of: (a) 2-axle vehicle; (b) 5-axle vehicle.

3.2. Continuous Beam

First of all, the notation employed for DAF and FDAF is clarified for the continuous beam model.
Three different sections are chosen for investigating DAF of a continuous beam due to a moving vehicle
(Figure 7).
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Figure 7. Location of sections of a continuous beam taken as reference for DAF calculations.
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Two sections, “C1-C1” and “C2-C2”, located at mid-lengths of the first and second spans, are
used as a reference for sagging moments. The DAF of sagging moment at mid-length of first and
second spans are denoted SDAF1 (DAF for a location “C1-C1” in Equation (8)) and SDAF2 (DAF for
a location “C2-C2” in Equation (8)) respectively. Although sections C1-C1 and C2-C2 are symmetric
with respect to the internal support, SDAF1 and SDAF2 can be significantly different depending on the
location and magnitude of the vehicular forces (affected by road irregularities and bridge deflections)
and the oscillatory inertial forces of the bridge when the maximum total response takes place. I.e.,
maximum dynamic amplifications will be caused if the dynamic component of the response at the
section under investigation reaches a peak at the same time that the maximum static component of the
response occurs.

SDAF(i) =
Max. total BM at Ci− Ci
Max. static BM at Ci− Ci

; i = 1, 2 (8)

A third DAF, labelled HDAF, is introduced to characterize the hogging bending moment over the
internal support section “B-B” and it is calculated using Equation (9).

HDAF =
Max. total BM at B− B
Max. static BM at B− B

(9)

Similarly, three FDAFs are defined for the continuous beam model: FSDAF1, FSDAF2 and FHDAF.
FSDAF1 means the ratio of the maximum Total Sagging Bending Moment (TSBM) across the full first
span length to the maximum static sagging bending moment at section C1-C1. The same definition
applies to FSDAF2 except that the maximum TSBM refers to the full second span length and the
maximum static sagging bending moment refers to section C2-C2. Meanwhile, FHDAF for hogging
bending moment is the ratio of the maximum Total Hogging Bending Moments (THBM) across the
entire beam length to the maximum static hogging bending moment over the internal support.

3.2.1. DAF of Sagging Moments

Figure 8a,b shows the mean and standard deviation respectively of SDAF/FSDAF due to the 2-axle
truck on 100 class “B” road profiles. The highest mean value corresponds to FSDAF1 at 120 km/h,
and it is equal to 1.14 with a standard deviation of 0.09.
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Figure 8. SDAF/FSDAF due to the 2-axle vehicle on road class “B”: (a) mean; (b) standard deviation.

Figure 9a,b shows the mean and standard deviation respectively, of SDAF/FSDAF due to the
5-axle vehicle travelling on 100 class “B” road profiles. A highest mean dynamic amplification of
1.19 takes place for FSDAF2 at 90.72 km/h with a standard deviation of 0.07.

Tables 4 and 5 summarize highest mean values for road classes “A” and “B” respectively.



Infrastructures 2018, 3, 12 10 of 15

Infrastructures 2018, 3, x FOR PEER REVIEW  10 of 15 

 
(a) (b) 

Figure 9. SDAF/FSDAF due to the 5-axle vehicle on road class “B”: (a) mean; (b) standard deviation. 

Tables 4 and 5 summarize highest mean values for road classes “A” and “B” respectively. 

Table 4. Highest mean value (µ) and standard deviation (σ) of FSDAF/SDAF in the continuous beam 
with road class “A”. 

Vehicle 
Type 

SDAF1 SDAF2 FSDAF1 FSDAF2 

µ σ 
Velocity 

km/h 
µ σ 

Velocity 
km/h 

µ σ 
Velocity 

km/h 
µ σ 

Velocity 
km/h 

2-axle 1.1 0.04 83.11 1.08 0.04 105.8 1.13 0.06 120 1.1 0.04 108 
5-axle 1.09 0.03 85.32 1.05 0.04 101.5 1.1 0.03 84.24 1.14 0.04 90.72 

Table 5. Highest mean value (µ) and standard deviation (σ) of FSDAF/SDAF in the continuous beam 
with road class “B”. 

Vehicle 
Type 

SDAF1 SDAF2 FSDAF1 FSDAF2 

µ σ 
Velocity 

km/h 
µ σ 

Velocity 
km/h 

µ σ 
Velocity 

km/h 
µ σ 

Velocity 
km/h 

2-axle  1.09 0.07 84.24 1.06 0.07 104.8 1.14 0.09 120 1.09 0.07 108 
5-axle  1.12 0.06 87.48 1.1 0.07 88.56 1.12 0.06 85.32 1.19 0.07 90.72 

3.2.2. DAF of Hogging Moments 

Figure 10a,b shows the mean and standard deviation respectively of HDAF/FHDAF due to the 
2-axle vehicle on 100 class “B” road profiles. A highest mean FHDAF of 1.25 is found at 120 km/h 
with a standard deviation of 0.115. 

  
(a) (b) 

Figure 10. HDAF/FHDAF due to the 2-axle vehicle on road class “B”: (a) mean; (b) standard deviation. 

0 20 40 60 80 100 120
0.8

0.88

0.96

1.04

1.12

1.2

velocity (km/h)

Sa
gg

in
g 

D
A

F

 

 

SDAF1
SDAF2
FSDAF1
FSDAF2

0 20 40 60 80 100 120
0

0.04

0.08

0.12

velocity (km/h)

D
A

F 
st

an
da

rd
 d

ev
ia

tio
n

 

 
SDAF1
SDAF2
FSDAF1
FSDAF2

0 20 40 60 80 100 120
1

1.06

1.12

1.18

1.26

velocity (km/h)

H
og

gi
ng

 D
A

F

 

 
FHDAF HDAF

0 20 40 60 80 100 120
0

0.02
0.04
0.06
0.08

0.1
0.12

velocity (km/h)

D
A

F 
st

an
da

rd
 d

ev
ia

tio
n

 

 
HDAF FHDAF

Figure 9. SDAF/FSDAF due to the 5-axle vehicle on road class “B”: (a) mean; (b) standard deviation.

Table 4. Highest mean value (µ) and standard deviation (σ) of FSDAF/SDAF in the continuous beam
with road class “A”.

Vehicle
Type

SDAF1 SDAF2 FSDAF1 FSDAF2

µ σ
Velocity

km/h µ σ
Velocity

km/h µ σ
Velocity

km/h µ σ
Velocity

km/h

2-axle 1.1 0.04 83.11 1.08 0.04 105.8 1.13 0.06 120 1.1 0.04 108
5-axle 1.09 0.03 85.32 1.05 0.04 101.5 1.1 0.03 84.24 1.14 0.04 90.72

Table 5. Highest mean value (µ) and standard deviation (σ) of FSDAF/SDAF in the continuous beam
with road class “B”.

Vehicle
Type

SDAF1 SDAF2 FSDAF1 FSDAF2

µ σ
Velocity

km/h µ σ
Velocity

km/h µ σ
Velocity

km/h µ σ
Velocity

km/h

2-axle 1.09 0.07 84.24 1.06 0.07 104.8 1.14 0.09 120 1.09 0.07 108
5-axle 1.12 0.06 87.48 1.1 0.07 88.56 1.12 0.06 85.32 1.19 0.07 90.72

3.2.2. DAF of Hogging Moments

Figure 10a,b shows the mean and standard deviation respectively of HDAF/FHDAF due to the
2-axle vehicle on 100 class “B” road profiles. A highest mean FHDAF of 1.25 is found at 120 km/h
with a standard deviation of 0.115.
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Figure 10. HDAF/FHDAF due to the 2-axle vehicle on road class “B”: (a) mean; (b) standard deviation.
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Figure 11a,b shows the mean and standard deviation of HDAF/FHDAF due to the 5-axle truck
on 100 class “B” road profiles. It can be observed that a highest mean FHDAF of 1.14 occurs for
62.64 km/h with a standard deviation of 0.075.
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Figure 11. HDAF/FHDAF due to the 5-axle vehicle on road class “B”: (a) mean; (b) standard deviation.

Table 6 highlights the highest mean values for each road class and vehicle scenario. A highest
mean HDAF/FHDAF of 1.06 (with a standard deviation of 0.03) appears at 36.72 km/h for the
5-axle truck travelling over a road class “A”. However, this value increases up to 1.14 for FHDAF
at 62.64 km/h on a road class “B”. As expected, these values further increase for the lighter 2-axle
vehicle, i.e., FHDAF of 1.25 at 120 km/h on a road class “B”.

Table 6. Highest mean value (µ) and standard deviation (σ) in FHDAF/HDAF of the continuous beam
with road classes “A” and “B”.

Vehicle
Type

Class “A” Class “B”

HDAF FHDAF HDAF FHDAF

µ σ
Velocity

km/h µ σ
Velocity

km/h µ σ
Velocity

km/h µ σ
Velocity

km/h

2-axle 1.11 0.06 120 1.15 0.07 120 1.2 0.11 120 1.25 0.11 120
5-axle 1.06 0.03 36.76 1.06 36.72 0.03 1.13 0.07 62.64 1.14 0.07 62.64

4. Discussion

Values of DAF and FDAF generally rise when road roughness increases. In some cases, FDAFs
are significantly larger than DAF. The latter is due to the fact that the location holding the maximum
total moment may be different from the section taken as reference (i.e., mid-length of the span for
sagging and the section over internal support for hogging). Figure 12a,b shows how the location of
maximum TSBM and THBM respectively, varies with vehicle velocity for the 2-axle vehicle travelling
on road class “B”. Furthermore, Figure 12a reveals that maximum TSBM usually takes place near
the mid-length of the first span of the beam, although some critical locations could be far apart from
the exact mid-span point or even in the second span. The location holding the maximum THBM
will be the section over the internal support of the beam. The location of the maximum THBM does
not experience significant variations given that the static component of hogging moment reaches a
maximum over the internal support and then drops sharply in the locations nearby.
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Figure 12. Location of maximum total bending moment along the continuous beam versus velocity for
2-axle vehicle: (a) Sagging (TSBM); (b) hogging (THBM).

The variation of the location of the TSBM and THBM with velocity for the 5-axle vehicle is shown
in Figure 13a,b respectively. Unlike the 2-axle vehicle, Figure 13a shows that the location holding the
maximum TSBM is mainly situated about the mid-length of the second span. As for the 2-axle truck,
Figure 13b shows that the maximum THBM is located in the section over the internal support.

Infrastructures 2018, 3, x FOR PEER REVIEW  12 of 15 

  
(a) (b) 

Figure 12. Location of maximum total bending moment along the continuous beam versus velocity 
for 2-axle vehicle: (a) Sagging (TSBM); (b) hogging (THBM). 

The variation of the location of the TSBM and THBM with velocity for the 5-axle vehicle is shown 
in Figure 13a,b respectively. Unlike the 2-axle vehicle, Figure 13a shows that the location holding the 
maximum TSBM is mainly situated about the mid-length of the second span. As for the 2-axle truck, 
Figure 13b shows that the maximum THBM is located in the section over the internal support. 

  
(a) (b) 

Figure 13. Location of maximum total bending moment (along the continuous beam versus velocity 
for 5-axle vehicle: (a) sagging (TSBM); (b) hogging (THBM). 

Tables 4–6 have shown that vehicle configuration has a large effect on the location and 
magnitude of the largest moments developing in the beam. While mean FSDAF1 (=1.13 and 1.14 for 
classes “A” and “B” respectively) is larger than mean FSDAF2 (=1.10 and 1.09 for classes “A” and “B” 
respectively) for the 2-axle vehicle, mean FSDAF2 (=1.14 and 1.19 for classes “A” and “B” 
respectively) is larger than mean FSDAF1 (=1.10 and 1.12 for classes “A” and “B” respectively) for 
the 5-axle truck. Mean full dynamic amplification factor for the sagging moments (FSDAF) due the 
effect of 5-axle vehicle travelling over road class “B” is greater than that of the 2-axle vehicle by about 
0.06. However, in the case of hogging, mean FHDAF due to the 2-axle vehicle on road class “B” is 
0.09 higher than that of the 5-axle vehicle.  

When comparing the full dynamic amplification factors of hogging and sagging moments, 
FHDAF (=1.25) is 0.12 higher than FSDAF for the 2-axle vehicle travelling over road class “B”. 
Meanwhile, FSDAF (=1.19) is 0.05 higher than FHDAF when the 5-axle vehicle travels over road class 
“B”.  

If the comparison was made between the sagging response of simply supported and continuous 
beams due to the 2-axle vehicle over road class “B”, maximum mean FDAF and FSDAF of 1.12 and 
1.14 respectively are obtained. In the case of the 5-axle vehicle over a road class “B”, the maximum 

0 20 40 60 80 100 120
0

7.5

15

22.5

30

velocity (Km/h)M
ax

.T
SB

M
 a

lo
ng

 th
e b

ea
m

 le
ng

th
 (m

)

mid-2nd span
mid-1st span

0 20 40 60 80 100 120
0
5

10
15
20
25
30

velocity (Km/h)M
ax

.T
H

BM
 a

lo
ng

 th
e b

ea
m

 le
ng

th
 (m

)

internal support

0 20 40 60 80 100 120
0

7.5

15

22.5

30

velocity (km/h)M
ax

.T
SB

M
 a

lo
ng

 th
e b

ea
m

 le
ng

th
 (m

)

mid-1st span
mid-2nd span

0 20 40 60 80 100 120
0
5

10
15
20
25
30

velocity (Km/h)M
ax

.T
H

BM
 a

lo
ng

 th
e b

ea
m

 le
ng

th
 (m

)

internal support

Figure 13. Location of maximum total bending moment (along the continuous beam versus velocity
for 5-axle vehicle: (a) sagging (TSBM); (b) hogging (THBM).

Tables 4–6 have shown that vehicle configuration has a large effect on the location and magnitude
of the largest moments developing in the beam. While mean FSDAF1 (=1.13 and 1.14 for classes “A”
and “B” respectively) is larger than mean FSDAF2 (=1.10 and 1.09 for classes “A” and “B” respectively)
for the 2-axle vehicle, mean FSDAF2 (=1.14 and 1.19 for classes “A” and “B” respectively) is larger
than mean FSDAF1 (=1.10 and 1.12 for classes “A” and “B” respectively) for the 5-axle truck. Mean
full dynamic amplification factor for the sagging moments (FSDAF) due the effect of 5-axle vehicle
travelling over road class “B” is greater than that of the 2-axle vehicle by about 0.06. However, in the
case of hogging, mean FHDAF due to the 2-axle vehicle on road class “B” is 0.09 higher than that of
the 5-axle vehicle.

When comparing the full dynamic amplification factors of hogging and sagging moments, FHDAF
(=1.25) is 0.12 higher than FSDAF for the 2-axle vehicle travelling over road class “B”. Meanwhile,
FSDAF (=1.19) is 0.05 higher than FHDAF when the 5-axle vehicle travels over road class “B”.
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If the comparison was made between the sagging response of simply supported and continuous
beams due to the 2-axle vehicle over road class “B”, maximum mean FDAF and FSDAF of 1.12 and 1.14
respectively are obtained. In the case of the 5-axle vehicle over a road class “B”, the maximum mean
FSDAF value (=1.19) in the continuous beam is again about 0.02 greater than the FDAF in the simply
supported beam. Comparing hogging in the continuous beam and sagging in the simply supported
beam with a road class “B”, the maximum FHDAF value is 0.03 lower than FDAF for the 5-axle vehicle,
and 0.12 higher than the FDAF for the 2-axle vehicle. From these results, it becomes clear that it is
not always safe to apply dynamic amplification factors of sagging found in single span structures to
moments in continuous structures.

Finally, it is worth noting that the results reported in this paper have been obtained for a specific
combination of bridge, vehicle and road characteristics. These DAF values cannot be generalized
to bridges and/or vehicles with properties and/or road surface with irregularities (i.e., presence of
bumps) that differ from those considered in Section 2. Therefore, a planar model has been employed
in the simulations. The latter works best when resembling the response of relatively long bridges
compared to their width. I.e., transverse effects have been neglected, and the reactions at the supports,
the vehicle forces and the inertial forces of the bridge have been assumed to be uniformly distributed
across the width. Hence, DAF values from a planar model cannot be directly applied to continuous
bridges where the bridge width is significant and where the support reactions may be concentrated in
a few discrete points.

5. Summary and Conclusions

This paper has compared DAF and FDAF of a continuous beam with two equal spans to those of
a simply supported beam. In the continuous beam, the two mid-sections of the first and second spans
have been used as a reference for calculations of DAF and FDAF for sagging moments. The section over
the internal support has been selected for calculating DAF and FDAF of hogging moment. The two
beam models have been traversed by two truck configurations: a rigid 2-axle and a 3-axle trailer towed
by a 2-axle. The influence of the road surface has been investigated for two roughness classes: “A”
(very good) and “B” (good). The critical location holding the maximum total hogging moment has
typically been the section over the internal support or very close to it and as a result, DAF and FDAF of
hogging yield very similar values. However, the critical location holding the maximum total sagging
has been shown to vary significantly, and differences between DAF and FDAF of sagging have become
more significant than in the case of hogging. A highest mean FDAF of 1.25 has been found at the
maximum velocity under investigation (120 km/h), for hogging, the 2-axle vehicle and a road class
“B”. Maximum FDAFs/DAFs have occurred at critical velocities that have not changed for the 2-axle
vehicle when increasing the road roughness from class “A” to “B”. FDAF of sagging bending moment
in continuous beam has been found to be slightly greater than FDAF of the simply supported beam for
the 5-axle vehicle travelling over road class “B”. FDAF of hogging moment (=1.25) has been found to
be considerably higher than FDAF of sagging moment (=1.14) when the 2-axle vehicle travels over
the continuous beam with a road class “B”. When travelling on a road class “B”, FDAF of hogging
moment has been reduced from 1.25 for the 2-axle vehicle to 1.14 for the 5-axle vehicle.

The current investigation, although limited to the models and parameters under consideration,
has shown that DAF and FDAFs do not only depend on the vehicle configuration, the road roughness
and the bridge characteristics, but also on the sign of the load effect being investigated. Evidence
has been provided on the potential relevance of the dynamic increment of hogging moment over
internal supports with respect to the static response. It has also been shown that dynamic amplification
factors of sagging cannot be extended to hogging. The latter needs to be taken into consideration for
delivering an accurate picture of the total response of continuous multi-span structures for design or
assessment purposes. I.e., calculations required for ensuring the capacity of a bridge is sufficient to
withstand a large heavy goods vehicle requiring a special permit should incorporate the differences
in dynamic amplification associated with each load effect and section under investigation. Similarly,



Infrastructures 2018, 3, 12 14 of 15

site-specific static traffic load models based on weight-in-motion measurements can be extended to
take these variations of dynamic amplification into account.
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