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Abstract: Unmanned aerial vehicles (UAVs) have been gaining increased importance due to their
variety of applications. In some specific tasks, UAVs require the addition of payloads and onboard
components, including sensors, which require great stability to provide safe and reliable responses
(related to the payload characteristics, such as the temperature, pressure, vibrations and many other
factors). In contrast with the suspended payloads carried by a quadrotor aircraft with a rigid attach-
ment, an elastic attachment is designed to assess the influence of the vibration characteristics on
the quadrotor and its payload. Since the payload dynamics can alter the flight performance, sensor
measurement accuracy and payload integrity, an adapted sliding mode control is used to guide the
quadrotor on its desired trajectory and to compensate for the payload dynamics. To reduce the need
for position sensors, a reduced-dimension observer is designed to estimate the payload trajectory,
as well as the external disturbance behavior. Numerical simulations are performed to demon-
strate that the flexibility influences the quadrotor’s dynamics and can create residual oscillation on
its payload.

Keywords: unmanned aerial vehicles; elastic attachment; payload vibration

1. Introduction

Unmanned aerial vehicles (UAVs) have attracted considerable research attention due to
their variety of applications. Search and rescue, medical product delivery [1,2], mapping [3],
agricultural [4–6] and surveillance [7–9] operations are just some of the areas where UAVs
are being deployed. In some cases, the use of UAVs can increase operations efficiency
by reducing the delivery time, need for personnel and costs. The most common UAV
configuration found in industrial applications is the quadrotor design, a four-propeller
aircraft design. In the presence of attached loads such as sensors or compartments to
carry medical goods and organs, the quadrotor dynamics can be significantly altered,
creating unwanted vibration in the system [10]. This undesired vibration can negatively
affect the quadrotor aircraft’s performance, as well as its payload integrity and sensing
accuracy [11,12].

In the medical field, UAVs are employed since the delivery time is crucial for
organs and pharmaceutical goods. In [13], a smart cooler was attached directly to
a UAV’s body. Wireless biosensors and barometric pressure, altitude, vibration and
GPS sensors were placed alongside the organ (in the compartment) to measure its
characteristics along the desired path. These experiments were conducted to verify
the feasibility of quadrotor transportation despite the potential damage to the organs
tissues that would occur if they were subjected to specific vibration amplitudes and
frequencies. In [14], the effects of vibrations caused by UAVs were compared with
traditional road transportation. Insulin was used as the cargo, since its sensitivity
to vibration can lead to the degradation and loss of its efficacy. Experimental trials
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have shown that the overall vibration levels caused by UAV flights are significantly
higher than those caused by road transportation. Therefore, establishing the frequency-
dependent sensitivity of a medicine to vibration is a prerequisite to safely planning a
UAV mission.

The addition of an attached payload has a significant influence on the quadrotor’s
dynamics, since it might change its flight characteristics, in addition to creating new
uncertainties in the controller design. Different controller techniques related to payload
vibration have been investigated, such as an extended high-gain observer [15], active
vibration absorption [16], polynomial trajectories [17] and adaptive controllers [18]. In [19],
a neuro sliding mode control (NSMC) as designed to compensate for the uncertain dynamics
over time. The neuro technique was combined with the sliding mode control in order to
successfully control the system changes without previous knowledge of the quadrotor and
its payload dynamics.

Different techniques and controller designs for the payload are frequently found in the
literature. In [20], a high-level nonlinear controller using feedback linearization was chosen
to guide a quadrotor along the desired trajectory. The oscillation of the load was modeled
as a disturbance, and the proposed controller was then used to stabilize the quadrotor and
its payload. In [21], two controllers (proportional derivative (PD) and sliding mode control
(SMC)) were used to investigate the mass uncertainties of the quadrotor dynamics. In the
presence of large uncertainties, the PD failed to successfully control the tracking trajectory
and quadrotor stability, while the SMC presented better robustness against disturbances.
In [22], the effects of payloads on UAVs and helicopters were investigated. Proportional
integral and derivative (PID) control was chosen to assess the UAV stability under differ-
ing parameter variations, such as payload changes and offset loads (not centered to the
vehicle’s CoG).

Overall, the payload dynamics are treated as a disturbance force, and a rigid
attachment is often considered to obtain the mathematical formulation. In [23], the
damping of a cable-suspended payload was investigated. A feedback controller was
combined with sliding mode control to reduce the payload vibration caused mainly
by the quadrotor’s horizontal motion. The numerical simulations showed superior
payload vibration suppression (by over 56%) in comparison to the traditional zero-
vibration derivative–derivative (ZVDD) input shaper. In [24], two other nonlinear
controllers were designed for stabilizing a suspended load carried by a quadrotor.
The control laws utilized the direct relationship between the payload oscillation
and aircraft’s horizontal movement. Therefore, the proposed controller law could
simultaneously guarantee both the desired trajectory optimization and payload os-
cillation reduction. Experimental trials have shown positive results for the swing
suppression system.

In [25], a backstepping technique was combined with swing damping to attenuate
the suspended payload oscillations and external disturbances. The proposed controller
was evaluated using simulations and experiments, showing a great reduction in angular
displacement. In [26], a dynamic program was developed to ensure the swing-free trajectory
tracking of a quadrotor carrying a suspended payload. A real-time embedded controller
was chosen to generate an optimal trajectory by sending updated controller inputs to the
quadrotor. Then, the optimal trajectories suppressed the residual oscillations to less than
5% of their initial magnitudes.

Given this context, a nonlinear controller based on the backstepping technique was
also used to ensure the trajectory tracking regardless of the payload motion [27]. First, the
payload was modeled as a pendulum and a rigid attachment was assumed between the
UAV and its payload. Then, the backstepping control was used to generate a reference
trajectory, while the input–shape filtering approach was chosen to minimize the residual
oscillation of the payload. The proposed controller perfectly negated the impact of the load
movements, as well as allowed better tracking of the desired trajectory.
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External disturbances can also negatively affect a UAV and its payload performance
by increasing the undesired vibration. A disturbance attenuation control was proposed
in [28] to enhance the quadrotor stabilization under external disturbances. This approach
introduced an adaptive parameter for the position control to estimate the payload mass
and improve the robustness of the system. The estimated payload mass was then
combined with the state feedback control with the aim of enhancing the trajectory
tracking performance and disturbance rejection. The simulation results demonstrated
better responses than those obtained with the traditional sliding mode control (SMC)
when considering unknown mass and air disturbances. In [29], the wind influence
presented a direct impact on the aircraft’s fuel consumption. A generic algorithm was
used to optimize the trajectory selection in order to avoid head winds. This generic
algorithm was then used to increase the flight performance and to strongly reduce the
fuel consumption.

Sensors reduce a UAV’s capacity and significantly increase the overall costs. In [30],
a pitch motion controller was proposed for active disturbance rejection and trajectory
tracking. A state feedback controller was combined with a generalized extended state
observer (GESO) to create longitudinal disturbance rejection for the UAS-S4 Ehécatl UAV.
Simulation results demonstrated that the proposed controller was able to properly estimate
and compensate for the external disturbances to the UAS-S4 by guaranteeing more stable
trajectory tracking. In addition, the UAS-S4 aerodynamic model was experimentally
validated [31–35] at the LARCASE laboratory [36].

Several observer strategies have been proposed to suppress the negative influ-
ences of unwanted vibrations caused mainly by external disturbances, parameter un-
certainties and actuator faults. The combination of sliding mode control (SMC) with a
disturbance observer (DO) was addressed in [37]. External disturbances were attenu-
ated by the DO, while the uncertainties were reduced by the use of adaptive schemes
in the SMC design. This adaptive controller was used to accurately compensate for
the control input and to avoid control parameter overestimation. In [38], the state
feedback control was combined with an adaptive observer for the stabilization and
suppression of uncertainties. The adaptive observer and feedback controller were
designed to estimate the magnitude of uncertainties and to stabilize the closed-loop
system, respectively.

Multiple observers were employed for anti-disturbance control of a quadrotor. In [39],
a disturbance observer (DO) and an extended state observer (ESO) were utilized in the
position loop to attenuate the impacts of the suspended payload dynamics and wind
disturbances. They ensured that the payload oscillation was reduced and that the wind
estimation error was minimal. Experimental trials demonstrated that its effectiveness was
approximately 75% higher than the classical PID controller.

Flexible aircraft dynamics is commonly studied in the aeronautical field as it re-
lates to flexible wings [40], flutter suppression of flexible structures [41] and vibration
reductions [42]. In [43], a model predictive control (MPC) was developed to alleviate
the influence of gusts on a highly flexible aircraft. An additional feedback loop was
then included on the controller design to increase the UAV performance and gust load
suppression. In [44], a long-endurance UAV dynamics model was studied to assess
its stability, control and performance. The control inputs were calculated by using the
nominal dynamic equations, while the eigenvalues of the perturbation equations were
used to verify the UAV’s stability. The results of the proposed model were compared
with those of two frequently used models: a quasi-rigid aircraft and a restrained aircraft.
The characteristics of the controller can change in terms of stability depending on the
chosen model. Thus, an aircraft’s flexibility significant influences its dynamics and
structural components.
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This article investigates the payload vibration characteristics when a swing load
and an elastic attachment are considered using different flight configurations. The main
contributions of this paper are: (i) the attachment configuration of a suspended payload
using constraint force representation; (ii) the use of an adaptive sliding mode control to
compensate for both the altitude controller and the quadrotor dynamics; (iii) the design
of a reduced-dimension observer (RDO) for an 11 degrees of freedom quadrotor model.
These combined strategies are used to study the feasibility of a commercial quadrotor for
medical transportation in low-income countries, without the need for additional damping
absorbers or high-cost quadrotors. Therefore, the effects of the trajectory, payload weight,
wind velocity and elastic attachment on the dynamics of the quadrotor and its payload are
then evaluated.

2. Materials and Methods

Two main coordinate frames are used to describe the quadrotor motion: inertial
(XI , YI , ZI) and body-fixed (XB, YB, ZB). The inertial frame is defined on the ground surface,
while the body-fixed frame is defined on the quadrotor’s center of geometry (CoG). The
coordinate frames are composed of six degrees of freedom; the inertial frame corresponds
to the altitude and position (x, y, z) and to the attitude (φ, θ, ψ) of the quadrotor, while
the angular (ωx, ωy, ωz) and linear (νx, νy, νz) velocities are used to define the body-fixed
reference frame. Figure 1 depicts a schematic illustration of a quadrotor transporting
a payload.
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Figure 1. Schematic illustration of a quadrotor carrying a payload.

Five additional degrees of freedom are used to represent the payload motion. While
xp, yp and zp represent the payload position, the terms φp and θp represent the payload
rotation. In addition, the connection between the quadrotor and its payload is assumed to be
an elastic attachment, in which Fs is the resultant of constraint force components (Fsx, Fsy and
Fsz). Each of the constraint forces components is represented by Fsc = kp

(
i− ip

)
− kp lb rqp

(where i = x, y, z) and lb is the physical distance between the quadrotor and its payload.
Regarding the constraint force, the first term represents the elastic attachment, while the
second term denotes the swing angle influence. Figure 2 shows the elastic attachment
between the quadrotor and its payload, where m and mp are the quadrotor and payload
masses, respectively.
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The combination of the swing load and elastic attachment dynamics allows the pay-
load to move and vibrate freely in the three-dimensional trajectory with respect to the
quadrotor’s motion.

Equation of Motion

The equation of motion for a quadrotor carrying a payload is presented in Equation (1):

M
..
η+ C

.
η+ Kη+ g = τ + Fd + Fsk (1)

where M is the inertial matrix, C represents the Coriolis matrix, K is the stiffness matrix,
g is the gravitational vector, τ is the input control vector, and Fd and Fsk are the external
disturbance and constraint forces vectors, respectively. The generalized coordinate vector
is defined by 11 degrees of freedom (η =

{
x y z φ θ ψ xp yp zp φp θp

}T).
The distance vector between the quadrotor and its payload is defined by

rqp =
{
−lb cφp sθp − lbsφp − lb cφp cθp

}T , where c(.) and s(.) are the cosine and sine func-
tions, respectively. The inertial matrix (M) can also be represented as follows:

M =

[
M1 M2
M3 M4

]
(2)

while the Coriolis C and stiffness K are similarly represented. The gravitational vector is
defined by g = {g1 g2 }, while the control input is calculated by the following expression
τ = {τ1 02x1}T . The matrices and vectors from the equation of motion can also be written
in the body-fixed reference frame, as shown:

M1 = I9×9

C1 = JpM−1
p CpJ−1

p −
.
JpJ−1

p + Cd

g1 = JpM−1
p gp

K1 = JpM−1
p Kp

τ1 = JpM−1
p τp

(3)
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where Mp = diag
(

m m m Ix + Ip
x Iy + Ip

y Iz + Ip
z mp mp mp

)
, such that Ii and Ip

i are the
moments of inertia of the quadrotor and its payload along x, y and z, respectively. The
payload moment of inertia is calculated using a load-correcting factor (Ip

i = Ii αp, where
i = x, y and z), as defined in Section 3.1.1, and the diag(.) indicates a diagonal matrix. The
inertial matrices M3 and M4 are defined below:

M3 =

[
mplbsφpsθp −mplbcφp mplbsφpcθp 01×6
−mplbcφpcθp 0 mplbcφpsθp 01×6

]
M4 =

[
mpl2

b 0
0 mpl2

b cφ2
p

] (4)

where M2 = MT
3 . The Coriolis matrix Cp is given by:

Cp =

 mCp1 03×3 03×3
03×3 Cp2 03×3
03×3 03×3 mpCp1

 (5)

where Cp1 and Cp2 are represented by the following Equation (6):

Cp1 =

 0 −ωz ωy
ωz 0 −ωx
−ωy ωx 0

 Cp2 =

 0 0 I1ωy
I2ωz 0 0

0 I3ωx 0

 (6)

where I1 =
(

Iz + Ip
z

)
−
(

Iy + Ip
y

)
, I2 =

(
Ix + Ip

x

)
−
(

Iz + Ip
z

)
, I3 =

(
Iy + Ip

y

)
−
(

Ix + Ip
x

)
,

C3 = 02x9, and C2 and C4 are expressed as follows:

C2 =


mp lb

(
c φp sθp

.
φp + sφp cθp

.
θp

)
mp lb

(
s φpcθp

.
φp + cφp sθp

.
θp

)
mp lb sφp

.
φp 0

mp lb
(

c φp cθp
.
φp − sφp sθp

.
θp

)
−mp lb

(
s φp sθp

.
φp − cφp cθp

.
θp

)
06×1 06×1

 (7)

and:

C3 =

 0 −mp l2
b sφp cφp

.
θp

mp l2
b sφp cφp

.
θp mp l2

b sφp cφp
.
φp

 (8)

The drag, aerodynamic and torque coefficients, due to the gyroscopic effect dynamics,
are shown with Equation (9):

Cd =

 Cd1 03×3 03×3
03×3 Cd2 03×3
03×3 03×3 03×3

, where Cd2 =

 k f ax
.
φ JrΩ 0

−JrΩ k f ay
.
φ 0

0 0 k f az
.
φ

 (9)

and Cd1 = diag(k f dx k f dy k f dz). The coefficients k f dx, k f dx and k f dz are positive translation

drag constants; k f ax
.
φ, k f ay

.
φ and k f az

.
φ are the aerodynamic friction coefficients; Jr is the

rotor inertia; and Ω is defined by the following relationship Ω = ω1 −ω2 + ω3 −ω4. The
angular velocities ωk (where k = 1, 2, 3, 4) are calculated in [45]:


ω1
ω2
ω3
ω4

 =




C fp C fp C fp C fp
−C fp 0 C fp 0

0 −C fp 0 C fp
C fd C fd C fd C fd


−1 

U1
U2
U3
U4




1/2

(10)
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where C fp and C fd are the engine coefficients. Additionally, the relationship between the
inertial and body references is represented by a Jacobian matrix (Jp), given by:

Jp =

 Jp1 03×3 03×3

03×3 Jp2 03×3

03×3 03×3 Jp1

 (11)

where Jp1 and Jp2 are defined as follows:

Jp1 =

 cψcθ ∆1 ∆2
sψcθ ∆3 ∆4
−sθ sφcθ cφcθ

 Jp2 =

 1 sφtgθ cφtgθ
0 cφ −sφ
0 sφ/cθ c φ/cθ

 (12)

where tg(.) indicates the tangent function. In addition, ∆1 = sφ sθ cψ − cφ sψ,
∆2 = cφ sθ cψ + sψ sφ, ∆3 = sφ sθ sψ + cφ cψ, ∆4 = cφ sθ sψ − sφ cψ,

.
Jp is the trans-

formation matrix derivative with respect to time and the gravitational vector compo-
nents are defined as gp =

{
−mgsθ mgcθsφ mgcθ cφ 0 0 0−mpgsθ mpgcθsφ mpgcθcφ

}T

and g2 =
{

mp g lb cθp sφp mp g lb sθp cφp
}T . The stiffness matrix is defined by:

Kp =

 Kp1 03×3 −Kp1
03×3 03×3 03×3
−Kp1 03×3 Kp1

 (13)

where Kp1 = diag
(
kpx, kpy, kpz

)
, such that kpi is the proportional stiffness component

along its directions x, y and z. The stiffness submatrices are calculated using K2 = 09x2,
K3 = KT

2 and K4 = 02x2. Additionally, the control vector input is represented by
τp = {0 0 U1 U2 U3 U4 0 0 0}, where U1, U2, U3 and U4 are the quadrotor control law
inputs. In this sense, for numerical simulations, the second-order differential equation
can be represented in state-space form as follows:

.
x(t) = Acx(t) + Bcuc(t) + Xc + Fdc + BsFs (14)

where x(t) =
{ .

η η
}T is the state vector, uc(t) = {τ 01x13}T is the input vector and

Xc =
{
−M−1g 011x1

}
is the gravitational vector. The dynamic Ac and input Bc matrices

are represented as follows:

Ac =

[
−M−1C −M−1K
I11×11 O11×11

]
Bc =

[
−M−1

011×11

]
(15)

Due to the presence of an elastic attachment, the constraint forces are defined in all
three directions, using the following representation Fsk = Bs Fs. The vector Fs is calculated
as Fs =

{
Fsx Fsy Fsz

}T , yielding:

Fs = kplb
(
cφpsθp sφp cφpcθp

)
(16)

where Bs = [Bs1 011x3], such that Bs1 = M−1[Bs0 02x3]. The vector Bs0 is defined by
Jp M−1

1 B0k, yielding:

B0k =
[

B0ka 03x3 B0ka
]T (17)

where B0ka = diag(1, 1, 1). Afterwards, the Dryden disturbance force is applied in the three
directions of the quadrotor (x, y and z), and it is represented as follows [46]:

Fdc0 =
1
2

ρCdc Aq(vi − vwi)
2sgn(vi − vwi) (18)
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where ρ is the air density, Cdc is the drag coefficient, Aq is the projected area of the quadrotor,
vi and vwi are the quadrotor the wind velocities along its direction (x, y, z) and sgn(.)
indicates the signal function. Further steps of the Dryden force design can be found in [10].

3. Controller Development

In this section, the altitude, position and attitude angles of the quadrotor are calculated
using the sliding mode control (SMC) methodology. For the tracking trajectory, four input
control laws (Uk) were designed based on the SMC method. In addition, due to the direct
impact of the added payload on the altitude control, a coefficient (αp) was estimated to
compensate for the extra effort on the quadrotor dynamics and to attenuate the payload
uncertainty. Figure 3 shows a schematic illustration of the controller design.
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3.1. Altitude Control Design

Sliding mode control (SMC) has become one of the most important types of nonlinear
controller methods due to its simplicity and robustness. Overall, the SMC is designed using
two steps for the stable sliding surface and the corresponding control law. The altitude
sliding surface can be defined as follows [47]:

sz =
.
ez + λzez (19)

where ez indicates the error, i.e., the difference between the desired and actual trajectories of
the quadrotor (ez = zd − z),

.
ez represents its time derivative and λz is the tuning parameter

associated with the closed-loop bandwidth.
The sliding time derivative (

.
sz) can be represented using different functions to

enforce the proposed controller on the surface [48]. Thus, the following expression
.
si = −εisat(si)− ηisi was chosen to improve the controller robustness and reduce the
uncertainties influence. The term sat(.) indicates the saturated function, while εi and ηi
are the sliding surface exponential coefficients. The corresponding control law u1 is cal-
culated by combining the time derivative of the sliding surface (

.
sz), the proposed surface

coefficients and the equation of motion of the quadrotor (as seen in [49]), yielding:

u1 =
m

cθcφ

(
εzsat(sz) + ηzsz + λz

.
ez +

..
zd + g

)
(20)
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Since the quadrotor is an under-actuated system, the desired roll and pitch angles are
associated with the motion along the (x, y) plane. Thus, two virtual inputs are defined and their
corresponding control laws are represented by ux = m

(
εx sat(sx) + ηx sx + λx

.
ex +

..
xd
)
/U1

and uy = m
(
εy sat

(
sy
)
+ ηy sy + λy

.
ey +

..
yd
)
/U1, respectively. Given this context, the

desired references for the attitude control are defined as follows:

φd = s−1(uxψd − uycψd
)

θd = s−1[(uxcψd + uysψd
)
/cφd

]
(21)

where ηx, ηy, λx, λy, εx, εy are positive constants. The modified control law U1 is used to
compensate for the unknown mass of the payload, as seen in Section 3.1.1.

3.1.1. Adaptive Altitude Control Design

The corresponding control law (u1) is designed for a quadrotor with no load attached
to it. In the presence of a payload, the total thrust force must compensate for both systems’
weights (the quadrotor and its payload) and their uncertainty masses. The estimated
load-correcting factor multiplies the nominal mass value (m), leading to m̂ = m αp. Now,
by defining α̃p = α̂p − αp, the altitude adaptive law is represented as [50]:

.
α̂p = γpszu1cθcψ/m (22)

where γp is a positive constant. Using this correction, the following relationship U1 = α̂p u1
is then calculated. As mentioned previously, the load-correcting factor is not only applied
to correct the altitude control, but also to compensate for the dynamics of the system (as
seen in Appendix A). Further details regarding the stability can be found in [50].

3.1.2. Stability Analysis

Consider the Lyapunov candidate function defined as Vz = 0.5 s2
z . To ensure that the

dynamic system is stable, the Lyapunov candidate Vz must be a strictly positive function,
while its derivative must be a negative semi-definite for all states. By combining the time
derivative of the Lyapunov candidate (

.
VZ) with the chosen surface and equations of motion

in the vertical direction, the stability proof leads to:

.
Vz = −εz|sz| − ηzs2

z ≤ 0 (23)

which guarantees the stability condition for the altitude state (z). These steps can also be
extended to the position and attitude control, as seen in [10].

3.2. Attitude Control Design

Likewise, the control inputs U2, U3 and U4 are calculated following the same steps.
The attitude control laws are then calculated by combining the sliding surfaces (based on
the attitude angles φ, θ and ψ), chosen surface (si) and the quadrotor rotational equations
of motion (as seen in [48]). In this sense, U2, U3 and U4 are given by [50]:

U2 = Ix
l

(
εφ sat

(
sφ

)
+ ηφ sφ + λφ

.
eφ +

..
φd −

.
θ

.
ψ(Iy−Iz)

Ix
− Jr

Ix

.
θΩ

)
U3 =

Iy
l

(
εθ sat(sθ) + ηθ sθ + λθ

.
eθ +

..
θd −

.
φ

.
ψ(Iz−Ix)

Iy
− Jr

Iy

.
φΩ

)
U4 = Iz

(
εψ sat

(
sψ

)
+ ηψ sψ + λψ

.
eψ +

..
ψd −

.
θ

.
φ(Ix−Iy)

Iz

) (24)

where εφ, εθ , εψ, ηφ, ηθ , ηψ, λφ, λθ and λψ have real positive constant values. Therefore,
the combination of altitude, attitude and position control laws ensures that the quadrotor
follows a three-dimensional trajectory. It is worth mentioning that a second-order slid-
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ing mode control is chosen due to its superior robustness and reduced uncertainties in
comparison to the first-order SMC or PID, as shown in [10].

3.3. Reduced-Dimension Observer (RDO)

An inertial measurement unit (IMU) and onboard sensors are frequently employed to
measure quadrotors and their payload states. However, the use of a reduced-dimension
observers offers an economical and efficient methodology to estimate the payload motion.
The linear equation of motion is written in a state–space form representation [51] as the
following Equation (25):

.
x(t) = Ax(t) + Bu(t) y(t) = Cx(t) (25)

where
.
x(t) is the state vector, A and B are the linear dynamic and input matrices (of Ac

and Bc), u(t) is the control input and y(t) is the output state feedback. As the RDO aims
to estimate only the payload motion, the output matrix is then calculated by using the
following expression C = [In−m 0nxn−m]. Therefore, the state vector can be divided into
measurable and unmeasurable states by x(t) = {y(t) w(t)}T , as addressed in [51]. This
technique eliminates the redundancy of all state estimations (x(t)), since only the payload
states are needed. The system can be written with Equation (26):

.
y(t) = A11y(t) + A12w(t) + B1u(t)w(t) = A21y(t) + A22w(t) + B2u(t) (26)

where the matrices A11, A12, A21 A22, B1 and B2 are found in Appendix B. The observer
can be defined with Equation (27), as shown in [52]:

.̂
w(t) = (A22 − LA12)w(t) + A21y(t) + B2u(t) + L(y(t)−A11y(t))− LB1u(t) (27)

The observer law can also be written with Equation (28), by using the relationship
z(t) = ŵ(t)− Ly(t), as addressed in [53]. The RDO equation is, thus, defined as:

.
z(t) = (A22 − LA12)z(t) + (A22 − LA12)Ly(t) + (A21 − LA11)y(t) + (B2 − LB1)u(t) (28)

The linear quadratic regulator (LQR) technique is chosen to calculate the RDO gain
vector (L).

4. Results and Discussion

The physical parameters of the mathematical model (quadrotor with an attached
payload) used for numerical simulations are presented in Table 1. Table 2 lists the controller
gains computed for the sliding mode control (SMC) design. The initial altitude and attitude
states of the quadrotor and its payload were designed to have small displacements.

Table 1. Physical parameters of the quadrotor.

Parameter Value Unit

m 2.2 kg

lb 0.20 m

g 9.81 m/s2

Ix 0.0167 kg m2

Iy 0.167 kg m2

Iz 0.0231 kg m2
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Table 2. Controller parameters.

Parameter Value Parameter Value

εx, εy, εz 2.2, 1.8, 1.8 εφ, εθ , εψ 1.5, 1.1, 1.1

λx, λy, λz 3.0, 3.2, 3.2 λφ, λθ , λψ 1.5, 1.5, 1.5

ηx, ηy, ηz 0.4, 0.4, 0.4 ηφ, ηθ , ηψ 0.04, 0.04, 0.04

The mathematical model for a suspended payload carried by a quadrotor is frequently
assumed to have a rigid attachment, as widely addressed in the literature [25,27,54,55]. The
elastic attachment assumption brings some important advantages to the system, such as
the attenuation of impulsive forces on the payload. On the other hand, the relative displace-
ment between the quadrotor and its payload can produce undesired oscillations, which
compromise the cargo integrity and controller performance. In medical transportation by
quadrotors, different amplitudes and intensities of vibration are generated, impacting on
the medicine quality (since some pharmaceutical goods and organ tissues can deteriorate
for specific oscillation frequencies).

The flexibility has been frequently studied in crane dynamics [56,57]; however, it is
a very recent topic in UAV applications [58]. In addition, the motion produced by these
relative trajectories leads to a decrease in controller performance, requiring high gains,
adaptive controllers or the use of additional techniques to suppress residual oscillations.
The combination of the swing load and elastic attachment is, therefore, evaluated to verify
the characteristics during two proposed flight trajectories.

4.1. First Trajectory Configuration (Rectangular)

The rectangular flight trajectory is composed of take-off and cruise phases along the x
and y directions. Figure 4 depicts the three-dimensional quadrotor and payload trajectories.
For the mathematical modeling, the distance between the payload and quadrotor is defined
by lb = 0.2.
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As seen in Figure 4, there is no presence of external disturbance in the trajectory.
Especially at the beginning of the flight, higher oscillation peaks are verified due to the
rapid changes in acceleration and controller characteristics (as seen in Figure A2, which
represents the sliding surface behavior). During the cruise phase, the SMC better attenuates
the residual vibration due to its great robustness in dealing with boundary uncertainties.

4.1.1. Elastic Attachment Influence

Initially, a comparison between the dynamics of the elastic and rigid attachments is
investigated. The take-off is analyzed since it generally comprises the fastest change in
altitude (in comparison to other phases). In [59], both the take-off and landing phases
demonstrated significant vibration intensities in the payload compartment. Additionally,
the take-off exhibited a larger period of vibration and higher amplitudes in comparison
to the landing phase. Figure 5 shows the vertical displacement comparison between the
elastic and rigid attachments on the quadrotor. Likewise, the control input (U1), responsible
for lifting the quadrotor, suffers the same influence, while Figure 6 shows the control input
U1 for the elastic and rigid attachments.
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Figure 5. Vertical displacement of the quadrotor, showing the elastic (solid blue line) and rigid (solid
purple line) attachments.

For simplicity, the elastic influence is shown only in the vertical direction; however,
it also extends to the horizontal positions and the attitude angles. Figure 7 shows the roll
angles, considering both the elastic and rigid attachment configurations. The undesired
oscillation is presented along the trajectory, especially during maneuvers, along with its
changes in direction.
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As can be seen in Figure 7, an undesired oscillation is shown along the attitude state
variable (φ), especially related to the take-off (t < 10) and lateral motion (25 < t < 35). In
addition, the amplitude of the swing angles (using elastic attachment) is more than two
times higher in comparison to the rigid attachment (as seen in Figure 8). The excessive
vibration and lateral motion of the payload alter the quadrotor dynamics and impact on
the controller performance. Therefore, the effects of an elastic attachment on the system
dynamics must be evaluated to establish the cargo feasibility. The characteristics of the
swing load dynamics are depicted in Figure 8 for both attachment configurations.
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4.1.2. Vibration Characteristics

The vibration characteristics are also assessed. These vibrations are calculated using
the difference between the quadrotor and its payload trajectories, as represented by (ip − i).
In addition, an external disturbance is applied to the quadrotor during a specific interval of
time (limited by the dashed red lines) to simulate the outdoor environment. Both the elastic
dynamics and swing dynamics change in the presence of external disturbances, since they
are directly impacted. Figure 9 shows the relative displacement between the quadrotor and
its payload along the x, y and z axes.
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Next, the root mean square (RMS) technique is used to verify the level of vibration dur-
ing the quadrotor flight. The RMS of the relative displacement under external disturbances
is approximately 10 times higher than in the absence of this perturbation. For instance, in x
direction, the presence gives a value of 0.0037, while the absence gives a value of 0.0003023.
Figure 10 shows the influence of the Dryden disturbance based on the wind velocity. The
index ωwd represents the normalized wind velocity, while zd is the RMS of the quadrotor
path under external disturbances (from 25 to 45 s).

Based on Figure 10, according to the wind velocity, the payload can suffer higher
oscillation amplitudes (in comparison to an indoor flight). It is worth noting that the range
of wind velocity used is 0.5 to 3 m/s. Finally, in the presence of severe wind intensity,
the controller performance is decreased, and this superior vibration can impact on the
transported load integrity.

The RMS is also used to analyze the influence of the attached payload on the quadrotor
trajectory performance. Figure 11 shows the relationship between the mass ratio and the
RMS of the quadrotor oscillation during the take-off phase. It can be observed that zRMS
represents the ZRms divided by the natural frequency of the system (as calculated in [60]),
while pm is the ratio between the payload (mp) and the quadrotor (m) masses.
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As demonstrated in [14], the quadrotor often presents higher vibration intensity levels
than those of traditional road transportation methods. Each product is affected by a
different vibration intensity, and an understanding of this relationship will increase the
successfully implementation of commercial quadrotors in the medical field. Therefore,
depending on the proposed trajectory, attachment configuration and payload weight, there
are several implications for the integrity of the medical goods.

Finally, to evaluate the attachment influence, the energy levels in the take-off (t < 10 s)
and cruise phases were calculated. The payload weight was fixed in 20% of the quadrotor
mass, while the stiffness ranged from 0.25kp to 2kp (axis y). Then, the stiffness was fixed in
kp and the payload ranged from 0.25mp to 2mp (axis x). The reference parameters of mp
and kp were 0.44 kg and 361.88 N/m, respectively. Figure 12 shows the normalized energy
of each flight phase, by changing the payload weight (mp) and attachment value (kp).
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As seen in Figure 12 both the payload weight and stiffness coefficients impact on the
unwanted oscillation trajectory. Lower stiffness values increase the undesired vibration
(
∣∣∣Ekp

∣∣∣ closer to 1) and lead to higher payload weight values (
∣∣∣Emp

∣∣∣ closer to 1). Accord-
ing to the RMS analysis, the range between mp to 1.5mp and kp to 1.5kp exhibits great
performance in terms of energy. In addition, Section 4.2 presents a new flight config-
uration (circular trajectory) that is used to assess the vibration characteristics (between
rigid and elastic attachments), as well as the main differences with respect to the first
trajectory configuration.

4.2. Second Trajectory Configuration (Circular)

In this sub-section, a circular trajectory is used to assess the vibration characteristics
in comparison to the first configuration (rectangular). It is worth mentioning that the
lateral displacement amplifies the unwanted vibration and swing oscillations, since they
are dependent on each other. Figure 13 depicts the circular trajectory of the quadrotor and
its payload.
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Figure 13. Circular trajectory, showing the trajectories of the quadrotor (solid blue line) and its
payload (dashed black line).

The attitude states (from the quadrotor and its payload) are compared to assess the
differences between the rigid and elastic attachments. Figure 14 shows the undesired
oscillation amplification for the elastic attachment.
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Figure 14. Attitude state variables of the quadrotor (φ) and its payload (φp) for the (a) elastic
attachment (solid blue line) and (b) rigid attachment (solid purple line).
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The circular trajectory (Figure 13) exhibits significant increases in swing and elastic
influence in comparison to the rectangular flight (as can be seen in Figures 7 and 8).

In the first trajectory, the quadrotor mostly follows a cruise path, without changing the
direction frequently; however, for the circular trajectory, the payload moves and vibrates
more laterally due to the trajectory profile. Since the lateral component presents the most
significant increase, Figure 15 shows the relative displacements along x and y directions.
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Thus, a smooth trajectory (i.e., slower changes in attitude or altitude) reduces the
undesired relative trajectory and its swing load influence. Table 3 exhibits the ratio values
for relative displacements between circular and rectangular trajectories (RT) along the x
direction. The mass ratio é is also calculated using the following relationship (pm = mp/m),
while the stiffness is changed proportionally to maintain the natural frequency of the
payload at 5 Hz.

Table 3. RMS percentagex of relative displacement, using both trajectory configurations (rectangular
and circular).

pm RT

0.05 2.85

0.10 2.90

0.15 3.85

0.20 4.70

0.25 5.10

0.30 6.35
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As seen in Table 3, the RMS values of the circular trajectory are higher than those of
the rectangular trajectory. The payload weight also impacts on the undesired oscillation
in the circular trajectory, showing values 2.85 to 6.35 times higher than those of the rect-
angular trajectory. For instance, the RMS in the x direction (at pm = 0.2) for the circular
trajectory is 0.0094, while for the rectangular trajectory is 0.0020. Therefore, the combina-
tion of the payload, trajectory, elastic attachment and maneuvers directly impacts on the
vibration characteristics.

The controller robustness is another parameter that influences the undesired vibrations
of the system. Thus, the presence or absence of a chosen function (

.
si = −εisat(si)− ηisi)

in the controller design is used to assess the vibration characteristics. Note that this
function is chosen to improve the robustness of the control algorithm and to reduce un-
certainties. Figure 16 depicts the influence of stronger reductions in uncertainties in the
controller design.
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As can be seen in Figure 16, the amplitudes of the relative trajectory are significantly
decreased in the presence of the chosen function. This robustness improvement allows
the quadrotor to smoothly follow the desired path, with the payload presenting lower
undesired oscillations. Other aspects such as controller gains, time stabilization (to converge
to the desired path), overshoot and errors have high levels of influence on the vibration
behavior. Additional comparisons between SMC and PID can be found in [10].
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4.3. Reduced-Dimension Observer (RDO)

The reduced-dimension observer is utilized as an advantageous technique to es-
timate the payload trajectories, since it significantly reduces the overall price of the
quadrotors (decreasing the need of additional sensors). The linear quadratic regulator
(LQR) is used to calculate the controller gain vector L, as represented by the following
matrix L = [ [L1 L2]

T 010x7], where L1 = diag(0.4903, 0.4903, 0.4903, 0.0031, 0.0031)
and L2 = diag(0.0212, 0.0212, 0.0212, 0.0011, 0.0011). Figure 17 shows the lateral
displacement of the payload using the reduced-dimension observer. The RDO esti-
mated the first configuration trajectory; however, it can easily be extended for different
flight configurations.
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As can be seen in Figure 17, the proposed RDO controller accurately estimates the
lateral payload trajectory, including the characteristics of the external disturbance. The
presence of external disturbances leads to trajectory deviation and consequently decreases
the quadrotor and its payload stability. Figure 18 depicts an estimation of the payload’s
vertical trajectory.

In outdoor flights, the quadrotor is subjected to different wind intensities, which can
substantially increase the amplitude of vibration. Several controller strategies have been
proposed for disturbance attenuation; however, they have mostly been designed using
boundary disturbances. The use of observers allows on to estimate the payload trajectory
and then to obtain the disturbance characteristics. Thus, the external disturbance profile is
estimated using the difference between the desired and estimated trajectories. Figure 19
shows a comparison between the current and estimated profiles of the external disturbance.
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In this sense, the external disturbance estimation can be further used to calculate the
Dryden force, then applied to the controller design to attenuate the undesired vibration.

5. Conclusions

This work describes the dynamics of an unmanned aerial vehicle with 11 de-
grees of freedom according to the Newton–Euler formulation. The equation of mo-
tion considers both the quadrotor and payload dynamics, as well as a combination
of elastic and swing load attachments. The proposed dynamics are used to evalu-
ate the payload vibration characteristics in different scenarios and under external dis-
turbances. The effects of rigid and elastic attachments, wind velocity and payload
weight on the quadrotor’s flight performance were investigated. In the medical field,
some pharmaceutical goods and organs are susceptible to specific frequencies of vi-
bration, meaning an initial evaluation must be performed to verify the feasibility of
commercial quadrotors.

Since the addition of the payload adds uncertainties to the system, an adaptive sliding
mode control (ASMC) was proposed to compensate for the payload dynamics and controller
design. A correcting-factor was calculated based on the sliding surface and quadrotor alti-
tude control law, without the previous knowledge of payload nominal value. In addition,
to spread the use of low-cost quadrotors in medical sectors, a reduced-dimension observer
of the proposed 11-dof quadrotor was developed to estimate the payload trajectory and
external disturbances characteristics. In addition to the advantage of accurately estimat-
ing the payload trajectory, the RDO decreases the need for sensors and the overall cost
of quadrotors.

The elasticity of an attachment is well known for decreasing the impulsive forces
on the payload; however, this can enhance the relative trajectory between the quadrotor
and its payload. Two trajectory configurations are used to analyze the payload vibration
characteristics. In a circular trajectory, the swing load and its flexible dynamics signifi-
cantly increase the undesired vibrations, thereby decreasing the system stability and its
controller performance.

The root mean square (RMS) method is another technique used to evaluate the vi-
bration characteristics. The RMS of the lateral displacement for the circular trajectory is
approximately 5 times higher in comparison to that of the rectangular trajectory. In addition
to the payload, the quadrotor trajectory is also impacted according to the wind intensity,
with increases of up to 10%. In addition, according to the payload weight and attachment
stiffness, different oscillation intensities can be generated.

The recommendations for future work include the inclusion of the estimated ex-
ternal disturbance in the controller design. This analysis can be compared to the tra-
ditional references of the SMC, emphasizing the differences in vibration suppression
responses and flight performance. In addition, the optimization of the controller by
assessing the effects of its sub-parameters might lead to a significant reduction in the
undesired vibration.
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UAV Unmanned Aerial Vehicle
GPS Global Positioning System
SMC Sliding Mode Control
GESO Generalized Extended State Observer
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IMU Inertial Measurement Unit
DO Disturbance Observer
ESO Extended State Observer
PID Proportional Integral and Derivative
RMS Root Mean Square
LQR Linear Quadratic Regulator

Appendix A. Load-Correcting Factor

As represented in Equation (22), the factor is calculated to compensate for the controller
performance due to the extra mass added to the quadrotor. Figure A1 shows the estimation
of the payload factor during the flight.
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The nominal attached mass corresponds to 20% of the quadrotor weight. It is clear
that the factor assumes its real value just a few seconds after the beginning of the flight. The
sliding mode control works in two steps: firstly, it guides the convergence to the sliding
surface, then maintains the analyzed variable on its surface. Thus, the load-correcting
factor reaches its real value when the variables are sliding on the surface, as seen in
Figures A1 and A2 (after approximately 7 s). Figure A2 depicts the sliding surface in the
vertical direction.
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Therefore, not only is the controller altitude compensated by the coefficient αp, but the
load-correcting factor is also included in the dynamic matrices, since the payload moments
of inertia are defined by Ip

i = Ii αp, as described in Section 2.

Appendix B. Reduced-Dimension Observer Matrices

The matrices used to design the reduced-dimension observer are defined as follows:

A11 =

[
06×6 A11a
I6×6 06×6

]
A12 =

[
06×5 A12a
06×5 06×5

]
A21 =

[
05×6 A21a
05×6 05×6

]
A22 =

[
05×5 A22a
I5×5 05×5

] (A1)

where A11a, A12a, A21a and A22a are expressed as:

A11a =

[
A11b A11c
03×3 03×3

]
A11c =

 0 gm/
(
m−mp

)
0

−gm/
(
m−mp

)
0 0

0 0 0

 (A2)
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and A11b = diag
(
−kp/

(
m−mp

)
− kp/

(
m−mp

)
− kp/m

)
. The term A12a is defined

as follows:

A12a =

[
−A11b A12c
03×3 03×2

]
A11c =

 0 gm/
(
m−mp

)
−gm/

(
m−mp

)
0

0 0

 (A3)

In addition, A21a and A22a are represented as:

A21a =

[
A21b 03×3
A21d A21e

]
A22a =

[
−A21b 02×2
−A21d A22e

]
(A4)

where A21b = diag
(
kp/m kp/m kp/m

)
and A22e = diag(δA δ A), such that δA = −gm/lb

(m−mp). The terms A21d and A21e are defined in Equation (A5):

A21d =

 0 − kp

lb(m−mp)
0

− kp

lb(m−mp)
0 0

 A21e =

[
δA 0 0
0 −δA 0

]
(A5)

The linear control torque input matrices are expressed by:

B1 =


01×2 1/m 0 0 0 01×6
01×2 0 1/Ix 0 0 01×6
01×2 0 0 1/Iy 0 01×6
01×2 0 0 0 1/Iz 01×6

, B2 = 010×4 (A6)
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