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Abstract: The applicability of magnetocaloric materials is limited by irreversibility. In this work,
we evaluate the reversible magnetocaloric response associated with magnetoelastic transitions in
the framework of the Bean-Rodbell model. This model allows the description of both second- and
first-order magnetoelastic transitions by the modification of the η parameter (η < 1 for second-order
and η > 1 for first-order ones). The response is quantified via the Temperature-averaged Entropy
Change (TEC), which has been shown to be an easy and effective figure of merit for magnetocaloric
materials. A strong magnetic field dependence of TEC is found for first-order transitions, having
a significant increase when the magnetic field is large enough to overcome the thermal hysteresis
of the material observed at zero field. This field value, as well as the magnetic field evolution of
the transition temperature, strongly depend on the atomic magnetic moment of the material. For
a moderate magnetic field change of 2 T, first-order transitions with η ≈ 1.3− 1.8 have better TEC
than those corresponding to stronger first-order transitions and even second-order ones.

Keywords: magnetocaloric effect; reversible response; Bean-Rodbell model

1. Introduction

Magnetocaloric (MC) materials deserve the attention of the research community
due to their possible application in solid-state refrigeration at room temperature [1–3].
Prototypes of this technology have been shown to be energy efficient and environmentally
friendly, aspects that are highly desired from the point of view of sustainability [4,5].
The MC effect [6] is defined as the temperature change (or entropy change) produced
by the application/removal of a magnetic field in adiabatic (or isothermal) conditions,
∆Tad (or ∆Siso). MC materials are classified according to the order of the thermomagnetic
phase transition [7,8], being of first- or second-order type (FOPT and SOPT MC materials,
respectively). Typically, SOPT materials present a moderate response in a wide temperature
range, while FOPT materials present higher effects but in a narrow temperature span [9].
Besides this, another important characteristic of MC materials is the reversibility of their
response, being fully reversible in the case of SOPT materials and not completely reversible
for FOPT ones due to the associated hysteresis [8,10]. For practical applications in magnetic
refrigeration, due to the cyclic operation of the devices, a large reversible response is a
fundamental requirement. Therefore, the analysis of the reversible response is crucial to
evaluate the actual MC performance of a material.

The MC performance of the materials in refrigeration devices has been extensively
studied [8,11–17]. The most used criterion is the Relative Cooling Power (RCP), which
accounts for the heat that can be exchanged between the hot and cold reservoirs [18]. The
RCP is defined as:

RCP = ∆Smax
iso ∆TFWHM, (1)

where ∆Smax
iso is the maximum value of ∆Siso at a certain magnetic field change and ∆TFWHM

is the Full Width at Half Maximum (FWHM) of ∆Siso(T). Equation (1) assumes that the
temperature of the hot and cold reservoirs corresponds to ∆TFWHM. This approximation
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leads to erroneous interpretation of the potential applicability of materials. Materials with
low ∆Siso can have ∆TFWHM of hundreds of kelvins which, in fact, are impossible to achieve
in real devices as ∆Tad values are far from those ranges [19–21]. This misinterpretation can
lead to argue the goodness of SOPT materials with very low MC responses in comparison
to Gd or well-known FOPT MC materials.

To overcome this main issue, L. D. Griffith et al. proposed the use of the Temperature
averaged Entropy Change (TEC) to evaluate the MC materials [22]. It is defined as:

TEC
(

∆Tli f t

)
=

1
∆Tli f t

max
Tmid

∫ Tmid+
∆Tli f t

2

Tmid−
∆Tli f t

2

∆SisodT

, (2)

where ∆Tli f t is the working range of temperatures (differences between cold and hot
reservoirs) and Tmid is the middle temperature of the range. To obtain reliable values and to
use this magnitude as a figure of merit for the MC materials, realistic values of ∆Tli f t have
to be employed. The authors proposed two strategies: 1) ∆Tli f t of 3 K characteristic of a
single layer in a device [23,24]; and 2) ∆Tli f t of 10 K covering best ∆Tad known today (≈9 K)
under magnetic fields produced by permanent magnets (≈2 T) [25]. Using these criteria,
the goodness of FOPT MC materials with respect SOPT ones was shown, in agreement
with experimental observations [22].

In this work, we evaluate the reversible entropy change of materials undergoing
magnetoelastic transitions in the framework of the Bean-Rodbell model [26] using TEC as
a figure of merit. This model makes it possible to reproduce SOPT and FOPT materials
by modifying the η parameter, showing a good agreement with experimental results of
MC materials [27–30]. In the present work, we show that the reversible TEC has a strong
magnetic field dependence for FOPT, exhibiting a significant increase when the magnetic
field is large enough to overcome the thermal hysteresis of the material observed at zero
field. Besides the influence of η, which significantly increases the thermal hysteresis of
the system, the atomic magnetic moment has been found to play a significant role on
the reversible magnetocaloric performance through the field dependence of the transition
temperature. In addition, for conventional magnetic field changes of 2 T, the reversible
TEC as a function η and magnetic moment is found to have a maximum lying in the FOPT
range, showing that FOPT with moderate hysteresis have larger MC performance than
stronger FOPT, SOPT or even materials at the critical point between first- and second-order
phase transition.

2. Methods

The Bean-Rodbell model [26] was originally developed to reproduce the magnetoe-
lastic transition in MnAs alloy and it is based on the assumption that the relative volume
change (w) affects the transition temperature (Tt) according to:

Tt = T0(1 + βw), (3)

where T0 is the transition temperature in absence of volume changes and β an introduced
parameter. According to this model, the magnetization (M) is expressed as:

M
MS

= BJ

(
gµB J
kBT

µ0H +
3T0

T

(
J

J + 1

)
M
MS

+ η
9
10

(
2J2 + 2J + 1

(J + 1)3

)
T0

T
M3

MS
3

)
, (4)

where MS is the saturation magnetization (MS = nm, being n the atomic magnetic moment
density and m the atomic magnetic moment, m = gJµB), g the Landé factor, µB the Bohr
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magneton, J the total quantum angular momentum, BJ the Brillouin function, µ0 the
permeability of vacuum, H the magnetic field and η a parameter of the model, defined as:

η =
5
2

(
(2J + 1)4 − 1

(2(J + 1))4

)
MS

gµB J
kBT0kβ2, (5)

where k is the compressibility modulus. The η parameter controls the order of the transition,
being of first-order type if η > 1, second-order if η < 1 and η = 1 corresponds to the
critical point between first- and second order phase transitions (where the order of the
transition changes from second to first). In the framework of the Bean-Rodbell model, the
quantification of the hysteresis and the reversible response is possible. This is determined
from the single-valued solution of T as function of M and H in Equation (4) [31]. For η > 1,
metastable and instable regions appear in the solution. The existence of the instable region
leads to two different solutions when the material is heated up or cooled down, originating
the associated hysteresis. In this work, fixed values for g, T0, n and k were used (2, 300 K,
3.0 × 1028 m−3 and 2.5 × 10−11 Pa−1, respectively), while m (or J) and η were varied to
study their influence. These fixed values are in the range of those for typical MC materials
at room temperature (e.g., n = 3.1 × 1028 m−3 and k = 2.6 × 10−11 Pa−1 for Gd [32] and
n = 1.6 × 1028 m−3 and k = 0.9 × 10−11 Pa−1 [29] for La(Fe,Si)13).

To evaluate the MC response, ∆Siso is calculated from magnetization data using
Maxwell relations as:

∆Siso(0→ H) = µ0

∫ H

0

(
∂M
∂T

)
H

dH′, (6)

where the different solution of Equation (4) can be introduced (i.e., the cooling and heating
branches of the magnetization leads to a ∆Siso response associated with each branch). The
reversible response is obtained as the intersection of the heating and cooling ones [33]. From
that reversible ∆Siso, the reversible TEC have been calculated according to Equation (2).

3. Results and Discussion

To illustrate the hysteretic behavior in terms of the Bean-Rodbell model, Figure 1
shows, as an example, the temperature dependence of M and ∆Siso for an atomic magnetic
moment of 7µB for two values of the η parameter, which correspond to SOPT (η = 0.5) and
FOPT cases (η = 1.5). It can be observed that for η = 0.5 (Figure 1a,c) both cooling and
heating branches of M are the same as there is no hysteresis associated with the transition,
leading to a ∆Siso response that is fully reversible (shaded area), as expected for SOPT
materials. In the case of η = 1.5, M is not reversible for zero field (0 T), while it becomes
reversible for larger fields (2 T) (Figure 1b). For this case, the field in which the thermal
hysteresis of the FOPT response vanishes is 1.35 T (denoted as critical field, HC). This
irreversibility of M leads to different ∆Siso responses when heating or cooling. For the
shown case and a field of 2 T, the reversible response coincides with the one of the heating
branch (Figure 1d). It is inferred, therefore, that hysteresis reduces the MC performance
as the reversible response is smaller and narrower than the maximum achievable one
for moderate magnetic fields (which corresponds to the cooling branch). However, it is
clearly observed that the reversible response of the FOPT is larger when compared to the
SOPT one.
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Figure 1. Temperature dependence of M for an atomic magnetic moment of 7µB for 0 and 2 T for (a) η = 0.5 (SOPT) and
(b) η = 1.5 (FOPT). Corresponding ∆Siso (from previous magnetization data) for (c) η = 0.5 and (d) η = 1.5.

With respect to field evolution, Figure 2a shows the magnetic field dependence of
the maximum ∆Siso values for heating and cooling branches as well as the reversible
contribution ∆Siso for m = 7µB. For η = 1.5 it is observed that both cooling and heating
values start from significant values even for low fields (being larger for the former case
as previously observed) in contrast to real cases. On the one hand, this can be ascribed to
the modelling of the material as a single domain. However, this effect would only affect
the magnetocaloric response at much lower fields than the ones of interest (a well-known
MC material such as La(Fe,Si)13 can be technically saturated around 0.25 T [34]). On the
other hand, it can also be ascribed to the abrupt (instantaneous) transformation between
FM to PM states for FOPT in the model (e.g., see Figure 1b), while coexistence among
both phases during transformations is experimentally observed. This can be solved by
including the kinetic process specific to each material [35], although this would require the
inclusion of different additional models besides the Bean-Rodbell one (which is the main
focus of this work). Continuing the discussion of Figure 2a, the reversible response remains
much smaller than both heating and cooling cases up to a certain magnetic field (denoted
by HI) at which a significant increase of the response is observed. Above that magnetic
field, the reversible response is the same as the heating one. This HI shows how important
the magnetic field is in overcoming the limitations of the hysteresis (and improving the
reversible response). It should be noted that the value of HI is smaller than HC (0.58 T
vs. 1.35 T). Analyzing the effect of the magnetic field on the transition temperature (inset
of Figure 2a), it can be observed that HI corresponds to the magnetic field at which the
transition temperature of the cooling branch reaches the value at zero field of the transition
temperature of the heating branch, i.e.,:

Tt,Heating(0) = Tt,Cooling(HI). (7)
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Figure 2. (a) Magnetic field dependence of the maximum value of ∆Siso and the evolution of the transition temperatures
(inset) for η = 1.5 and m = 7µB; (b) Temperature dependence of ∆Siso for η = 1.5 at 0.5 T and (c) 0.65 T; (d) Magnetic field
dependence of maximum reversible ∆Siso for different η values and m = 7µB.

This behavior can be understood as follows: (1) For magnetic fields below HI , the
temperatures of the peak of the cooling and heating responses are separated, and then
the common response corresponds to the tail of the ∆Siso curves (Figure 2b). (2) For fields
above HI , the cooling response is broad enough to be at least partially overlapped with
the heating peak and, due to the abrupt shape of the peak, the common response reaches
the maximum of the heating peak (Figure 2c). It should be noted that as the transition
temperatures of both branches are shifted to higher temperatures with increasing field, the
maximum reversible response can only reach the one of the heating branch.

Now we extend the analysis to different values of the η parameter. Figure 2d shows
the field dependence of the ∆Siso,rev for different η while keeping the magnetic moment
to 7µB. For all FOPT cases (i.e., η > 1), the previous characteristic of an abrupt increase
of the reversible ∆Siso at HI is observed (except for η = 2). Moreover, it can be noted that
HI increases as η increases, i.e., as the FOPT character becomes more relevant (being for
η = 2 larger than the explored magnetic field range of 2 T). For fields above HI , as in the
SOPT range, the maximum achievable value of ∆Siso,rev increases with η. This plot reveals
that ∆Siso,rev of FOPT can be quite small if the magnetic field is not enough to overcome
the hysteresis (H < HI) and those values are smaller than those of SOPT. However, if the
field large enough to overcome the hysteresis, FOPT values are much larger than those of
SOPT. This illustrates that at moderate magnetic field changes of 1-2 T, MC materials with
moderate first-order character (i.e., significant heating/cooling magnetocaloric responses
with small thermal hysteresis) have much better reversible performance than those with
stronger first-order character (e.g., for 1 T, it is preferable a FOPT with η closer to 1.5 than
to 2) or second-order ones. This is in agreement with experimental observations [8,13,36].
To further extend this discussion and to establish a reliable comparison between SOPT and
FOPT materials, we can evaluate the reversible MC performance in the framework of TEC
magnitude (TECrev).
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Figure 3a shows the magnetic field dependence of TECrev for η = 1.5 and m = 7µB
using the two proposed ∆Tli f t of 3 and 10 K. It should be noted that the obtained values
are similar to those of experimental measurements [22]. For both operating temperature
spans, a significant increase of the values at HI can be observed, as could be expected from
the significant increase of ∆Siso,rev. However, the increase in TECrev is not as abrupt as the
one previously observed for ∆Siso,rev. This is ascribed to the limited temperature width of
the reversible response for fields close to HI in comparison to ∆Tli f t. Therefore, to obtain
significant TECrev values we have to reach fields larger than HI . These values of TECrev
depend on the ∆Tli f t employed, as can be observed from the figure. The dependence of HI
on η and m (or J) parameters is shown in Figure 3b. A steep dependence with η is clearly
observed, showing that as the first-order character increases, higher magnetic field changes
are needed to obtain a significant reversible response. Moreover, an interesting dependence
with the atomic magnetic moment is also shown, being HI significantly reduced as m
increases. This leads to prefer large magnetic moments in order to have a better reversible
performance at moderate magnetic field changes.

Figure 3. (a) Magnetic field dependence of the reversible TEC for η = 1.5 and m = 7µB using a ∆Tli f t of 3 and 10 K; (b) HI as
a function of η for different atomic magnetic moments.

To further understand the influence of m and η parameters on reversibility, we analyze
their influence on the thermal hysteresis at zero field and on the magnetic field dependence
of the transition temperature (Figure 4a,b, respectively). A significant dependence on
η is observed for the thermal hysteresis, while m has a much less relevant influence on
∆Thys. This trend is similar to that previously observed for HI (Figure 3b), although the m
dependence is more relevant for HI . The magnetic evolution of the transition temperature
is significantly affected by m (from 1 to 7µB the shift of transition temperature caused by
field is doubled). This dependence of the transition temperature evolution is the main
responsible of the HI dependence with m. With this, it can be concluded that, for large
atomic magnetic moments, the larger dTt

dH values the better reversible TEC performance.
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Figure 4. (a) Thermal hysteresis at zero field and (b) magnetic field evolution of the transition temperature (cooling branch)
as a function of η and m.

This increment of the sensitivity of the transition to the magnetic field can be under-
stood in terms of the Clausius-Clapeyron formalism [37,38]. For an idealized FOPT, this
leads to the equation:

dTt

dH
= −∆M

∆S
. (8)

with ∆M and ∆S being the jump produced at the transition for the magnetization and
entropy, respectively. Dissipative terms are not considered, as we are looking for an approx-
imate value that represents the general trend, although they should be added for a detailed
analysis [39,40]. For the atomic magnetic moment dependence, ∆M increases with increas-
ing m and, therefore, ∆S also increases. However, a larger increase of the magnetization
jump when compared to the one of the entropy is observed which explains the increment
of dTt

dH with increasing m by considering Equation (8). Following a similar behavior, ∆M
and ∆S both increase with increasing η. However, the effect is more significant for ∆M,
leading to larger dTt

dH with increasing η.
Finally, in Figure 5a we plotted the η and m dependence of TECrev (using ∆Tli f t

of 3 K) for a magnetic field change of 2 T. With respect to the η dependence, a non-
monotonic tendency is observed, reaching maximum values in the FOPT region (i.e.,
for η > 1) independently of the value of the atomic moment. After that maximum, the
values significantly decrease, becoming smaller than those of SOPT range. This decrease is
ascribed to the associated thermal hysteresis, which cannot be overcome at the working
magnetic field change of 2 T. With respect to m dependence, the maximum values of TECrev
(TECmax

rev ) increase as m increases. The reason for this is that, together with the increase of
the atomic moment, the saturation magnetization value increases (in our model we do not
modify the atomic density), promoting larger ∆Smax

iso values and therefore larger TECmax
rev .

Together with this, we observe that, as m increases, the maximum values of TECmax
rev are

shifted to higher η. These optimal values (ηopt) are plotted in Figure 5b (left y-axis) as a
function of m, showing a significant evolution. In addition, the values of TECmax

rev using
∆Tli f t of 3 and 10 K are also included (right y-axis). The trend for ηopt can be understood as
the shift of the transition temperature with the magnetic field significantly increases with
m (Figure 4b), making it possible to increase the thermal hysteresis that can be overcome by
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the field. It is found that the optimal performance in terms of the Bean-Rodbell model lies in
the range of 1.3–1.8 for magnetic field changes of 2 T using 3 and 10 K as temperature span.

Figure 5. (a) TECrev for 2 T using ∆Tli f t of 3 K as a function of η and m; (b) optimal η (left-y and circular symbols) and
maximum TECrev (right-y and triangular symbols) for 2 T using ∆Tli f t of 3 K (solid symbols) and 10 K (hollow symbols) as
a function of m.

4. Conclusions

The relation between thermal hysteresis and the reversible MC performance in ma-
terials undergoing a magnetoelastic transition was discussed in the framework of the
Bean-Rodbell model using Temperature-averaged Entropy Change (TEC) as a figure of
merit. It is shown that the reversible TEC experiences a significant increase above a certain
magnetic field change that overcomes the existing thermal hysteresis at zero field. That
magnetic field was found to follow a strong dependence with the η parameter and the
atomic moment for FOPT. In addition, it was shown that FOPT materials with moderate η
parameter (around 1.3–1.8) are more suitable than SOPT materials at conventional magnetic
field changes for all the atomic moments and temperature spans between 3 and 10 K. More-
over, it was shown that larger atomic moment leads to higher reversible TEC values due to
the significant influence on the magnetic field evolution of the transition temperatures.
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