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Abstract: In this study, we investigated, for the first time, the effects of the spatially varying effective
mass, asymmetry parameter, and well width on the electronic and optical properties of a quantum
well which has an improved Rosen–Morse potential. Calculations were made within the framework
of the effective mass and parabolic band approximations. We have used the diagonalization method
by choosing a wave function based on the trigonometric orthonormal functions to find eigenvalues
and eigenfunctions of the electron confined within the improved Rosen–Morse potential. Our results
show that the position dependence mass, asymmetry, and confinement parameters cause significant
changes in the electronic and optical properties of the structure we focus on since these effects create
a significant increase in electron energies and a blue shift in the absorption spectrum. The increase in
energy levels enables the development of optoelectronic devices that can operate at wider wavelengths
and absorb higher-energy photons. Through an appropriate choice of parameters, the Rosen–Morse
potential offers, among many advantages, the possibility of simulating heterostructures close to
surfaces exposed to air or vacuum, thus giving the possibility of substantially enriching the allowed
optical transitions given the breaking of the system´s symmetries. Similarly, the one-dimensional
Rosen–Morse potential model proposed here can be extended to one- and zero-dimensional structures
such as core/shell quantum well wires and quantum dots. This offers potential advancements in
fields such as optical communication, imaging technology, and solar cells.

Keywords: improved Rosen–Morse potential; quantum well; position-dependent effective mas

1. Introduction

Constructing a universal empirical potential energy function for diatomic and/or
polyatomic molecules holds significant importance. The fitting quality between the function
and experimental data improves with an increased number of parameters in the analytical
potential energy function. To illustrate, Morse proposed the first simple empirical analytical
potential function in 1929 [1], which found utility in studying transition frequencies and
intensities in diatomic and polyatomic molecules [2]. Several potential-energy functions,
namely the Manning–Rosen, Schiöberg, Tietz, and Rosen–Morse potential functions, have
been derived for diatomic molecules by explicitly incorporating the dissociation energy
and equilibrium bond length as parameters [3–5].

The improved Rosen–Morse potential (IRMP) or exponential Rosen–Morse potential
has more independent fitting parameters for experimental data than the trigonometric
Rosen–Morse potential. Quantum well potentials are often used in combination with other
materials to create heterostructures. By stacking different layers of materials with varying
bandgaps and compositions, researchers can create quantum wells with different geometries.
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These heterostructures can provide additional degrees of freedom to control the electronic
properties, enabling the design of advanced devices like high-electron-mobility transistors
(HEMTs) [6,7] and quantum cascade lasers. The significance of quantum well potentials
with different geometries lies in their ability to manipulate electron energies, confinement
effects, quantum tunneling, optical properties, and the creation of complex heterostructures.

By tailoring the geometry, researchers can engineer the desired electronic and optical
characteristics for various applications in semiconductor devices and quantum technolo-
gies. Low-dimensional semiconductor heterostructures in which position-dependent mass
(PDM) or spatially variable mass effects are taken into account are of interest to researchers
because of their importance in many branches of physics, especially in the study of elec-
tronic and optical properties of semiconductors [8–15]. The IRMP, or eRMP, serves as a
reliable model for describing the interaction between particles in various physical systems.
By including more appropriate parameters, it provides a more flexible framework than
trigonometric RM potential to accurately represent experimental data.

This study capitalizes on these advantages to explore the behavior of electrons in a
quantum well, where the effective mass varies spatially. As known, understanding the
electronic properties of confined electrons is crucial for developing advanced electronic
devices and optoelectronic applications. Although there are a limited number of studies
on the optical properties of quantum wells and quantum dots with trigonometric RM
potential under external fields and without PDM [16–18], we have not found any studies
on the optical properties of quantum well (QW) with IRMP. Therefore, in this study, which
had never been studied except for the calculation of rotational-vibration energies of some
diatomic molecules, we investigated, for the first time, the electronic and optical properties
of an electron with spatially varying effective mass, confined in a QW which has IRMP.

This work is arranged as follows: the theoretical framework is presented in Section 2,
the results and discussion are outlined in Section 3, and the conclusions are given in
Section 4.

2. Theoretical Framework

In the effective mass approximation, the Hamiltonian for the electron is given by

H = − h̄2

2
~∇ ·
(

1
m(z)

~∇
)
+ V(z) , (1)

where m(z) is the position-dependent electron effective mass along the heterostructure
growth direction, and it is as defined below:

m(z) = m∗sech2
(πz

d

)
, (2)

where the d-parameter describes the effective length of position dependence mass (PDM)
distribution and m∗ = 0.067m0 is the effective mass at z = 0 (m0 is the free electron mass).
At sufficiently large d-values, the variable mass approaches the value of the electron mass
in the bulk material of interest, and the uniform behavior, stability, and spatial extension of
the effective mass also increase. V(z) is the IRMQW potential, and its functional form is
given as follows [19]

V(z) = V0

(
1− ez0/k + 1

ez/k + 1

)2

, (3)

where V0 is the depth of the quantum well and the k-parameter is related to the well width.
As seen in Figure 1, as z0 increases, the minimum point of the potential shifts and barrier
height on the right side slowly decreases, while the left side becomes sharper and rises
to infinity. So, we defined z0 as an asymmetry parameter since it causes the IRMQW to
turn into an asymmetrical structure. It should also be noted that the IRMQW used in the
literature to obtain the molecular energy spectrum of diatomic molecules (see, for instance,
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Ref. [19] and the references therein) has been modified by us to investigate the electronic
and optical properties of an electron confined within this potential.
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Figure 1. For k = 15 nm and different z0-values, quantum well with the improved Rosen–Morse
confinement potential, and squared wave function corresponding to the ground state of the electron
localized in this well.

At this point, before continuing, we want to emphasize that the potential profiles
shown in Figure 1 can be obtained experimentally and without any difficulty given the
technological advances of recent years, considering an epitaxial growth of AlxGa1−xAs
where the aluminum concentration is varied in a controlled manner as the layers of semi-
conductor material are deposited. It starts from x = 0, which corresponds to the bottom of
the potential wells, and its value is increased in line with the value of the desired potential.
The structures with divergent potential on one of the faces correspond to an interface with
air or a vacuum. Among the advantages of the proposed model is that using non-abrupt
variations of the potential, the effects of interdiffusion in two-dimensional heterostructures
such as quantum wells can be simulated.

Regarding the effective mass distribution that we use in this investigation and that is
given by Equation (2), we have to state that the model is suitable to represent a solitonic
profile found in condensed matter and low-energy nuclear physics [20–23]. It is important
to highlight that among the reasons that have motivated us to choose this model of effective
mass that decreases with the absolute value of the z-coordinate and that presents the same
GaAs effective mass at point z = 0 are the following: (i) it is a model where the spatial
dependence of the effective mass adapts very well to the profile of the probability density
for the ground state, and (ii) it is an effective mass model that gives a very good account
of the presence of singularities in the confinement potential. Sari et al. have used a model
with Gaussian mass distribution in quantum wells and quantum dots with Gaussian-like
confinement potential [24,25]. It is well known that in a model of effective mass theory,
a direct connection can be established between the electron effective mass and the gap
energy of the respective semiconductor. For example, in AlxGa1−xAs, the energy gap, in
turn, has a direct dependence on the aluminum concentration. Then, another functional
distribution of effective mass along the structure growth direction is the one obtained by
connecting the spatial dependence of the effective mass with the spatial dependence of the
aluminum concentration and then this dependence, in turn, with the spatial dependence
of the confinement potential, which in turn is ultimately connected to the semiconductor
energy gap. Work in that direction has been reported in Ref. [26] for cylindrical quantum
dots with hyperbolic-type axial potential. Finally, we emphasize that achieving similar
outcomes could be possible through precise spatial control of both the confinement potential
and effective mass within other emerging opto-electronics materials. Remarkably, recent
advances in this field have opened up an entirely new spectrum of opportunities.
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Immediately after the energies and related wave functions are acquired, for transi-
tions between any two electronic states, the linear and non-linear absorption coefficients
are found by using perturbation expansion and density matrix methods. Using the rele-
vant approaches mentioned before, expressions of the linear, third-order nonlinear, and
total absorption coefficients (ACs) for the optical transitions are found, respectively, as
follows [27–30]:

β(1)(ω) =

√
µ0

εr

∣∣Mij
∣∣2σv h̄ωΓij

(Eij − h̄ω)2 + (h̄Γij)2 , (4)

β(3)(ω, I) = −2
√

µ0

εr

(
I

ε0nrc

) ∣∣Mij
∣∣4σv h̄ωΓij[

(Eij − h̄ω)2 + (h̄Γij)2
]2
(

1−
∣∣Mjj −Mii

∣∣2∣∣2Mij
∣∣2 (Eij − h̄ω)2 − (h̄Γij)

2 + 2 Eij(Eij − h̄ω)

E2
ij + (h̄Γij)2

)
, (5)

and
β(ω) = β(1)(ω) + β(3)(ω) , (6)

where εr = n2
r ε0 is the real part of the permittivity, σv is the carrier density in the system, µ0

is the vacuum permeability, Eij = Ej− Ei is the energy difference between two energy levels,
Mij =

∣∣〈ψi|ez|ψj
〉∣∣, (i, j = 1, 2) is the transition matrix element between the eigenstates

ψi and ψj for incident radiation polarized in the z-direction, Γij (=1/Tij) is the relaxation
rate, Tij is the relaxation time, c is the speed of light in free space, and I is the intensity
of an incident photon with an ω-angular frequency that leads to the intersubband optical
transitions. It should be noted that diagonal (non-diagonal) matrix elements are zero
(different zero) Mii = Mjj = 0, (Mij 6= 0) in the symmetric case for z0 = 0.

3. Results and Discussion

The parameter values in our numerical calculations are ε0 = 12.58, m∗ = 0.067m0 (where
m0 is the free electron mass), V0 = 228 meV, nr = 3.55, Tij = 0.4 ps, µ0 = 4π × 10−7 H m−1,
and σv = 3.0 × 1022 m−3. Two values of the incident radiation intensity are used:
I = 5.0× 108 W/m2 and I = 1.0× 108 W/m2. These parameters are suitable for GaAs/GaAlAs
heterostructures [8].

The changes in the shape of the IRM-type QW according to the z0-asymmetry parame-
ter as a function of the z-coordinate are given in Figure 1. When the z0-parameter is zero,
the structure has a symmetrical character; if z0 is nonzero, it becomes an asymmetrical
character; and the z0-parameter also has a dominant effect on geometric confinement.

The variations in the energies corresponding to the first three levels of a confined
electron within the IRMQW as a function of the z0-parameter in the absence and presence of
position dependence mass for the k = 15 nm and k = 25 nm values are given in Figure 2a,b.
In the absence and presence of PDM, energies are an increasing function of the z0-parameter.
As explained above, the energies increase since the increase in the z0-parameter causes
an increase in the geometric confinement. As seen in Equation (2), for small values of the
d-parameter, the PDM of the electron is lower than that of the constant mass (CM), i.e.,
(m(z) < m∗). So, the energy values of the electron become larger since the energy levels
are always inversely proportional to the electron’s effective mass. However, for larger
values of the d-parameter, the energy values of the electron also approach the CM results
since m(z) approaches the m∗-value. Furthermore, the electron that has E3-energy becomes
unbound at z0 ≥ 10 nm due to the increase in energies following the combined effects of
the PDM and z0-parameter. The increase in the k-width parameter weakens the geometric
confinement. Therefore, the energies decrease, and the electron with E3-energy becomes
bound in the well at the same z0 value for a large d.
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Figure 2. The variation in the energies corresponding to the first three energy levels of a confined
electron within the improved Rosen–Morse confinement potential as a function of the z0-parameter in
the absence and presence of position dependence mass k = 15 nm (a), and k = 25 nm (b). Solid lines
are for electrons with constant mass (CM), and dashed lines are for position dependence mass (PDM).

The variations in the energy differences between some energy levels of interest as
a function of the z0-parameter for the values of k = 15 nm and k = 25 nm are given in
Figure 3a,b. As a natural consequence of the increase in energies as a function of z0, the
energy differences between the two levels indicated at the inset of the figures also increase.

Figure 4a,b show the variation in total absorption coefficients for a transition that is
called the (1-2) between the ground and first excited states of an electron confined within the
quantum well with the improved Rosen–Morse confinement potential as a function of the
incident photon energy for different z0-values for k = 15 nm and k = 25 nm, respectively.

First of all, it should be noted that for z0 = 0, the IRMQW is symmetrical and the
(1-3) transition between the ground state and the second excited level is forbidden; other
than that for all z0-values, all transitions are allowed since the structure is asymmetrical.
Due to the delocalization of the electron with E3-energy by the spatially varying mass and
asymmetry effects, the (1-3) transition is not shown in the figures. The amplitude of the
absorption peak corresponding to this transition is already tiny due to the transition matrix
element. For k = 15 nm, the total absorption peak positions corresponding to the (1-2)
transition shift towards blue with increasing z0-values. The peak positions shift first to blue
with the effect of PDM and, for larger d-values, towards the peak positions corresponding
to the results of the CM case, that is, to red. For the CM case, the bleaching effect is observed
in absorption peaks due to the increasing importance of the nonlinear contribution; the
contribution of the nonlinear absorption coefficient decreases with increasing z0-value. The
negative values of the total AC depend entirely on the increasing values of the negative
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nonlinear term. As can be seen from Equations (4) and (5), the linear AC term (third-order
non-linear AC term) is proportional to M2

12, and it is independent of I-light intensity (M4
12

and also I-intensity). In this context, the non-linear term is larger than the linear term since
the diagonal matrix elements are zero (M11 = M22 = 0), and therefore, the total AC takes
negative values. Since the diagonal matrix elements are no longer zero and increase with
increasing z0-values, the nonlinear term takes on smaller negative values and the total AC
gradually takes positive values. In addition, by using lower light intensities or smaller well
widths, the negative contribution of nonlinear AC is reduced so that the total AC takes
positive values. In the case of PDM, the bleaching effect disappears, indicating that the
nonlinear optical coefficient is negligible compared with the linear one. For k = 25 nm, all
peaks shift to red with decreasing magnitudes, and the contribution of the nonlinear term
is more significant compared with the k = 15 nm.
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Figure 3. The variation in the energy differences between some energy levels of interest as a function
of the z0-parameter: k = 15 nm (a) and k = 25 nm (b).

Figure 5a,b have the same regulations as in Figure 4a,b, but the results given are for the
(2-3) transition. It should be noted that the incident photon intensity for all the transitions
in Figures 4 and 5 is I = 5.0× 108 W/m2. The bleaching effect is quite pronounced in
the total absorption peaks corresponding to the (2-3) transition since the nonlinear term
is greater than the linear term, and absorption peaks localize in lower photon energies
than the (1-2) transition. Furthermore, the total absorption peaks for the (2-3) transition
are not observed since the electron with the E3-energy is unbound within the IRMQW for
d = 30 nm.
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Figure 4. The variation in total absorption coefficients for a transition that is called the (1-2) transition
between the ground and first excited states of an electron confined within the quantum well with
the improved Rosen–Morse confinement potential as a function of the incident photon energy with
intensity I = 5.0× 108 W/m2 for different z0-values: k = 15 nm (a) and k = 25 nm (b).

As known, in linear absorption, the absorption properties of the material are inde-
pendent of the light intensity. When the nonlinear absorption coefficient, which depends
on the intensity of the incident light, is much larger than the linear absorption coefficient,
the material exhibits a significantly stronger light absorption at high intensities compared
with low intensities. This phenomenon is often observed in nonlinear optics. The ma-
terial may exhibit strong absorption or even saturation effects at higher light intensities,
leading to a higher light attenuation rate. This behavior can be exploited in applications
such as optical limiting, optical switching, and nonlinear imaging, where controlling the
intensity-dependent absorption is crucial. It is worth noting that the specific mechanisms
behind nonlinear absorption can vary depending on the material and the physical processes
involved. Common examples include two-photon absorption, multiphoton absorption,
and saturable absorption, each having a different dependence on the light intensity.
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Figure 5. The variation in total absorption coefficients for a transition that is called the (2-3) between
the first and second excited states of an electron confined within the quantum well with the improved
Rosen–Morse confinement potential as a function of the incident photon energy for different z0-values:
k = 15 nm (a) and k = 25 nm (b).

It is also well known that when the energy difference between any two states is suffi-
ciently small and the optical intensity which leads to the intersubband optical transitions is
sufficiently high, the bleaching effect is observed. It is already known that the bleaching
effect disappears using a smaller optic intensity than the one used here when the energy
difference between the two energy levels is small. To show this, we used a lower intensity
for the photon causing the intersubband transitions. Figure 6a,b have the same regulation
as in Figure 4a,b, but the results are for the photon intensity I = 1.0× 108 W/m2 and
include only the (1-2) transition. There is already no bleaching effect in the presence of
PDM. Still, as can be seen from the figures, when lower light intensity is used, the amplitude
of all total ACs increases as the contribution of the third-order nonlinear term is reduced.
Thus, the bleaching effect observed in ACs without PDM disappears.

As previously stated, the negative absorption coefficient obtained for some energies
of the incident resonate radiation can be controlled by considering lower intensities, as
seen when comparing the results in Figures 4 and 6. Using a form of the rotating wave
approximation for asymmetric quantum systems, Paspalakis et al. solved the relevant
density matrix equations under steady-state conditions and derived the formulae for
nonlinear optical absorption under the interaction with a strong probe field [31]. Among
the most relevant characteristics of their research is that regardless of the intensity of the
incident resonant radiation, they never observe the bleaching effect. In the case of low
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intensities, their results are the same as those obtained with the model that we present here
through Equations (4)–(6).
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Figure 6. The variation in total absorption coefficients for a transition that is called the (1-2) between
the ground and first excited states of an electron confined within the quantum well with the improved
Rosen–Morse confinement potential as a function of the incident photon energy with intensity
I = 1.0× 108 W/m2 for different z0-values: k = 15 nm (a) and k = 25 nm (b).

The physical foundations for the negative absorption phenomenon are rooted in quan-
tum mechanics and the behavior of electrons in confined systems. By carefully engineering
the energy levels, the carrier dynamics, and the relaxation mechanisms, researchers can
create conditions where population inversion can be achieved, leading to gain and negative
absorption. It is worth noting that while this phenomenon is fascinating and has potential
applications in optoelectronics, it also requires precise control and optimization of the
quantum well structure, carrier lifetimes, and other parameters. The actual realization of
negative absorption and gain in intersubband transitions can be quite complex and de-
pendent on the specific details of the system being studied. An excellent discussion about
the concept of negative absorption, or gain, was discussed by Eli Yablonovich in his work
titled Light emission in photonic crystal micro-cavities [32]. In that work, the author shows
that the transparency condition at which the gain occurs (negative absorption condition)
is when the internal chemical potential exceeds the photon energy. This is the famous
Bernard–Duraffoug condition and also applies well to dye molecules.

Finally, it is important to note that the present study is reported at low temperatures,
T = 4 K. In this sense, in the absence of the resonant radiation that excites the intersubband
transitions, only the band corresponding to the ground state is occupied. The other sub-
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bands, associated with states 2 and 3, are unoccupied. Considering that we have assumed
a fixed electron density (see the first paragraph in Section 3), the difference in occupancies
between the ground state and the first excited state corresponds to the value presented
there. The density difference between the first and second excited states, corresponding
to the (2-3) transition, would be zero. At a finite temperature, close, for example, to room
temperature, occupation appears in the first excited subband, which implies a reduction
in the corresponding density for the ground subband. This benefits the (2-3) transition
since the difference in densities acquires a finite value, to the detriment of the difference
in densities between the ground subband and the first excited one, which disfavors the
intensity of the optical absorption coefficient for the (1-2) transition. Under these consider-
ations, only Figures 4 and 6 are adjusted to finite absorption coefficient values, and their
intensities reported here correspond to the chosen carrier density. Figure 5 should then
have, at low temperatures, a zero absorption coefficient given the zero character of the
difference in densities between the subbands involved. The results of Figure 5 allow us
to show the position of the resonant structures and their red or blue shifts depending on
external factors. This figure also allows us to establish relationships between the absorption
coefficients for the (2-3) transition under different external factors.

4. Conclusions

In this work, the position-dependent effective mass, structure, and asymmetry param-
eter effects on the electronic and optical properties of an electron confined in symmetric
and asymmetric quantum wells that have improved or exponential Rosen–Morse potential
are investigated for the first time. The position-dependent effective mass, asymmetry, and
confinement parameters significantly increase electron energies, energy differences between
the confined electron states, and the blue shift in the absorption spectrum. These results
enable the development of optoelectronic devices that can operate at wider wavelengths
and absorb higher-energy photons. In the presence of the position-dependent mass, the
bleaching effect disappears, which is observed in the case of constant mass. This behavior
can be exploited in applications such as optical limiting, optical switching, and nonlinear
imaging, where controlling the intensity-dependent absorption is crucial.

It is important to highlight that in this article, we have presented two issues that
may generate controversy: (i) the use of an effective mass that decreases with the distance
to the zero of coordinates and that is contrary to what has traditionally been considered
in the literature for an effective mass that adapts to the gap of the semiconductor, and
(ii) the appearance of negative absorption for high intensities of the incident radiation; this
phenomenon contradicts the well-known principle according to which it is impossible to
implement population investment in a two-level system. It is important to highlight that a
pulsed laser system can achieve population inversion considering only two energy levels.
A study expanding these considerations is in progress and will be published elsewhere.
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