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Abstract: A wide class of materials with different crystal and electronic structures including quasi-
2D unconventional superconductors, such as cuprates, nickelates, ferropnictides/chalcogenides,
ruthenate Sr2RuO4, and 3D systems, such as manganites RMnO3, ferrates (CaSr)FeO3, nickelates
RNiO3, silver oxide AgO, are based on Jahn–Teller 3d and 4d ions. These unusual materials, called
Jahn–Teller (JT) magnets, are characterized by an extremely rich variety of phase states, spanning
from non-magnetic and magnetic insulators to unusual metallic and superconducting states. The
unconventional properties of JT magnets can be attributed to the instability of their highly symmetric
Jahn–Teller “progenitors” with the ground orbital E-state with repect to charge transfer, anti-Jahn–
Teller d-d disproportionation, and the formation of a system of effective local composite spin–singlet
or spin–triplet, electronic, or hole S-type bosons moving in a non-magnetic or magnetic lattice. We
consider specific features of the anti-JT-disproportionation reaction, properties of the electron–hole
dimers, possible phase states and effective Hamiltonians for single- and two-band JT magnets,
concluding with a short overview of physical properties for actual JT magnets.

Keywords: Jahn–Teller magnets; anti-JT disproportionation; spin–singlet and spin–triplet composite
bosons; phase states

1. Introduction

We refer to compounds based on Jahn–Teller 3d- and 4d-ions [1–4] with configurations
of the tn1

2gen2
g type in a highly symmetrical octahedral, cubic, or tetrahedral environment, and

with a ground state orbital E-doublet, as Jahn–Teller (JT) magnets. These are compounds
based on tetra complexes with the configuration d1 (Ti3+, V4+), low-spin (LS) configuration
d3 (V2+, Cr3+, Mn4+), and high-spin (HS) configuration d6 (Fe2+, Co3+); they also include
octa complexes with HS configuration d4 (Cr2+, Mn3+, Fe4+, Ru4+), low-spin configuration
d7 (Co2+, Ni3+, Pd3+), as well as octa complexes with configuration d9 (Cu2+, Ni1+, and
Ag2+) (see Table 1). The term “Jahn–Teller magnets”, referring to compounds that contain
Jahn–Teller ions, was introduced more than 40 years ago in a well-known article by Rus-
sian scientists Kugel and Khomskii (Uspekhi fizicheskih nauk, 136, 621 (1982), in Russian),
although in the translated version (see Ref. [2]) the term “Jahn-Teller magnetic materials”
was used with a focus on 3d magnetic insulators with a cooperative Jahn–Teller effect.
However, the class of JT magnets extends much further than the materials considered by
Kugel and Khomskii [2]. It includes a large number of promising materials that are at the
forefront of modern condensed matter physics, including manganites RMnO3, ferrates
(Ca,Sr)FeO3, ruthenates RuO2, (Ca,Sr)RuO3, (Ca,Sr)2RuO4, a wide range of ferropnic-
tides (FePn) and ferrochalcogenides (FeCh), 3D nickelates RNiO3, 3D-cuprates KCuF3, 2D
cuprates (La2CuO4, . . . ) and nickelates RNiO2, and silver-based compounds (AgO, AgF2)
(see Table 1). Among these materials, it is necessary to highlight JT magnets experiencing
charge transfer, particularly disproportionation, as they exhibit a rich spectrum of unique
properties, ranging from varied types of magnetic and charge ordering to metal–insulator
transitions and superconductivity. Interestingly, the selection of cuprates as potential super-
conducting materials and the discovery of high-temperature superconductivity (HTSC) [5]
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were influenced by the outstanding Jahn–Teller character of Cu2+ ions [1]. Attempts to
explain the HTSC of cuprates led to the development and dissemination of ideas about
the disproportionation. Many authors considered disproportionation as a mechanism
(“negative-U” model) leading to the “glueless” superconductivity of a system of local elec-
tron pairs, or composite bosons (see, e.g., Refs. [6–23]). The concept of superconductivity,
understood as a Bose–Einstein condensation (BEC) of local composite bosons (two electrons
bound in real space), was introduced by Ogg Jr. in 1946 [24] and developed by Schafroth
in 1954–55 [25]. However, due to the triumph of the BCS (Bardeen–Cooper–Schrieffer)
theory, the notions of local composite bosons and preformed pairs were practically for-
gotten for many years. The discovery of HTSC cuprates in 1986 revived interest in the
idea of local pairing [26], especially since this idea has been supported by K. A. Mueller,
the discoverer of HTSC [27]. Currently, there is convincing experimental evidence that the
local pairing of carriers takes place well above Tc, at least in underdoped cuprates [28].
At the same time, to date, the HTSC theory has been dominated by approaches based on
the BCS paradigm, i.e., on the representations of the BCS model theory applicable to the
description of typical low-temperature superconductors. This is largely due to the fact that
an appealingly straightforward picture of preformed pairs and BEC superconductivity in
cuprates seemingly came to be at odds with several experimental observations, indicative
of typical Fermi liquid behavior; notably, with indications of a well-defined Fermi surface
(FS) in, at least, overdoped cuprates, the thermal and electrical conductivity were found to
follow the standard Wiedemann–Franz law. Quantum oscillations have been observed as
well in various cuprates [29].

Table 1. 3dn and 4dn JT magnets. See the text for references and details.

JT Configuration
JT Ions Symm. LS/HS Local

Boson Lattice Representative
Compounds

3d1(e1
g):2E

Ti3+, V4+, Cr5+ tetra - e2
g:3 A2g
s = 1

A1g
S = 0

β-Sr2VO4
(Sr,Ba)3Cr2O8

3d3(e3
g):2E

V2+, Cr3+, Mn4+ tetra LS e2
g:3 A2g
s = 1

A1g
S = 0 Ba2VGe2O7 (?)

3d4(t3
2ge1

g):5E

Cr2+, Mn3+, Fe4+ octa HS e2
g:3 A2g
s = 1

A2g
S = 3/2

CrO, CrF2
Sr2FeO4

(Ca,Sr,Ba)FeO3
(Ca,Sr,Ba)3Fe2O7

RMnO3, LaMn7O12

4d4(t3
2ge1

g):5E

Ru4+ octa HS e2
g:3 A2g
s = 1

A2g
S = 3/2

(Ca,Sr)2RuO4
(Ca,Sr)RuO3, RuO2

(Ca,Sr)3Ru2O7

3d6(e3
gt3

2g):5E

Fe2+, Co3+ tetra HS e2
g:3 A2g
s = 1

A2g
S = 3/2 FePn, FeCh, Na5CoO4

3d7(t6
2ge1

g):2E

Co2+, Ni3+
octa LS e2

g:3 A2g
s = 1

A1g
S = 0

RNiO3
(Li,Na,Ag)NiO2

3d9(t6
2ge3

g):2E

Cu2+, Ni+
octa - e2

g:3 A2g
s = 1

A1g
S = 0 CuF2, KCuF3, K2CuF4

4d9(t6
2ge3

g):2E

Pd+, Ag2+ octa - e2
g:3 A2g
s = 1

A1g
S = 0 AgO (Ag1+Ag3+O2)

3d9(t6
2ge3

g):2B1g

Cu2+, Ni+
octa∗square - b2

1g:1 A1g
s = 0

A1g
S = 0

HTSC cuprates
RNiO2, CuO

4d9(t6
2ge3

g):2B1g

Pd+, Ag2+ octa∗square - b2
1g:1 A1g
s = 0

A1g
S = 0

AgF2, KAgF3
Cs2AgF4, LaPdO2 (?)
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However, this contradictory behavior can be easily explained if we take into account
the possibility of separating the superconducting BEC phase and the normal Fermi liquid
phase. Indeed, recently, Pelc et al. [30] introduced a phenomenological model of “local
phase separation”, in which two electronic subsystems coexist within the unit cell: itinerant
and localized holes. In this model, the p holes introduced via doping are always itinerant,
while the pairing is associated with the localized holes. In fact, they argue that the Fermi
liquid subsystem in cuprates is responsible for the normal state with angle-resolved pho-
toemission spectra (ARPES), magnetic quantum oscillations, and Fermi arcs, but not for
the unconventional superconducting state. In other words, cuprate superconductivity is not
related to the doped hole pairing, the carriers that exhibit the Fermi liquid behavior are not
the ones that give rise to superconductivity. However, the authors could not elucidate the
nature of local pairing to be a central point of the cuprate puzzle.

The disproportionation scenario, which is especially popular in the “chemical” com-
munity (“chemical” way to superconductivity), has been addressed earlier by many au-
thors; however, it was not properly developed theoretically. Perhaps that is why it has not
yet been a worthy competitor to the traditional BCS approach.

Previously, we proposed a mechanism for “anti-Jahn-Teller disproportionation” in 3d
JT magnets [31], which, by analogy with other anti-JT effects [32–34], leads to the removal
of orbital degeneracy in JT magnets. As a result, we arrived at the formation of a system of
electron and hole centers with orbitally nondegenerate ground states, equivalent to a system
of effective local composite spin–triplet bosons moving in a magnetic or nonmagnetic lattice.
This mechanism indicated an unconventional bosonic spin–triplet superconductivity in
3d JT magnets, particularly in ferropnictides and ferrochalcogenides, which was predicted
back in 2008 [35]. In the past years, new results have been obtained in the study of JT
magnets based on both 3d and 4d ions, as well as new arguments both for and against
spin–triplet superconductivity.

In this paper, we expand a model of “anti-Jahn-Teller” disproportionation to en-
compass a wider class of Jahn–Teller magnets, including 4d magnets (ruthenates, silver
compounds), and 2D nickelates RNiO2, showing that they can all be described within a
single scenario. In Section 2, we present a more detailed description of the anti-JT dis-
proportionation for JT magnets and the formation of effective local composite bosons.
In Sections 3 and 4, we consider electron–hole (EH) dimers as specific “disproportionation
quanta”, delving into their electron and spin structures. Section 5 provides a brief overview
of the possible phase states for JT magnets. Sections 6 and 7 present the effective Hamilto-
nians of single- and two-band JT magnets, providing a brief overview of the properties of
real JT magnets. A brief summary is presented in Section 8.

2. Anti-Jahn–Teller Disproportionation

For each JT magnet, one can introduce an imaginary “parent” highly symmetrical
phase, or “progenitor”, with a highly symmetrical octahedral, tetrahedral, or cubic en-
vironment of the JT ion. The lifting of the orbital E-degeneracy in the high-symmetry
“progenitor” JT magnets can be associated with the specifics of the crystal structure,
for example, in “apex-free” 2D cuprates (Nd2CuO4) and RNiO2 nickelates, and with
the conventional Jahn–Teller effect [1,2], which, as a rule, leads to the formation of a low-
symmetry insulating antiferromagnetic (La2CuO4, KCuF3, LaMnO3) or ferromagnetic
(K2CuF4) phase. A competing mechanism for removing orbital degeneracy in the aforemen-
tioned JT magnets is the “anti-Jahn-Teller”, “symmetric” d-d-disproportionation, illustrated
by the following scheme:

dn + dn → dn+1 + dn−1 , (1)

assuming the formation of a system of bound or relatively free electronic dn+1 and hole
dn−1 centers, differing by a pair of electrons/holes. Formally, an electron/hole center can
be represented as a hole/electron center with a pair of electrons/holes d2/d2 localized at
the center. In other words, a disproportionate system can be formally represented as a
system of effective local spin–singlet or spin–triplet composite electron/hole bosons
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“moving” in the lattices of hole/electron centers. Note that in the frames of the toy
model (1), the disproportionation energy ∆dd formally coincides with the energies of local
correlations Udd, giving a reason to associate symmetric d-d-disproportionation with the
negative-U phenomenon.

Obviously, in systems with strong d-p-hybridization (cation–anion covalency), the dis-
proportionation reaction (1) must be written in a “cluster” language, for example, for CuO4
clusters in the CuO2 cuprate planes:

[CuO4]
6− + [CuO4]

6− → [CuO4]
7− + [CuO4]

5− , (2)

instead of
d9 + d9 → d10 + d8 . (3)

The cation–ligand cluster representations of the dn, dn±1-centers immediately show the
important role of the bond-stretching, or so-called “breathing mode” of the ligand dis-
placements in perovskite-type JT magnets with corner-shared coupling of neighboring
octahedral d-centers. The displacement amplitude of the common ligand for two centers
during disproportionation can reach values greater than of 0.1 Å due to the large difference
in the cation–ligand separation for the electron and hole centers. Thus, the Cu-O separa-
tion for CuO4 centers in cuprates increases by 0.2 Å from the hole [CuO4]5− to electron
[CuO4]7− center [36].

The bond-stretching, or breathing-type distortion of metal-oxygen clusters, is a clear
fingerprint of a static charge disproportionation observed in JT magnets, such as 3D nicke-
lates and ferrates (see, e.g., Refs. [37,38]), while the softening and broadening of the bond
stretching phonon mode observed in JT magnets, such as HTSC cuprates (LSCO, YBCO,
Hg1201) and manganites LaMnO3 [39], is believed to be an indication of the dynamical
disproportionation. Note that the electron–lattice interaction leads to the stability of the
electron and hole centers in the lattice of the parent system with the ground states of all
three centers—the electron, parent, and hole—corresponding to different values of the local
breathing configuration coordinates QA1g : +Q0, 0, −Q0, respectively.

Symmetric d-d-disproportionation, in contrast to “asymmetric”, “single-center”, d-
p-disproportionation [40–42], has a two-center character, although it may include d-p-
transfer between clusters. Obviously, symmetric d-d disproportionation will be energetically
more favorable in progenitor Mott–Hubbard JT magnets, and vice versa, asymmetric d-p-
disproportionation will be more energetically favorable in charge-transfer (CT) insulators
(“negative charge transfer” materials).

It is worth noting that all the JT magnets are characterized by empty, half-filled, or fully
filled t2g subshells with orbitally non-degenerate A1g, A2g, or S-type ground states, and with
only one eg electron or hole [3,4]. Obviously, the low-energy anti-JT-disproportionation
implies the eg-eg intersite transfer with the formation of the empty, half-filled, or fully filled
eg subshells with the S-type ground state for the electron and hole centers. In all cases, we
arrive at relatively stable S-type configurations of electron and hole centers. For all JT magnets,
the anti-JT disproportionation reactions can be written as follows:

tetra d1 : e1
g + e1

g
eg→
{

e0
g + e0

ge2
g

e0
ge2

g + e0
g
; (4)

tetra d3 : e3
g + e3

g
eg→
{

e4
g + e4

ge2
g

e4
ge2

g + e4
g
; (5)

octa d4 : t3
2geg + t3

2geg
eg→
{

t3
2g + t3

2ge2
g

t3
2ge2

g + t3
2g

; (6)

tetra d6 : e3
gt3

2g + e3
gt3

2g
eg→
{

e4
gt3

2ge2
g + e4

gt3
2g

e4
gt3

2g + e4
gt3

2ge2
g
; (7)
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octa d7 : t6
2geg + t6

2geg
eg→
{

t6
2g + t6

2ge2
g

t6
2ge2

g + t6
2g

; (8)

octa d9 : t6
2ge3

g + t6
2ge3

g
eg→
{

t6
2ge4

ge2
g + t6

2ge4
g

t6
2ge4

g + t6
2ge4

ge2
g
. (9)

In Equations (4)–(9), we singled out both the composite boson and (bold) stable basic
configurations of the electron and hole centers. Obviously, for JT magnets with on-site
progenitor configurations of e1

g, t3
2ge1

g, t6
2ge1

g, we are dealing with the transfer of the eg

electron, while for configurations of e3
gt3

2g and t6
2ge3

g, it is correct to speak of the eg hole
(eg) transfer. Thus, for these configurations, we arrive at the doublet of ionic states with
site-centered charge orders, or two centers that differ in the transfer (exchange) of two eg
electrons or two eg holes, respectively, which can be thought of as effective local composite
bosons. For centers with high (octahedral, tetrahedral) symmetry, these effective bosons
will be described by the low-energy S-type Hund configuration e2

g; 3 A2g; or e2
g; 3 A2g. It

should be noted that effective bosons cannot be considered conventional quasiparticles,
they are an integral part of many-electron configurations [43,44].

All JT magnets can be conditionally classified as “single-band” or “two-band” magnets.
In single-band JT magnets with configurations of d1, d3, d7, and d9, effective electron (d1, d7)
or hole (d3, d9) composite bosons move in the lattices of ions with completely filled shells,
while in two-band JT magnets (d4, d6), the lattices include ions with half filled t2g subshells.

The optimal configurations and the spin of the composite boson, along with the orbital
state and the local spin of the lattice—which are formed as a result of anti-JT disproportion-
ation in JT magnets with a 3dn configuration—as well as some 4dn JT configurations, are
presented in the fourth and fifth columns of Table 1. Note that in all cases, the complete
disproportionation leads to a system of composite bosons with a concentration of 1/2,
indicating half-filling.

3. Electron–Hole Dimers

A pair of bound electron and hole centers, or an EH dimer, is a kind of “dispropor-
tionation quantum”. In Mott–Hubbard insulators, EH dimers are low-energy metastable
charge excitations above the ground state or may be the result of the self-trapping of d-d
CT excitons [45].

The two-electron/hole charge exchange reaction in the EH dimer

dn+1
1 + dn−1

2

e2
g ;3 A2g↔ dn−1

1 + dn+1
2 , (10)

is controlled by the effective local boson transfer integral

tB = 〈dn+1
1 dn−1

2 |ĤB|dn−1
1 dn+1

2 〉 , (11)

where ĤB is an effective two-particle (bosonic) transfer Hamiltonian, and we assume
ferromagnetic-ordered spins of the two centers. As a result of this quantum process, the
bare ionic states with site-centered charge orders and the same bare energy E0 transform
into two EH dimer states with indefinite valence and bond-centered charge order

|±〉 = 1√
2
(|dn+1

1 dn−1
2 〉 ± |dn−1

1 dn+1
2 〉) (12)

with energies E± = E0 ± tB. In other words, the exchange reaction restores the bare charge
symmetry. In both |±〉 states, the on-site number of d electrons is indefinite with quantum
fluctuations between (n + 1) and (n− 1), and a mean value n. Interestingly, in contrast
with the ionic states, the EH dimer states |±〉 have distinct electron–holes and inversion
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symmetry, even parity (s-type symmetry) for |+〉 states, and odd parity (p-type symmetry)
for |−〉 states, respectively. Both states are coupled by a large electric dipole matrix element:

〈+|d̂|−〉 = 2eR12 , (13)

where R12 is a 1–2 separation. The two-particle transport (10) can be realized through two
successive one-particle processes with the eg electron transfer as follows:

dn+1
1 + dn−1

2
eg→ dn

1 + dn
2

eg→ dn−1
1 + dn+1

2 ,

hence, the two-particle transfer integral tB can be evaluated as follows:

tB = −t2
egeg /U ≈ −Jkin(egeg) , (14)

where tegeg is the one-particle transfer integral for the eg electron, U is the mean transfer
energy. It means that the two-particle bosonic transfer integral can be directly coupled
with the kinetic eg-contribution Jkin(egeg) to the Heisenberg eg-eg exchange integral. Both
tB and Jkin(egeg) are determined by the second-order one-particle transfer mechanism. It
should be noted that a negative sign of the two-particle CT integral tB points to the energy
stabilization of the s-type EH dimer state |+〉.

Moreover, we should emphasize once more that the stabilization of EH dimers is
provided by a strong electron–lattice effect with a striking intermediate oxygen atom
polarization and displacement concomitant with charge exchange. In a sense, the EH
dimer may be a bosonic counterpart of the Zener Mn4+-Mn3+ polaron [46]. It is no wonder
that even in a generic disproportionated system BaBiO3—instead of simple checkerboard
charge orderings of Bi3+ and Bi5+ ions—we arrive at a CDW (charge density wave) state
with the alteration of expanded Bi(4−ρ)+O6 and compressed Bi(4+ρ)+O6 octahedra with
0 < ρ� 1 [47]. The enormously large values of oxygen thermal parameters in BaBiO3 [48]
underscore the great importance of dynamical oxygen breathing modes providing some
sort of “disproportionation glue”. A sharp rise in the oxygen thermal parameter in the
high-temperature O phase of LaMnO3 [49] or in several “competing” phases found by
Huang et al. [50], compared to the bare AFI phase, is believed to be a clear signature of the
high-temperature manganese disproportionation [51].

We examine an EH dimer as a dynamic–charge-fluctuating bipolaronic system com-
posed of coupled electron dn+1 and hole dn−1 centers that are glued in a lattice, due to a
specific local expansion/contraction mode of neighboring clusters (half-breathing or breath-
ing mode), and strong electron–lattice polarization effects.

4. Spin Structure of EH Dimers

Let us address the spin degrees of freedom, which are of great importance for the
magnetic properties of EH dimers as nucleation centers for a rich variety of different phases.
First, we note that the structures of EH dimers are significantly different in single- and
two-band JT magnets. In EH dimers of JT magnets based on d1, d7, and d9 configurations,
the spin–triplet boson “moves” along the spinless centers (see Table 1), which leads to a
trivial spin structure of the dimer. A more complicated situation is realized for EH dimers of
JT magnets based on d4 and d6 configurations, where the spin–triplet boson “moves” through
the d3(t3

2g) centers with spin 3/2 (see Table 1).
The total spin moments of these EH dimers are S = S1 + S2, where S1 (S1 = 5/2) and

S2 (S1 = 3/2) are spins of d5 and d3 (d5 and d3) configurations, respectively, so the total
spin magnitudes S take the values of 1, 2, 3, and 4. In a nonrelativistic approximation, the
spin structure of the EH dimer in the bare ionic state d5–d3 (d3–d5) with the site-centered
charge order will be determined by isotropic Heisenberg exchange coupling

Vex = J(d5d3) (S1 · S2), (15)
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with J(d5d3) being a d5-d3 (d3-d5) (super)exchange integral. However, the two site-centered
states, d5-d3 and d3-d5, are coupled by the two-particle charge transfer characterized by a
respective transfer integral, depending on the spin states, as follows:

〈5
2

3
2

; SM|ĤB|
3
2

5
2

; SM〉 = 1
20

S(S + 1) tB , (16)

where tB is a spinless transfer integral. Making use of this expression, we can introduce an
effective spin operator form for the boson transfer, as follows:

Ĥe f f
B =

tB
20
[
2(Ŝ1 · Ŝ2) + S1(S1 + 1) + S2(S2 + 1)

]
, (17)

which can be a very instructive tool for qualitative and quantitative analyses of boson
transfer effects. Thus, the effective transfer integral of the composite boson strongly
depends on the spin state of the electron–hole pair, falling ten-fold as the total spin of
the pair changes from S = 4 to S = 1. In particular, we arrive at a strong, almost two-fold,
suppression of the effective transfer integral in the paramagnetic phase, compared with its
maximal value tB for ferromagnetic ordering (S = 4).

Both the conventional Heisenberg exchange coupling d5-d3 (d3-d5) and unconventional
two-particle bosonic transfer, or bosonic double exchange, can be easily diagonalized in the
total spin S representation, so that for the energy of the EH dimer, we arrive at

ES =
J(d5d3)

2
[S(S + 1)− 25

2
]± 1

20
S(S + 1) tB , (18)

where ± corresponds to two quantum superpositions |±〉 written in a spin representation
as follows

|SM〉± =
1√
2
(|5

2
3
2

; SM〉 ± |3
2

5
2

; SM〉) , (19)

with s- and p-type symmetry, respectively. It is worth noting that the bosonic double
exchange contribution formally corresponds to ferromagnetic exchange coupling with
JB = − 1

10 |tB|.
We see that the cumulative effect of the Heisenberg exchange and the bosonic double

exchange results in the stabilization of the S = 4 high-spin (ferromagnetic) state of the EH
dimer provided |tB| > 10 J(d5d3) (see the left panel in Figure 1) and the S = 1 low-spin
(“ferrimagnetic”) state otherwise (see right panel in Figure 1). As for the spin states with
intermediate S values (S = 2, 3), these correspond to a classical noncollinear ordering. It
is interesting that for |tB| = 10 J(d5d3), the energy of the dimer’s s-type state does not
depend on the value of the total spin, so that we arrive at the surprising result of the 24-fold
(∑S=4

S=1(2S + 1)) degeneracy of the ground state of an isolated dimer (see the central panel
in Figure 1).

d -d
5 3

d -d
3 5

S=4

S=1

S=2

S=3
S=4

S=1

S=2

S=3

S=4

S=1

S=2

S=3

| |<    JtB 10

P P
S=4

S=3

S=2
S=1

d -d
5 3

d -d
3 5

P P

S=1

S=2

S=3

S=4

S=4

S=1

S=2

S=3

|t |> JB 10

Even-parity
s-type states

Odd-parity
p-type states

S=1,2,3,4

S=1

S=2

S=3

S=4

| | JtB =10

Even-parity
s-type states

Odd-parity
p-type states

Figure 1. (Color online): Spin structure of the EH dimer, or self-trapped CT exciton with a step-by-
step inclusion of the one- and two-particle charge transfer. Arrows point to electric dipole moments
for bare site-centered dimer configurations.
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To estimate quantities tB and J(d5d3) and their dependencies on the crystal structure
parameters, we can address the results of a comprehensive theoretical and experimental
analysis of different superexchange integrals in perovskites RFeO3, RCrO3, and RFe1−xCrxO3,
with Fe3+ and Cr3+ ions with electronic configurations of d5 and d3, respectively [52–54].
These perovskites are isostructural with many JT magnets, including (Ca,Sr,Ba)FeO3, RMnO3,
and (Ca,Sr,Ba)RuO3.

Antiferromagnetic kinetic exchange contribution to J(egeg) related to the eg electron
transfer to the partially filled eg-shell, can be written as follows [53,54]:

J(egeg) =
(tss + tσσ cos θ)2

2U
, (20)

while for the d5-d3 superexchange, we encounter competition between the antiferromag-
netic and ferromagnetic contributions

JFeCr = J(d5d3) =
2

15

(
t2
σπ

U
sin2 θ +

t2
ππ

U
(2− sin2 θ)

)

−∆E(35)
10U

[
(tss + tσσ cos θ)2

U
+

t2
σπ

U
sin2 θ

]
. (21)

Here, θ is the cation–anion–cation-bonding angle, tσσ > tπσ > tππ > tss are positive
definite d-d transfer integrals, U is the mean d-d transfer energy (effective correlation
energy), and ∆E(35) is the energy separation between 3Eg and 5Eg terms for the t3

2geg

configuration.
Microscopically derived angular dependencies of the superexchange integrals JFeFe,

JCrCr, and JFeCr nicely describe the full set of experimental data on the value of TN for
various orthoferrites, orthochromites, mixed ferrites–chromites, as well as Mössbauer data
on Fe-substituted orthochromites [52–54].

Figure 2 shows the dependence of the superexchange integrals JFeCr = J(d5d3) and
J(egeg)=−tB on the cation–anion–cation superexchange angle, which is typical for ortho-
ferrites and orthochromites. The empty rectangles for J(d5d3) reproduce the experimental
data [52], taking into account the measurement errors of the exchange integrals and the av-
erage values of the superexchange bonding angles. The dashed curve in Figure 2 describes
the angular dependence (20) for J(egeg) with quantitative estimates based on the analysis
of the full set of experimental data on the value of exchange parameters for orthoferrites
and orthochromites [52–54].

The fitting allows us to predict the sign change for JFeCr at θcr ≈ 160–170◦. In other
words, the (t3

2ge2
g −O2− − t3

2g) superexchange coupling becomes ferromagnetic at θ ≥ θcr.
At variance with J(d5d3), the exchange parameter J(egeg)≈ |tB| declines rapidly with

the decrease in the bonding angle θ, so that at θcr ≈ 142◦, the ferro- and antiferromagnetic
contributions to the effective exchange parameter are compensated, Je f f = J(d5d3)− 0.1|tB|,
with S = 1,2,3,4 degeneracy, and there is a transformation of the spin ground state from
S = 4→S = 1, with a ten-fold reduction in the effective transfer integral of the composite
boson (see Equation (16)).

We believe that the results of the analysis of the angular dependence of parameters
J(d5d3) and J(egeg), presented in Figure 2, can be used to analyze the spin structures
of EH dimers in JT magnets with a perovskite structure, such as manganites, ferrates,
and ruthenates (see Table 1).

So, for example, for the superexchange geometry, which is typical for LaMnO3 [55],
with the Mn-O-Mn bonding angle θ ≈ 155◦, we find J(d5d3) ≈+7 K and J(egeg) ≈
|tB| ≈ 297 K. In other words, for the effective exchange integral Je f f , we arrive at a rather
large value: Je f f = J(d5d3)− 0.1|tB| ≈−23 K. Despite the antiferromagnetic sign of the
Heisenberg superexchange integral, these data unambiguously point to a dominant fer-
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romagnetic contribution from the bosonic double exchange mechanism, with a ground
ferromagnetic S = 4 spin state for the EH dimer and a maximal, “nonreduced” value of the
composite boson transfer integral.

10

20

30

J, K

1 54 150 155

J(d d )
5    3

q
o

| |/10tB

Figure 2. (Color online): Angular dependencies of J(d5d3) and 1
10 |tB|, which define the effective

integral Je f f = J(d5d3)− 0.1|tB|.

For the bonding angle, θ = 143◦, which is typical for heavy rare-earth manganites
RMnO3 (R=Dy, Ho, Y, Er) [55], the relationship between |tB| ≈ 154 K and J(d5d3) ≈ 14 K [52]
approaches to the critical one: |tB| = 10 J(d5d3) evidencing the destabilization of the
ferromagnetic state of the EH dimers.

Thus, the structural factor plays a significant role in the stabilization of specific spin
states of the EH dimer and the effective transfer integral for the composite boson. We
believe that the change (decrease) in the angle of the cation–anion–cation superexchange
bond, leading to the suppression of ferromagnetic interaction and metallicity, can be the
main reason for the strong effect of substituting Sr with Ca in JT magnets, such as SrFeO3,
SrRuO4, Sr2RuO4, and Sr3Ru2O7.

5. Possible Phase States of JT Magnets with Instability to Charge Transfer

In the limit where electron correlations are strong, and potential energy prevails for
valence electrons, the stable against charge transfer “progenitor” JT-systems, as a rule,
typically manifest as spin-magnetic insulators with a specific orbital ordering (OO), as a
consequence of the cooperative JT effect [2]. Conversely, in the limit of weak correlations
where the kinetic energy for valence electrons predominates, we arrive at a system of
itinerant electrons constituting a Fermi liquid.

In the crossover CT-instability regime, instead of a single inactive charge dn component,
the on-site Hilbert space of d-centers includes a charge triplet of dn, dn±1-centers, leading to
the appearance of at least eight parameters of diagonal and off-diagonal charge orders [43].
Taking into account the spin degree of freedom and lattice modes, we arrive at a huge
variety of possible phase states. The phase diagram’s complexity originates from the
specific crystal chemistry and a fine balance between the energies of the electron–lattice
interaction, crystal field, local (Coulomb and exchange, or Hund) correlations, nonlocal
charge correlations, inter-site single and two-particle (composite boson) charge transfers,
and spin–spin exchanges. The inevitable consequences of the competitions of many order
parameters will be phase separation and the possibility of fine-tuning physical properties
by changing the chemical composition, applying external pressure, and going over to
epitaxial films and heterostructures.
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Taking into account the coexistence of one- and two-particle transports, the high-
temperature disordered phase for these systems will be a kind of “boson-fermion soup” [56],
or a “strange/bad” metal with a T-linear resistance dependence (strange metal) and a
violation of the Mott–Ioffe–Regel criterion (bad metal). Indeed, the “strange/bad” metal
behavior is common in all the JT magnets listed in Table 1.

A specific long-range order in JT magnets starts to form at a high temperature in a
disordered phase, which is characterized by the competition between the electron–lattice
interaction, and spin and charge fluctuations in the “struggle” for the low-temperature
ground state. The local JT interaction leads to the stabilization of low-symmetry-insulating
magnetic structures. Low-energy charge fluctuations, which are characteristic of the local
anti-JT disproportionation reaction (1), depend on the ratio between the parameters of local
and non-local correlations, the integrals of one- and two-particle transfers, and the specifics
of the electron–lattice interaction associated with the breathing mode unique to electron–
hole pairs; this can lead to the formation of a wide variety of phases, including charge
(CO) and spin–charge ordering, collinear and noncollinear magnetic ordering, a coherent
metallic Fermi liquid FL phase, a bosonic superconductivity (BS) phase, and a specific
nematic phase with the EH dimer ordering [43,57].

It should be noted that materials that are simultaneously magnetic and charge-ordered
can be multiferroic, with potentially very large electric polarization.

We believe that the expected superconductivity of JT magnets is not a consequence of
the BCS-type pairing, but the result of a quantum transport of the effective on-site composite
electron/hole bosons. The superconducting state, as one of the possible ground states of
JT magnets, can compete with the normal Fermi liquid state, charge order, spin–charge
density wave, collinear or noncollinear magnetic orders, as well as specific quantum phases.
The variety of competing phases clearly indicates the important role of phase separation
effects [43,58], which must be taken into account first when analyzing experimental data.

Below, without dwelling on a detailed analysis of phase states and phase diagrams,
we consider only the main features of the single- and two-band JT magnets in fully dis-
proportionated states, when they form a system of spin–singlet or spin–triplet composite
bosons in a nonmagnetic or magnetic lattice, respectively. Strictly speaking, to describe the
disproportionate systems, it is necessary to take into account the electron–lattice interac-
tion, primarily with the so-called breathing mode; below, we will consider the effective
Hamiltonian of effective composite bosons in the “frozen” lattice approximation.

6. Single-Band JT Magnets
6.1. Effective Hamiltonian of a System of Spin–Triplet Composite Bosons: Non-Magnetic Lattice

As can be seen in Table 1 the anti-Jahn–Teller disproportionation in the system of
tetrahedral JT centers with a configuration of 3d1, 4d1, low-spin octa-centers with configu-
rations of 3d7, 4d7, or octa-centers with configurations of 3d9, 4d9 leads to the formation of
a half-filled system of effective spin–triplet bosons moving in a non-magnetic lattice. We
represent the Hamiltonian of such a system in the following form:

H = − ∑
i>j,ν

tij

(
B̂†

iν B̂jν + B̂iν B̂†
jν

)
+ ∑

i>j,ν,ν′
Vijniνnjν′ −∑

i,ν
µνniν +Hs , (22)

where tij is the spin-independent boson transfer integral, Vij is the effective boson–boson
repulsion (nonlocal correlations), µ is the chemical potential,Hs is the spin Hamiltonian.
The chemical potential µ is introduced to fix the boson concentration n = 1

N ∑iν〈n̂iν〉.
The composite boson creation/annihilation operators B̂†

iν/B̂iν, regardless of the spin
component ν = 0,±1, obey the on-site anti-commutation Fermi relations and the inter-site
Bose commutation relations:

{B̂i, B̂†
i } = 1 , [B̂i, B̂†

j ] = 0 . (23)
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The anti-commutation Fermi relations can be rewritten as

[B̂i, B̂†
i ] = 1− 2B̂†

i B̂i = 1− 2N̂i . (24)

On the whole, these relations rule out on-site double-filling.
To take into account the influence of an external magnetic field, one can use the

standard Peierls substitution:

tij → tije
i(Φj−Φi), (25)

with

(Φj −Φi) = −
q
h̄c

∫ Rj

Ri

A(r)dl, (26)

where A is the vector potential of a homogeneous magnetic field, and the integration goes
along the line connecting the sites i and j. In a general case, the spin Hamiltonian, denoted
asHs for the system of spin–triplet bosons, can be represented as follows:

Hs = ∑
i>j

Jij
(
ŝi · ŝj

)
+ ∑

i>j
jij
(
ŝi · ŝj

)2
+ KSIA ∑

i
(mi · ŝi)(ni · ŝi) + VTIA −∑

i
(h · ŝi) , (27)

where Jij and jij are the bilinear and biquadratic isotropic exchange integrals, respectively,
KSIA is a constant, m and n are unit vectors that define two characteristic axes of the
second-order single-ion anisotropy, VTIA denotes the two-ion bilinear and biquadratic
anisotropy, and h denotes the external field.

It is worth noting that the Cartesian form of the composite boson spin operator can be
represented as follows

ŝβ = B̂†
αεαβγ B̂γ , (28)

where εαβγ is Levi-Civita tensor, α, β, γ = x, y, z.
In the paramagnetic region, the Hamiltonian (27) actually reduces to the Hamiltonian

of the well-known lattice hard-core (hc) Bose system with an inter-site repulsion, gov-
erned in the nearest-neighbor approximation by two parameters, tB and V. At half-filling,
depending on the relative values of the parameters, we arrive at a charge order (CO) or
Bose-superfluid (BS) phase. As the temperature decreases, a specific magnetic order is
realized in the system.

6.2. d1, d3 JT Magnets

The only JT magnets that are known in the literature with tetrahedral d1-centers, such
as β-Sr2VO4 with V4+ and (Sr,Ba)3Cr2O8 with Cr5+, are considered to be typical insulators,
exhibiting Jahn–Teller distortions with orbital ordering and the formation of a system of
weakly coupled spin dimers (see, e.g., Refs. [59–61]). We did not find any literature data
on JT magnets with tetrahedral d3-centers, except for the assumption made in Ref. [62]
about the possibility of synthesizing Ba2VGe2O7 melilite with V2+ ions, an anticipated JT-
multiferroic.

d7 JT Magnets

The origin of the metal-to-insulator transition (MIT) in the series of rare-earth nick-
elates RNiO3 with perovskite structures has challenged the condensed matter research
community for almost three decades [63]. Furthermore, the recent theoretical prediction for
superconductivity in LaNiO3 thin films [64] has also sparked intensive research efforts.

The complex MIT phenomena in these materials are a perfect illustration of the
competition between the potential and kinetic energy gain, presumably governed by
structural factors, namely, the Ni-O-Ni bond angle, providing clear evidence for strong
electron–lattice effects, which have a dramatic effect on the character of the MIT.
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Orthorhombic RNiO3 (R = Pr, . . . Lu) undergoes a first-order metal–insulator phase
transition to a charge-ordered insulating state upon cooling below TCO = TMIT , spanning
from 130 K for Pr to ∼550–600 K for heavy rare-earth [63]. Each shows clear signs of the
charge-disproportionated state with two types of Ni centers that correspond to alternat-
ing large [NiO6]10− (Ni2+ center) and small [NiO6]8− (Ni4+ center) octahedra, strongly
differing in magnetic moments (∼2 µB and ∼0, respectively), in full accordance with the
disproportionation model (see Table 1). The largest anomaly at TMIT = TN = 130 K in PrNiO3
is observed in the amplitude of the breathing mode, which undergoes a sharp jump of
0.15 Å [65]. A further interesting observation is the existence of a nearly perfect linear
correlation between the amplitude of the breathing mode associated with the charge order
and the staggered magnetization below the MIT. In addition, the authors [65] suggest the
existence of hidden symmetry in the insulating phase, which may be related to a nematic
contribution of bound EH dimers.

At low temperatures, ortho-nickelates show magnetic phase transitions toward un-
usual antiferromagnetic structures defined by a propagation vector (1/2, 0, 1/2) [63], which
can be explained by the rather strong superexchange nnn (next-nearest neighbor) cou-
pling of magnetic S = 1 Ni2+ centers. Strictly speaking, the (1/2, 0, 1/2) ordering suggests
three possible magnetic structures, of which, two are collinear and one is non-collinear.
For instance, a spin-canted antiferromagnetic state of the nickel sublattice was observed in
NdNiO3 [66]; however, the ambiguity of the magnetic structure of the nickelates is not yet
completely resolved. The non-collinear spin order in nickelates can potentially generate
spin-induced ferroelectricity; however, these systems remain comparatively unexplored as
potential multiferroics [67].

Increasing the Ni-O-Ni bond angle in nickelates when moving from LuNiO3 to LaNiO3
leads to a gain in kinetic energy with a clear trend toward metallization due to two impor-
tant effects, namely, an increase in the transfer integrals for the eg electrons and a decrease
in parameter V of inter-site repulsion (nonlocal correlations), due to an increase in the
Ni-Ni separation. So, the X-ray diffraction, neutron scattering, transport, and thermody-
namic experiments show that globally rhombohedral single-crystal LaNiO3 samples reveal
unusually high metallicity and maintain paramagnetic behavior down to 1.8 K [68], or
some signatures of antiferromagnetic transition at 157 K [69], but no structural and metal–
insulator transitions. The combined total neutron scattering and broadband dielectric
spectroscopy experiments on polycrystalline samples [70] indicate that the structure of
LaNiO3 has a high degree of symmetry when viewed on long-length scales, but similar to
orthorhombic nickelates, it also has at least two different types of Ni sites when viewed
locally. LaNiO3 is locally distorted to orthorhombic at room temperature, and further to
monoclinic at 200 K from a globally rhombohedral structure [71]. This controversial behav-
ior for LaNiO3 can be the result of the peculiar “ortho-mono-rhombo” phase separation.

Another example of nickel JT magnets is the quasi-2D nickelates ANiO2 (A = Ag, Li,
Na), revealing the existence of unconventional ground states stabilized by the frustrated
triangular lattice geometry from a cooperative JT ordering of Ni3+ ions in NaNiO2 to a mod-
erately charged ordering 3NiI I I+→Ni2++2 Ni3.5+ in antiferromagnetic metal AgNiO2 [72].
In the case of LiNiO2, there could be a competition between charge and orbital ordering,
the nickel valency could be a mixture of 2+, 3+, and 4+ [73]. A comparison between NaNiO2
and LiNiO2, where several different possible ground states are very close in energy, illus-
trates how two systems that are apparently so chemically similar can, nevertheless, have
very different behavior [73].

6.3. d9 JT Magnets
6.3.1. Isoelectronic Quasi-2D Cuprates and Nickelates

The Cu2+ ion in octahedral complexes is characterized by the strongest JT bond and is
the most popular, almost “textbook” illustration of the Jahn–Teller effect. The consequence
of this effect is the formation of the insulating state of a quantum antiferromagnet, for ex-
ample, in KCuF3 and La2CuO4, or quasi-2D ferromagnet K2CuF4. However, in contrast
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to fluorides, in La2CuO4, the JT distortion leads to the formation of CuO2 planes with
a “perovskite” configuration of CuO4-clusters, with the ground b1g ∝ dx2−y2 state of the
eg hole, which provides a strong σ-coupling channel for the hole transfer in the CuO2
plane and disproportionation (2), forming spin–singlet and orbitally nondegenerate (1 A1g)
electronic [CuO4]7− (analog of Cu+ ion) and Zhang–Rice (ZR) [74] hole [CuO4]5− (analog
of the Cu3+ ion) centers.

Recently [43,45], we argued that there are no fundamental qualitative differences in
the electronic structures of “apex-free” RNiO2 nickelates and cuprates (primarily, cuprates
with T′-structures). The unusual properties of cuprates and nickelates are the results of
the “competition” between various parameters that govern the ground states of the CuO2
(NiO2) planes. Thus, if for the vast majority of parent cuprates, an antiferromagnetic
insulating phase is observed, corresponding to the limits of strong local correlations,
then this phase is not found in the parent nickelates RNiO2, which can be associated
with smaller values or even a change in the sign of the local correlation parameter. We
proposed [43,45] to understand by “parent” the cuprates and nickelates with hole half-
fillings of in-plane centers CuO4 (NiO4), which—depending on the parameters of local
and non-local correlations, transfer integrals, exchange integrals, and “external” crystal
fields formed by the out-of-plane environment—can have different ground states, e.g., an
antiferromagnetic insulator (AFMI), an unusual Bose superconductor (BS), a Fermi metal
(FL), or a non-magnetic insulator with charge ordering (CO). Obviously, these phases will
differ in electronic degrees of freedom as well as lattice degrees of freedom; this interaction
ensures the minimum of the total free energy. In addition, the competition between several
possible phases with similar energies will lead to phase separation, which will have a
significant effect on the observed physical properties.

To describe the actual low-energy phase states of cuprates/nickelates, we propose
a minimal model for the CuO2/NiO2 planes with the on-site Hilbert space reduced to a
charge triplet of the three effective valence centers [CuO4]5−,6−,7−/[NiO4]6−,7−,8− (nomi-
nally, Cu3+,2+,1+/Ni2+,1+,0+) with different conventional spins, different orbital symme-
tries, and local lattice configurations [43–45,58,75–78]. Making use of the S = 1 pseudospin
formalism and the spin–pseudospin operators as the Hubbard X-operators, we constructed
the spin–pseudospin Hamiltonian of the charge triplet model, which takes into account
local and nonlocal correlations, correlated one-particle and two-particle (bosonic) trans-
ports, and the Heisenberg spin exchange. In particular cases, the Hamiltonian reduces
to a well-known “limiting” Hamiltonian (Hubbard, Heisenberg, atomic limit, hard-core
bosons, . . . ). In accordance with experimental data for apexless cuprates [79], nickelates [80],
and different typical cuprates, we argue that antiferromagnetic insulating (AFMI), charge
ordered (CO), Bose superconducting (BS), and Fermi liquid (FL) phases are possible phase
states of a model parent cuprate/nickelate, while typical phase states of doped systems,
in particular, mysterious pseudogap phases, are the result of a phase separation (PS). The
superconductivity of cuprates/nickelates is not a consequence of the pairing of doped
holes [30], but the result of the quantum transport of on-site composite hole bosons, whereas
the main peculiarities of a normal state can be related to an electron–hole interplay for
an unusual Fermi liquid phase and PS features. In the BCS model, the electron–lattice
interaction determines the s-wave pairing, while in the model of local composite bosons, it
yields the dx2−y2-symmetry of the superconducting order parameter, thus showing, once
again, a substantial involvement of the lattice in the HTSC [43,44]. Within the framework
of the effective field approximation [81] and the Maxwell construction [43–45,58], we con-
structed several 2D T–p phase diagrams for the CuO2/NiO2 planes, which qualitatively
reproduce the main features of the experimentally observed 3D phase diagrams of cuprates
and nickelates [43] (see Figure 3). Note that the exotic pseudogap phase is believed to be
related to the PS region AFMI-CO-FL-BS, separated from the 100% FL-phase by the T∗(p)
curve (“pseudogap temperature”) of the “third order” phase transition.

In general, quasi-2D cuprates and nickelates present excellent examples of the applica-
bility of the anti-JT disproportionation model. A large amount of experimental data from
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a long-term study of various properties of a wide class of old 2D cuprates and novel 2D
nickelates, as well as the results of the theoretical modeling of phase diagrams in the charge
triplet model [43], provide important information about possible phase states of other JT
magnets with charge transfer.
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Figure 3. (Color online): Model phase T - n-diagrams of hole-doped CuO2/NiO2 planes in
cuprates/nickelates calculated in the effective field approximation (n = p for hole doping), with
the phase separation taken into account using Maxwell’s construction; J is the exchange integral,
∆ = U/2 is the local correlation parameter, V is the nonlocal correlation parameter, tp, tn, tpn are three
independent integrals of the correlated single-particle transfer, tB is the effective transfer integral of
the composite boson (see insets), assuming competition between “monophases” NO (disordered),
AFMI, BS, FL, and CO. The boundaries between the phases represent lines of equal free energies.
The dashed curves (a–d) indicate the lines of equal volume fractions of two neighboring phases,
the yellow curves represent the lines of phase transitions of the “third” kind, limiting the regions
with maximal 100% volume fractions of one of the phases. See Refs. [43,44] for more details. Pay
attention to the strong change in the phase diagram, even with a very small change in the parameters
of the Hamiltonian (compare panels a–c).

6.3.2. “Silver” JT Magnets

The anti-JT disproportionation model predicts the possibility of a “silver or palladium
path” to superconductivity in systems based on Ag2+(4d9) or Pd+(4d9); that is, the 4d
analog of Cu2+. The most likely candidate, silver fluoride AgF2 [82–84], also known as
α-AgF2, is an excellent analog of the cuprate with surprisingly close electronic parameters to
La2CuO4, but with greater deformation (buckling) of AgF2 planes. However, this fluoride is
a canted antiferromagnetic insulator, although close to a charge-transfer instability. Indeed,
experimental studies [85] report the discovery of a metastable disproportionate diamagnetic
phase β-AgF2, interpreted as a charge-ordered compound Ag1+Ag3+F4, which quickly
transforms into the α-AgF2 structure (see Ref. [86]).

Unlike the antiferromagnetic insulator Cu2+O, its silver 4d analog Ag2+O is a dia-
magnetic semiconductor with a disproportionate Ag sublattice, whose chemical formula
is often written as Ag1+Ag3+O2, with O-Ag1+(4d10)-O collinear bonds and Ag3+ square
planar bonds (4d8)O4 [87,88]. In this case, the [AgO4]5− cluster, like the [CuO4]5− center in
cuprates, is in a nonmagnetic state of the Zhang–Rice singlet type.

7. Two-Band JT Magnets

Single-band JT magnets, with their relatively simple electronic structures, provide an
excellent illustration of the predictive power of the anti-JT disproportionation model, while
the situation with two-band JT magnets is less certain.

Anti-Jahn–Teller disproportionation in “two-band” systems of high-spin octa centers
with 3d4, 4d4 configurations, or tetrahedral JT centers with 3d6, 4d6 configurations, imply
unusual phases with the coexistence of a half-filled system of effective spin–triplet electrons
or hole bosons with configurations of e2

g : 3 A2g or e2
g : 3 A2g, and a magnetic lattice with

on-site S = 3/2 configurations of t3
2g : 4 A2g, although this does not exclude the existence of

unusual phases with delocalized t2g electrons (see the review article [89]).
Two-band JT magnets include many promising compounds, most of which are pre-

sented in the last column of Table 1. Below, we briefly consider the effective Hamiltonian,
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the features of the electronic structure, and physical properties of the most prominent
representatives of two-band JT magnets.

7.1. Effective Hamiltonian of a System of Spin–Triplet Composite Bosons: Magnetic Lattice

The anti-Jahn–Teller disproportionation in a system of high-spin octahedral JT-centers
with 3d4, 4d4 configurations or tetrahedral JT-centers with 3d6, 4d6 configurations leads
to the formation of a half-filled system of effective spin–triplet electron or hole bosons
with configurations of e2

g : 3 A2g or e2
g : 3 A2g, moving in a magnetic lattice with on-site

configurations of t3
2g : 4 A2g (see Table 1).

The effective Hamiltonian of such a system can also be represented as (22), however,
with the spin-dependent composite boson transfer integral (see Equation (16))

tij =
S(S + 1)

20
tB , (29)

where Ŝ = Ŝi + Ŝj is the total spin of the EH-pair (ij), S = 1, 2, 3, 4.
In contrast with the single-band JT magnets, the spin HamiltonianHs for two-band JT

magnets will have a much more complex structure. Taking into account only the bilinear
spin–spin isotropic exchange, it can be represented as follows:

Hs = ∑
i>j

Jll
ij (Ŝi · Ŝj) + ∑

i>j
Jbb
ij (ŝi · ŝj) + ∑

i>j
Jbl
ij (ŝi · Ŝj) + ∑

i
Jbl
ii (ŝi · Ŝi) , (30)

where we assume the localized t2g subshell. The first term denotes the exchange interaction
between the “lattice” spins, the second term denotes the exchange interaction between the
spin–triplet bosons, the third and fourth terms denote the exchange between bosons and
lattice spins, and the last term denotes the intra-atomic Hund exchange. To fulfill Hund’s
rule, it is necessary to set the exchange integral Jbl

ii to be relatively large ferromagnetic.
Estimates for different superexchange couplings—given the cation–anion–cation bond

geometry that is typical for perovskites such as ferrates (Ca,Sr)FeO3 or manganites RMnO3
with bare octa-HS d4 configurations [51]—predict the antiferromagnetic coupling for the
nn lattice centers (Jll > 0) and the two nearest neighbor bosons (Jbb > 0), where the
coupling between the boson and the nearest neighbor lattice centers (Jbl < 0) can be ferro-
or antiferromagnetic, depending on the value of the cation–anion–cation-bonding angle (see
Figure 1). Taking into account the boson transport, which prefers an overall ferromagnetic
ordering, we arrive at a highly frustrating system with competition between the ferro- and
antiferromagnetic interactions.

Generally speaking, our Hamiltonian model describes the system that can be consid-
ered a Bose analog of the one-orbital double-exchange model system [90].

7.2. Chromium Cr2+ Compounds

Among the JT chromium compounds, we—more or less—have reliable information
about chromium difluoride CrF2, according to which, it is an antiferromagnetic insula-
tor [91]. However, X-ray absorption and resonant inelastic X-ray scattering (RIXS) spectra
of CrF2 [92] point to the presence of three chromium oxidation states, namely Cr+, Cr2+,
and Cr3+, indicating instability with respect to the charge transfer, with clear signatures of
the d-d disproportionation reaction in this JT magnet. The most likely explanation for this
is phase separation; that is, the coexistence of antiferromagnetic regions and regions of a
disproportionate phase.

7.3. Manganites RMnO3

Features of the anti-JT disproportionation and its influence on the phase diagram of
manganites RMnO3 are considered in detail in Ref. [51].

A high-temperature, thermally fluctuating charge disproportionated metallic state has
been postulated for LaMnO3 by different authors [93–95]. However, upon lowering the
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temperature, one observes a first-order phase transition at T = TJT (TJT ≈ 750 K in LaMnO3)
from the high-temperature fully disproportionate Bose metallic phase to a low-temperature
orbitally ordered insulating phase, with a cooperative Jahn–Teller ordering of the occupied
eg-orbitals of the Mn3+O6 octahedra, accompanied by A-type antiferromagnetic ordering
below TN (TN ≈ 140 K in LaMnO3) [51,95]. However, many experimental data point to a
phase separation with the coexistence of insulating and disproportionated phases [51,96].

The non-isovalent substitution and/or non-stoichiometry seem to revive the dis-
proportionated phase, and such manganites—along with metallic ferromagnetism and
colossal magnetoresistance—reveal many properties that are typical for local spin–triplet
superconductivity [51,97–102].

Distinct signatures of high-temperature disproportionated phases are revealed in
other manganites, such as LaMn7O12 [103] with quadruple perovskite structures and
YBaMn2O6 [104].

Additionally, the orthorhombic rare-earth manganites RMnO3 characteristically dis-
play non-collinear spin–spiral orders and form a “model family” of spin-driven ferro-
electrics [67].

7.4. Iron Fe4+ JT Magnets

All the ferrates listed in Table 1, are JT magnets that are unstable with respect to
charge transfer.

The AFe4+O3 (A = Ca, Sr, Ba) perovskites show intriguing physical properties, which
are strongly dependent on the size and polarizability of the A-site ion since this affects all
the main parameters governing their electronic structures.

With decreasing temperatures, orthorhombic metallic CaFeO3 (CFO) exhibits a second-
order phase transition to a narrow-gap charge-ordered monoclinic semiconductor, or Hund’s
insulator, with disproportionation in Fe4±δ below a transition temperature TCO = TMIT = 290 K
at ambient pressure, resulting in a three-dimensional rock salt-type ordering of alternating
small and large oxygen octahedra surrounding the nominal d3 and d5 Fe sites, respectively [38].
Parameter δ = 0 for T > 290 K increases continuously with decreasing temperatures below
290 K; typically, δ approaches unity at low temperatures. The MIT is accompanied by the
reduction in crystal symmetry as well as the sharp variation in electrical transport. Within our
model, the disproportionated phase in the CFO implies the electron boson confinement in the
larger FeO6 octahedra.

The charge disproportionation scenario for CFO has been experimentally well-established
using 57Fe Mössbauer spectroscopy [105,106], which clearly reveals two different sites with
considerably different isomer shifts and hyperfine fields.

Let us pay attention to the possibility of the formation of domains in the charge-
ordered state with 180◦-domain walls, realizing the transition between two types of “site-
centered” charge orders. At the center of the domain walls, a system of delocalized
spin–triplet composite bosons with a “bond-centered” charge order is formed, which
formally corresponds to the system of Fe4+ centers.

As the temperature is further lowered, there is another transition in the CFO from
the paramagnetic to an antiferromagnetic insulator at the Néel temperature TN ≈ 120 K.
The low-temperature magnetic data can be fit equally well by a screw–spiral structure or by
a sinusoidal amplitude-modulated structure. The values of the moments at the two Fe sites
can take different values; 2.5 and 3.5 µB for the spiral structure, and maximum amplitudes
of 3.5 and 5.0 µB for the sinusoidal structure [38].

Note that the high-temperature orthorhombic metal phase of CFO can be considered
as a Hund’s bad metal, which appears as a mixed-valence state that fluctuates between two
atomic configurations.

In contrast to the distorted perovskite CaFeO3, the undistorted cubic perovskites
SrFeO3 and BaFeO3 maintain metallic behaviors down to very low temperatures, exhibiting
different types of helical spin order. However, the ground states in these ferrates raise
many questions. At variance with Mössbauer data for CaFeO3, the single magnetic hy-
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perfine pattern for SrFeO3 at 4 K indicates a rapid electron exchange between Fe3+ and
Fe5+ ions; the center shift and the hyperfine field coincide approximately with the av-
erage values of the corresponding parameters for CaFeO3 [105]. In other words, “static”
disproportionation occurs in CaFeO3 with the formation of a site-centered charge order,
whereas in SrFeO3, we are dealing with “dynamic” disproportionation, with the formation
of a bond-centered charge order. Furthermore, in SrFeO3, experiments have revealed a
phase-separated state with a surprising variety of magnetic incommensurate helical and
commensurate structures [107].

Surprisingly, a ferromagnetic ground state is found in BaFeO3 single-crystalline thin
films with a saturation magnetization and Curie temperature of 3.2 µB/formula unit and
115 K, respectively [108]. Unusually, for a uniform cubic ferromagnet, the films are insulat-
ing, possessing an optical gap of ∼1.8 eV.

The incommensurate helicoidal spin ordering observed in both CaFeO3 and SrFeO3 [109],
up to very low temperatures, can be explained as a result of the competition between
conventional exchange coupling and the bosonic double exchange. Obviously, the the-
oretical and experimental studies of the phase diagram for (Ca,Sr)FeO3 and substituted
systems deserve further exploration, especially, investigations aimed at exploring possible
superconductivity.

The 57Fe Mössbauer measurements for the double-layered perovskite ferrate Sr3Fe2O7
indicate the charge disproportionation and the magnetic properties, which are similar to
CaFeO3 [110]. The critical temperature for the charge disproportionation reaction and the
Néel temperature TN of the helical spin order are determined to be ∼343 K and ∼120 K,
respectively. Above 343 K, spectra clearly show a Fe4+ singlet. Puzzlingly, the spatial
ordering pattern of the disproportionated charges has remained “hidden” to conventional
diffraction probes, despite numerous X-ray scattering and neutron scattering studies. Only
relatively recently, by making use of neutron Larmor diffraction and Fe K-edge resonant
X-ray scattering, Kim et al. [111] demonstrated the checkerboard charge order in the FeO2
layers and showed that the “invisibility” of charge ordering in Sr3Fe2O7 originates from
the frustration of the interactions between neighboring layers.

The less-studied quasi-2D ferrate Sr2Fe04 with the K2NiF4 structure is a compound
isotypic with the parent cuprate La2CuO4. It is an antiferromagnetic semiconductor at
ambient pressure with a Néel temperature TN of about 56 K [112,113]. In the past 30 years,
the concept of the electronic structure of Sr2Fe04 has changed from a Mott-type antiferro-
magnetic insulator similar to La2CuO4 [112] to an insulator with negative charge-transfer
energy (negative-∆pd) [113]. The insulating ground state of Sr2Fe04 is assumed to be stabi-
lized by a hidden structural distortion similar to the charge order in the related Sr3Fe2O7,
and differs from the charge disproportionation in other Fe4+ oxoferrates.

However, we believe that the ground spin–charge state in this ferrate, as well as in
other JT ferrates, is determined by d-d anti-JT disproportionation. This is evidenced by the
absence of a noticeable JT distortion of the FeO6 octahedra, the manifestation of a phonon
mode atypical for the K2NiF4 structure, which can be naturally associated with a breathing
mode typical for d-d disproportionation, an elliptical cycloidal spin spiral structure typical
of all JT ferrates, and an insulator–metal transition under high pressure [113]. To elucidate
the details of the ground state, we require further studies, particularly on single crystals
of Sr2FeO4.

7.5. JT Ruthenates

Just like Fe4+(3d4) JT ferrates, Ru4+(4d4)-based ruthenates belong to the same family
of Ruddlesden–Popper (An+1BnO3n+1) compounds. They host rich physics, including
unconventional superconductivity in Sr2RuO4, a metamagnetic ground state in Sr3Ru2O7,
insulating antiferromagnetism in Ca2RuO4 and Ca3Ru2O7, and both paramagnetic and
ferromagnetic metallic states in CaRuO3 and SrRuO3, respectively. Ruthenates undergo
a variety of electronic, magnetic, and orbital ordering transitions, which are tunable with
chemical doping, pressure, temperature, magnetic fields, and epitaxial strain. However,
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their properties differ in many points from their 3d analogs. This is due to the fact that the
4d shell of the Ru4+ ion is more extended than the 3d shell of the Fe4+ electronic analog,
which most likely leads to an increase in the crystal field parameter 10Dq, a decrease in
the local correlation parameter, and an increase in the transfer integrals. As a result, the
Ru4+ (4d4+) ions tend to adopt a low-spin state or S = 1 state because relatively large crystal
fields often overpower the Hund’s rule coupling [114].

In other words, in ruthenates, we seemingly encounter a fine high-spin–low-spin
(HS–LS) balance, up to the possibility of the coexistence of HS- and LS-states [114,115].
It means that by varying substitutions, tuning the physical and chemical pressures, and
reducing the film thicknesses, one can observe different quantum states, ranging from those
typical for JT magnets, such as JT ferrates, to states typical for low-spin t4

2g-systems, with a
trend toward phase separation.

Practically all layered ruthenates at low temperatures are characterized by robust
Fermi liquid behavior, as evidenced by the quadratic temperature dependence of resistivity
and by the observations of quantum oscillations. However, the breach of the Mott–Ioffe–
Regel limit for the basal plane resistivity and the anomalous strange metallic behavior,
with a linear temperature dependence of resistivity at high temperatures, clearly exhibit
behavior inconsistent with any conventional Fermi liquid paradigms [116] but are typical
for disproportionate systems with two types of charge transport.

Ruthenates are excellent candidates to explore the intricate interplay between struc-
tural and electron–spin degrees of freedom. For instance, Ca2RuO4 is a paramagnetic
Mott insulator below the metal–insulator transition temperature TMIT ≈ 360 K with anti-
ferromagnetic ordering below TN ≈ 110 K [117]. However, the application of very modest
pressure transforms it from the antiferromagnetic Mott insulator to a quasi-2D ferromag-
netic metal. Under the current flow, the insulating ground state was observed to transform
into an electrically conducting phase with highly diamagnetic susceptibility.

Puzzlingly, single-crystalline Ca2RuO4 nanofilms exhibit the co-appearance of high-
temperature superconductivity with Tc ≈ 60 K and ferromagnetism [118]. Such a high
temperature of the superconducting transition suggests the presence of an unconventional
mechanism of superconductivity of the type found in high-Tc cuprates.

The replacement of Ca2+ ions (ionic radius 1.34 Å) with Sr2+ ions (ionic radius 1.44 Å)
in the bulk family appears to induce a subtle alteration in the electronic structure, while
simultaneously leading to a dramatic transformation of the ground state from an antiferro-
magnetic insulator in Ca2RuO4 to a superconducting and ferromagnetic state in Sr2RuO4,
with a spiral spin structure in the ground normal metallic state [119].

Based on early Knight shift, polarized neutron scattering, muon–spin-resonance, and po-
lar Kerr measurements, Sr2RuO4 has been widely believed to support a spin–triplet chiral
p-wave superconducting state [120]. However, despite significant achievements in char-
acterizing the properties of Sr2RuO4 over the last three decades, the precise nature of its
electronic ground state and superconducting order parameter is still unresolved [121,122].
Understanding the nature of superconductivity in Sr2RuO4 is one of the most enigmatic
problems in unconventional superconductivity, despite the vast interest and wide array of
experiments performed on the material. Recent results have pushed the community toward
potentially adopting an even-parity spin–singlet pairing state, although conventional states
of this nature are not able to consistently explain all observations. It should be noted that su-
perconductivity is a relatively common property of ruthenates. Very recently, strain-stabilized
superconductivity with Tc ≈ 2 K was discovered in ruthenate RuO2 films [123,124].

Generally speaking, despite extensive efforts, a comprehensive understanding of
electronic structures and physical properties in JT ruthenates is still lacking.

7.6. Iron-Based Superconductors

The Fe2+ iron-based superconductors have layered structures with the conducting
layers made of tetrahedral centers FeAs4, FeP4 (ferropnictides), FeSe4, FeS4, FeTe4 (fer-
rochalcigenides). These JT magnets exhibit the unprecedented richness of physics, some-
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times within a single family, encompassing magnetism, unconventional superconductivity,
quantum criticality, linear-in-T resistivity, nematic order, and a propensity toward orbital-
selective Mott behavior [125–128]. Researchers have found practically all phenomena asso-
ciated with strongly correlated electron systems in Fe-based materials. At present, a variety
of theoretical approaches are being employed to understand these systems, although the
issue remains to be fully settled.

Here, our intention is not to deliver a comprehensive review of the electronic structures
and phase diagrams of iron-based superconductors, but rather to pay attention to several
specific features that allow us to assume an important role of the disproportionation
mechanism. Superconductivity in FePn/Ch emerges out of a “bad-metal” normal state and
the superconducting phase occurs near the antiferromagnetic order in proximity to a Mott
transition. The parent iron pnictides are antiferromagnetically ordered metals; insulating
behavior and AF order also appear in a variety of iron chalcogenides.

Unconventional non-BCS superconductivity in FePn/Ch has much in common with
that of copper oxides; in particular, the ratio of Tc versus the superfluid density is close
to the Uemura plot observed for hole-doped high-Tc cuprates [129,130]; as for cuprates,
the electronic nematicity has been observed in the normal states of many—if not all—the
FePn/Ch.

At the same time, FePn/Ch is different in many respects from cuprates. Thus, the high
field inelastic neutron scattering data in the optimally doped Fe(Se,Te) superconductor [131]
and in 112-type pnictide [132] show that—similar to cuprates—magnetic fluctuations play
a central role in iron superconductivity; however, these suggest that the superconductivity
of FePn/Ch is actually driven by a spin–triplet bound state. The spin–triplet nature
of superconducting carriers in FePn/FeCh was proposed back in 2008 [35,133] and has
been confirmed by several experimental facts [134–136], although experimental data are
contradictory [137,138]. In this regard, let us turn our attention to one of the primary
modern techniques used for determining the spin of superconducting carriers: measuring
the spin susceptibility by measuring the Knight shift [89]. It is believed that spins in a
triplet superconductor should be polarized in an external magnetic field, just like free spins
in an ordinary metal. Thus, in such a system, one can expect that the spin susceptibility
and the Knight shift should not have singularities in Tc. Spin anisotropy can suppress
this for some directions but not for others. In a spin–singlet superconductor, the magnetic
susceptibility vanishes at T→ 0. Thus, for a spin–singlet superconductivity, a decrease in
the uniform spin susceptibility below Tc can be expected, although qualitatively, the same
can occur for certain components of the triplet, although the vanishing susceptibility is
often difficult to determine due to the background Van Vleck contribution. However, this
technique does not take into account the complex nature of spin interactions and the spin
structure of spin–triplet superconductors.

The “singlet-triplet” dilemma for superconducting carriers in the vast majority of
superconductors is considered within the framework of the BCS scenario, while the model
of anti-JT disproportionation in JT magnets represents a fundamentally different view of
the mechanism of superconductivity, in which superconducting carriers are effective local,
singlet or triplet, hole or electronic, composite bosons. Our model assumes that super-
conducting carriers in FePn/Ch compounds consist of eg holes, and not of t2g electrons,
as predicted by the single-electron multi-orbital band model [125].

At the moment, we cannot present an unambiguous conclusion about the role of the
mechanism of anti-JT disproportionation in iron-based superconductors; however, finding
high-Tc superconductivity in FePn/Ch compounds with the tetrahedral coordination of
iron Fe2+(3d6) ions in the HS state, and the coexistence of unconventional magnetism, can
be a key argument that supports the disproportionation scenario.

More surprisingly, our simple model provides convincing predictions of superconduc-
tivity and its features in different quasi-two-dimensional JT magnets, cuprates, nickelates,
ruthenates, and ferropnictides/chalcogenides, differing both in the electronic structures of
active centers, and in the local crystal structures. The model predicts hole-type bosonic spin–
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singlet superconductivity in 2D cuprates and nickelates, spin–triplet hole superconductivity
in FePn/FeCh with sufficiently high Tc in both systems, and electronic superconductivity
in Sr2RuO4 with very low Tc, in agreement with Hirsch’s ideas about the hole nature of the
HTSC [139,140].

8. Summary

We believe that the unusual properties of a wide class of JT magnets—materials based
on Jahn–Teller 3d and 4d ions with diverse crystal and electronic structures, ranging from
quasi-two-dimensional unconventional superconductors (cuprates, nickelates, ferropnic-
tides/chalcogenides, ruthenate SrRuO4), and manganites with localized superconductivity,
to 3D ferrates (CaSr)FeO3, nickelates RNiO3, and silver oxide AgO with unusual charge
and magnetic orders—can be explained within the framework of a single scenario, which
assumes their instability with respect to anti-Jahn–Teller d-d disproportionation. As a result
of disproportionation, the parent (“progenitor”) JT magnet is transformed into a half-filled
system that is equivalent to a single- or two-band system of effective local composite
spin–singlet or spin–triplet, electron or hole S-type bosons in a magnetic or non-magnetic
lattice, which gives rise to an extremely rich set of phase states, from non-magnetic and
magnetic insulators, unusual magnetic metallic and superconducting states, to a specific
nematic ordering of the EH dimers. The effective composite bosons cannot be considered
conventional quasiparticles; they are an integral part of many-electron configurations. The
effective spin-dependent two-particle bosonic transport in two-band JT magnets results in
behavior that is typical for “double-exchange” systems.

The model provides a comprehensive understanding of the well-established charge
and magnetic order in JT ferrates and nickelates RNiO3, including the nontrivial effect of
the cation–anion–cation-bonding angle.

The most optimal conditions for HTSC with spin–singlet local composite bosons
and a spinless lattice can only be achieved for low-symmetry quasi-two-dimensional d9

JT magnets, such as 2D cuprates and nickelates, where disproportionation follows the
traditional Jahn–Teller effect and orbital ordering.

The anti-JT disproportionation model points to a possibility of spin–triplet supercon-
ductivity in ruthenates Sr2RuO4 and RuO2, ferropnictides/chalcogenides FePn/FeCh, and
manganite LaMnO3, although in most of the known “candidates” (Ca(Sr)FeO3, RNiO3,
AgO), a specific spin–charge order is realized. The model assumes that effective supercon-
ducting carriers in the FePn/FeCh compounds consist of eg holes rather than t2g electrons,
as predicted by the one-electron multi-orbital band models. The effective Hamiltonians for
spin–triplet composite bosons in nonmagnetic and magnetic lattices have complex spin
structures, which must be taken into account when interpreting experiments to determine
the spin of superconducting carriers.
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28. Pavuna, D.; Dubuis, G.; Bollinger, A.T.; Wu, J.; He, X.; Božović, I. On Local Pairs vs. BCS: Quo Vadis High- Tc Superconductivity.

J. Supercond. Nov. Magn. 2017, 30, 731–734. [CrossRef]
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