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Abstract: Nitrification, a crucial process in wastewater treatment, involves the conversion of ammo-
nium nitrogen to nitrate nitrogen through the sequential activities of ammonia-oxidizing bacteria
(AOB) and nitrite-oxidizing bacteria (NOB). In the present study, a comprehensive mathematical
model was developed to describe the nitrification process in mixed cultures involving isolated NOB
and starved AOB. The growth equation for NOB was divided into anabolism and catabolism, elu-
cidating the key substrates driving their metabolic activities. Considering the ammonia starvation
effect, a single cell-based model was developed to capture the mass transfer phenomena across the
AOB cell membrane. This addition allowed for a more accurate representation of the biological
dynamics during starvation conditions. The model’s accuracy was tested using experimental data
that was not used in the model calibration step. The prediction’s coefficient of determination (R2)
was estimated at 0.9. By providing insights into the intricate mechanisms underlying nitrification,
this model contributes to the advancement of sustainable wastewater treatment practices.

Keywords: nitrification; modeling; starvation; AOB; nitrite-oxidizing bacteria (NOB); ammonia
accumulation

1. Introduction

Currently, humans are producing approximately 210 Tg of reactive nitrogen per
year [1] and more than half of this waste is released into the environment without treatment.
Reactive nitrogen is highly mobile and most of it dissipates into the environment and
cascades through air, waters and ecosystems [2]. Excess reactive nitrogen not only has
a negative impact on human health, but also contributes to air and water pollution, and
can lead to complex ecosystems collapsing. Nitrogen is usually present in wastewater in
three forms (1) organic nitrogen compounds, (2) ammonium (NH4

+) or ammonia (NH3),
depending on the pH, and (3) trace amounts of nitrite (NO2

−) and nitrate (NO3
−). However,

organic fractions such as proteins, amino acids, and amino sugars are quickly degraded to
ammonium either in the sewer systems or in the wastewater treatment tanks [3].

The most common method of removing nitrogen from wastewater is biological ni-
trogen removal (BNR) comprising of nitrification and denitrification, which is considered
economical and efficient. In conventional BNR plants, ammonia, which was suggested to
be the true substrate for the oxidation process and not ammonium [4], is oxidized to nitrate
via autotrophic nitrification followed by its reduction to nitrogen gas via heterotrophic
denitrification. Nitrification, the biological oxidation of ammonium to nitrite and nitrate, is
essential in nitrogen cycling in wastewater treatment reactors. Groups of organisms known
to be involved in this process include autotrophic ammonia-oxidizing bacteria (AOB), and
nitrite-oxidizing bacteria (NOB) [5].
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AOB are present in most natural aerobic environments, including soils, freshwater, and
marine ecosystems [6–8] and some low-oxygen environments and subsurface sediments [9].
AOB cultures are also dominant in many ammonium-rich environments that have been
impacted by anthropogenic nitrogen sources such as fertilizers, wastewater, and industrial
by-products [7]. Despite its abundance, it is sometimes exposed to stress caused by low
substrate concentrations and even its absence.

The starvation behavior of several AOB belonging to different phylogenetic groups
has previously been investigated. Nitrogen removal efficiency in an anammox-partial
nitrification reactor reached 95% when subjected to repeated starvation and reactivation
periods [10]. Laboratory observations can clearly show different strategies of AOB accord-
ing to N source levels in oligotrophic or N-rich environments [11]. During nitrification,
the oxidation of ammonia by AOB is the most decisive process rate, which is catalyzed
by two types of enzymes, ammonia monooxygenase (AMO), which leads to hydroxy-
lamine (NH2OH) as an intermediate, and hydroxylamine reductase (HAO), which oxidizes
NH2OH to nitrite [12]. Starvation stress can affect the level of both enzymes [13]. The effect
of short-term ammonia starvation on non-starving cultures of N. briensis shows potential
ammonia-oxidizing activities of 200 to 250 µM N h−1, and this activity decreased only
slowly during starvation up to 10 days. Within 10 min after the addition of fresh NH4

+-N,
100% of activity was regained. Starvation negatively affected AMO mRNA levels, while
during recovery, an increase in amoA mRNA expression was detected simultaneously [14].
In a similar study that was conducted with the enriched culture of freshwater ammonia
oxidizers (AOB-G5-7), 16S rRNA and HAO were maintained during starvation, and AMO
and mRNA were affected by starvation for 50 days [15].

Nitrosomonas europaea related to Nitrosomonas cluster 7 (a group of AOB that has been
identified in environments such as wastewater, which contain high concentrations of NH4

+)
was rapidly reactivated after periods of starvation, in the presence of ammonium by batch
and retentostat experiments [11,16,17]. Moreover, the Nitrosomonas cryotolerans species
(marine AOB) have shown a similarly rapid response to the presence of ammonia [18–20].
On the other hand, members of Nitrosomonas cluster 6a (Nitrosomonas oligotrophic group) are
often found in freshwater environments [21–23]. One of these species (Nitrosospira briensis),
often found in terrestrial habitats, regain their activity slower than Nitrosomonas europaea
after long-term starvation of 10 weeks or 4 months [11,16]. Experiments conducted in the
enriched medium containing Nitrosomonas eutropha in CSTR reactors under different steady-
state substrate concentrations showed intracellular ammonium concentrations from six
different reactors. Intracellular total ammonium nitrogen (TAN) accumulations, gradually
increased from a basal value of ~1 M to much higher values (grown under an oligotrophic
environment) [4]. In experiments about the physiology of nitrifiers and stress response to
optimize the removal of nutrients and design advanced processes, ammonium deprivation
for 3 days resulted in fast ammonium/ammonia accumulation upon nitrogen availability,
with a maximum uptake rate of 3.87 mmol gprotein−1 min−1. Furthermore, a delay in
the production of nitrate was observed with increasing starvation periods, resulting in
slower recovery and a lower nitrification rate compared to non-starved cells. The maximum
accumulation capacity observed was 8.51% (w/w) independently of the external nitrogen
concentration, at a range of 250–750 mg N L−1, while pH significantly affected ammonia
oxidizers’ response, with alkaline values enhancing nitrogen uptake [24].

This work aimed to develop a holistic mathematical model that can describe the nitrifi-
cation process in different substrate concentrations, pH, and starvation conditions. Several
authors have developed kinetic models for nitrate production from activated sludge. The
main equation that describes microbial growth is the Monod model. Several parameters
affect the production rate of biomass, some of them are the temperature, the pH value,
and the hydraulic retention time [25]. Other authors developed more fundamental models
breaking the ammonium oxidation process into two enzymatic sub-processes (ammonia
monooxygenase reaction and hydroxylamine oxidoreductase reaction) with different max-
imum specific growth rates [26]. Using the proposed model to accurately predict the
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nitrification process performance can assist nitrification design applications in wastewater
treatment facilities and optimizing the operating conditions for the environmental and
economic feasibility of full-scale BNR plants.

2. Materials and Methods
2.1. Isolation and Enrichment of Nitrifying Microorganisms

In this study, two kinds of enriched ammonia-oxidizing bacteria (AOB) and purified
nitrite-oxidizing bacteria (NOB) were evaluated. The initial sludge consortium was origi-
nated from the aeration tank of the biological wastewater treatment plant of the University
of Patras (Rio, Patras, Greece). The synthetic growth medium used for the enrichment of
nitrifying microorganisms included 0.956 g L−1 ammonium chloride (NH4Cl) as a nitrogen
source for AOB and 1.232 g L−1 sodium nitrite (NaNO2) for NOB. In addition, 10.52 g L−1

potassium hydrogen phosphate (K2HPO4) and 4.72 g L−1 potassium dihydrogen phosphate
(KH2PO4) were used both to maintain the pH value in the range of 7.3–7.4 and to provide a
phosphorus source to the sludge. A quantity of 3.52 g L−1 of sodium hydrogen carbonate
(NaHCO3) was added in excess, to ensure that the nitrification process was not limited
by alkalinity. Finally, 1 mL L−1 trace elements, including 1 g L−1 FeSO4·7H2O, 1 g L−1

MgSO4·7H2O, 0.25 g L−1 CaCl2·2H2O, 0.25 g L−1 Na2MoO4·2H2O, 0.1 g L−1 H3BO3, and
5 mL L−1 H2SO4 were added to the medium [24]. During the isolation process which
followed, 50 mL of the initial amount of active sludge was mixed with 450 mL of synthetic
growth medium in a Duran flask (Schott). The flask was incubated in a stirred water bath,
at 25 ◦C and 100 rpm. To ensure aerobic conditions, air was provided using a ventilation
pump under a constant flow rate of 2 L min−1. After the complete oxidation of ammonia
to nitrate, biomass was collected through centrifugation and was inoculated in a fresh
growth medium.

Enriched activated sludge was used as an initial consortium in order to isolate NOB.
The resulting enriched liquid culture was inoculated onto Petri dishes containing curdled
growth medium, using agar. The whole isolation process was performed under sterile
conditions using a laboratory sterile laminar flow chamber. The inoculated plates were
placed in an incubator (BMT Incucell V) at 25 ◦C for 3 to 4 weeks. Several recultures were
performed using the observed colonies in order to purify the bacteria culture, on a solid
medium. Following this step, isolated cells were transferred to liquid cultures containing
NaNO2 as substrate.

Fifteen different microbial cultures were prepared to examine the nitrification effect
and to develop a general mathematical model. More specifically, mixed bacterial cultures
with both NOB and AOB were cultivated and monitored in four different pH values (6.5–8
with a step of 0.5) for an initial ammonium nitrogen concentration of 100 mg L−1 and
250 mg L−1. Moreover, three different experiments with mixed culture in different initial
ammonium nitrogen concentrations (100 mg L−1, and 700 mg L−1) with a pH value of
7.8 were used for model calibration. Regarding the starvation experiments, the enriched
nitrifying bacterial culture was cultivated in a nitrogen-depleted medium for 1, 2, 3, 4,
and 5 days, respectively, and was subsequently exposed to 250 mg NH4

+-N L−1 in four
different pH conditions (6.5 to 8 with a step of 0.5). The pH value was monitored daily with
an electronic pH meter (Thermo Scientific, Orion ROSS Ultra Refillable Ph/ATC Triode)
and was adjusted manually to the pre-set value, when it was needed. Finally, pure NOB
cultures with nitrite ions (from sodium nitrite) in a concentration of 100 mg L−1 and both
nitrite and ammonium nitrogen (1 mg L−1) as substrate were used to evaluate the kinetic
parameters in the different metabolic pathways of the NOB culture. All experiments were
performed in duplicate.

2.2. Analytical Techniques

Regarding the nitrification process evaluation, nitrite (NO2
−) and nitrate (NO3

−) ions
were determined by ion chromatography (DIONEX ICS-3000) equipped with a Dionex
IonPacTM AS19 (4 × 250 mm) and a DIONEX conductivity detector. The column tempera-
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ture was set at 30 ◦C and detector temperature at 35 ◦C. The mobile phase used consisted
of purified water and HCl 3 M. The flow rate was set at 0.8 mL min−1 while the run-time
analysis was 30 min. Initially, the eluent was 100% purified water maintained for 18 min.
The concentration of HCl 3 M was increased from 15% to 50% for 3 min (18–21 min of the
method) and maintained for 4 min (21–25 min of the method). Then, the same eluent was
reduced from 50% to 15% for 0.5 min (25–25.5 min of the method). Finally, the concentra-
tion of HCl 3 M was slightly increased from 15% to 18% for 4.5 min (25.5–30 min of the
method). Ammonium nitrogen was measured based on the Phenate method [27]. Biomass
concentration was measured as dry cell weight (DW), according to a modified method of
Standard Methods (Method 2540) for an estimation of Total Suspended Solids (TSS), using
GF/F grade filters [28]. All analytical measurements were performed in duplicate.

2.3. Model Development

The proposed model was based on the well-established model ASM1 which describes
the biological wastewater treatment process [29]. This model describes the mass balances
among the different forms of nitrogen in the nitrification process (ammonium to nitrate,
nitrite to nitrate). Different microorganisms’ species were involved in these steps. AOB
were involved in the nitrite formation from ammonium nitrogen and NOB were involved
in the nitrate formation. Regarding the NOB metabolic pathway, the microbial process
was divided into anabolism and catabolism. During anabolism, the NOB cells utilize
ammonium nitrogen as the nitrogen source to form new biomass cells. If there is a lack of
ammonium nitrogen in the medium, an intracellular conversion of nitrite to ammonium
is carried out to cover the microorganism’s nitrogen demands. Regarding the energy
demands of NOB culture (catabolism), only nitrite is consumed to form nitrate in the
medium. A brief description of the major processes included in the proposed model are
presented schematically in Figure 1a.
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+ to NO2

− by AOB (1),
assimilation of NH4-N in AOB biomass for new cell formation (2), conversion of NO2

− to NO3
− by

NOB (3), assimilation of NH4-N in NOB biomass for new cell formation (4), assimilation of NO2-N
in NOB biomass for new cell formation (5) (a). Effects of NH4-N starvation on the accumulation of
NH4

+ inside AOB cells (b).
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As presented in Figure 1, the ammonium nitrogen (SNH4) of the medium in a mixed
AOB-NOB culture is consumed either for AOB (XAOB) (anabolism and catabolism) or
NOB anabolism (XNOB). The separation of anabolism and catabolism in AOB growth is
expressed mathematically from the parameters ix,b, and YAOB in Equations (8) and (9),
where ix,b represents the fraction of nitrogen in biomass (measured value 3.87 gN/gbiomass)
and YAOB denotes the AOB yield [gbiomass/gN]. Regarding the growth rates of both AOB
and NOB, the widely used Monod equation was implemented in the proposed model. The
maximum specific growth rate for each microbial group is presented as µmax.

Regarding the anabolism/catabolism separation in the NOB culture, a new term was
implemented in the biomass equation to switch the biomass maximum specific growth rate
with the presence or absence of ammonium in the medium. Alongside the new term, a
parameter was implemented in the mass balance (KNH4). When the concentration of the
ammonium nitrogen (SNH4) in the medium was much greater than the KNH4 parameter,
the NOB biomass growth rate was ruled from the µmax,1 specific growth rate. On the other
hand, when the ammonium nitrogen value was less than KNH4, the biomass growth was
determined from the µmax2,NO2. Moreover, a decrease in NOB biomass growth rate was
observed when the concentration of ammonium nitrogen in the medium was high. This
effect was described with the implementation of the well-established term of Andrews
kinetics (i.e., substrate inhibition) for ammonium nitrogen [30].

Regarding the experimental results for the nitrate formation, non-proportional nitrate
production was observed compared to the corresponding biomass growth. Hence, a nitrate
production rate parameter (qmax) was implemented in the model. This parameter was set as
an independent parameter concerning biomass’s maximum specific growth rate. Moreover,
a difference in the nitrate production rate was observed with the presence or absence
of ammonium quantities in the pure NOB cultures. In order to express this difference,
the maximum nitrate production rate was divided into two different parameters (qmax,1,
qmax,2) depending on the concentration of ammonium nitrogen in the culture. Besides
the inhibition in NOB biomass growth with the excess of ammonium nitrogen in the
medium, no inhibition phenomena were observed in nitrate formation when the qmax,2
determined the nitrate production. For this reason, no implementation of Andrews’s term
was considered in this mass balance equation.

Regarding the pH inhibition effects, multiple phenomena and assumptions were
considered. A partial inhibition in ammonium consumption by AOB was observed in the
low pH values. This inhibition was expressed in the model with IAOB term by a sigmoid
function (Equation (1)) [31]:

IAOB =
1

1 + exp(A(K − pH))
(1)

where A denotes a fitting parameter and K represents the half-saturation constant for the
pH. Regarding the high pH values, an inhibition of free ammonia was considered in the
proposed model. The ammonia–ammonium equilibrium was used to estimate the ammonia
nitrogen concentration from ammonium concentration (ammonium nitrogen and ammonia
nitrogen) in the present pH values (Equation (2))

SNH3 = SNH4
Kα

10−pKα + 10−pH (2)

where Kα represents the equilibrium constant of ammonia–ammonium equilibrium (value
5.6 × 10−10).

The estimated ammonia concentration was implemented in INOB inhibition terms
involved in biomass growth and nitrate formation. One extra parameter (KNH3) was used
to quantify the ammonia inhibition in the two mass balances. The final inhibition terms are
presented in Equation (3):

INOB =
KNH3

KNH3 + SNH3
(3)
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Finally, regarding the modeling of the starvation effect [24], a single cell-based model
was used according to Figure 1b. It was assumed that the amount of stored nitrogen inside
the cell (XNst) was in equilibrium with the ammonium nitrogen in the medium, through the
semipermanent cell membrane. The equilibrium was carried out with the osmotic pressure
on the two sides of the membrane as the driving force. For the calculations, the percentage
of moisture inside the cell was set as 70% w/w according to [32], and the equilibrium
constant kD [gN gN-NH4

−1]. The rate of equilibrium was determined by the kN parameter
and the mass flux. The pH value of the medium affects the starvation effect according to
previous experimental work [24]. For this reason, Equation (1) was implemented in the
mass balance of internally stored nitrogen in order to inhibit the overall phenomenon at
low pH values. The final model equations are summarized in Equations (4)–(11).

dxAOB
dt

= µmax,NH4
SNH4

SNH4 + KS,NH4
xAOB IAOB (4)

dxNOB,NO2

dt
= µmax1,NO2

SNO2

SNO2 + KS,NO2

KNH4

SNH4 + KNH4
xNOB (5)

dxNOB,NH4

dt
= µmax2,NO2

SNO2

SNO2 + KS,NO2

SNH4

SNH4 + KS,NH4 +
S2

NH4
KSS,NH4

xNOB INOB (6)

dxNOB
dt

=
dxNOB,NO2

dt
+

dxNOB,NH4

dt
(7)

dSNH4

dt
= −

(
ixb +

1
YAOB

)
dxAOB

dt
− ixb

dxNOB,NH4

dt
− dXNst

dt
(8)

dSNO2

dt
=

1
YAOB

dxAOB
dt

− ixb
dxNOB,NO2

dt
− dSNO3

dt
(9)

dSNO3
dt = qmax,1

SNO2
SNO2+KS,NO2

KNH4
SNH4+KNH4

xNOB INOB

+ qmax,2
SNO2

SNO2+KS,NO2

SNH4
SNH4+KS,NH4

xNOB

(10)

dXNst
dt

= −kN

(
kDSNH4

moistbiomass
1 − moistbiomass

xAOB − XNst

)
IAOB (11)

2.4. Numerical Methods

Different sets of experimental data were used to train and calibrate the proposed
model. In the calibration step, experimental data from both pure NOB and mixed AOB-
NOB cultures in different pH and starvation conditions were used. Initial parameters’
values were set to start the numerical solution for minimizing the objective function of the
sum of the squares of errors normalized with the experimental value (relative error) [33]
(Equation (12)):

min
x

n

∑
i=1

(
yexp,i − ysim,i

yexp,i

)2

(12)

where x denotes the vector of the optimized parameters, yexp,i represents the experimental
value in point i, ysim,i represents the theoretical value in point i, and n denotes the length of
the experimental point vector.

The optimization algorithm was developed in MATLAB R2018a software, a computing
platform used by many engineers and scientists for data analysis and model optimization.
The native function fmincon was used as a nonlinear programming solver using ‘interior-
point’ as an algorithm, where the fmincon sets components of initial values that are equal to
the interior of the bound region.
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Because of the large number of the parameter vector, certain ‘sub-runs’ were performed
with only the key parameters to be estimated, as explained in the results section. The final
model training step included the overall optimization and parameter estimation in a narrow
range above and below the final parameter value. Certain experimental data were excluded
from the model training step to be used in model validation and testing. The estimated
parameters were kept as constants in the model validation process aiming to predict the
system behavior for experiments inside the range of the conditions used for optimizing the
model parameters.

3. Results
3.1. Determination of Kinetic Parameters—Non-Starved Cultures

The simulated results with the experimental data used for model calibration are
presented in Figure 2. Biomass growth, and nitrite and nitrate formation, were observed in
the investigated pH range from 7 to 8. A strong inhibition was exhibited in the experiment
with a pH value of 6.5 (Figure 2c), where no biomass growth or product formation was
observed. The maximum nitrate formation was exhibited when the initial concentration of
ammonium nitrogen was 700 mg L−1 (Figure 2b), with the maximum nitrate concentration
for both the model and experimental results being 800 mg L−1. Regarding the nitrite
concentration, almost-zero values were observed for low pH values and initial ammonium
nitrogen concentrations. This behavior differs for the high initial ammonium nitrogen
concentration (250 mg L−1), with pH values equal to 7 and 8 (Figure 2f,h). A nitrite–nitrogen
concentration of 50 mg L−1 was exhibited with a rapid consumption rate for a pH value
equal to 7 (complete nitrate consumption at 0.5 d). The partial inhibition of this rate was
exhibited in a pH value equal to 8, where the nitrite nitrogen elimination was observed at
day 5 (Figure 2h). A good fit of model calibration results to experimental data was exhibited
(R2 = 0.7), considering that the proposed model structure describes all process boundaries
and limitations for all the investigated parameters (bulk pH value, initial concentration of
ammonium and nitrite nitrogen, culture qualitative and quantitative characteristics).

Regarding the isolated NOB kinetics, two different experiments (with and without
ammonium–nitrogen addition) were conducted (Figure 3) in order to evaluate the different
kinetic parameters for anabolism and catabolism. A slow biomass production rate was
observed for both experiments (with and without ammonia) compared to the results that
were exhibited in the literature [29,34].

The estimated parameter values are presented in Table 1. The rates for biomass growth
and product formation for the NOB were observed significantly higher than the rates
concerning AOB (by 50%). This observation has also been reported in other studies. In
the work of Liu et al. [35] three different mathematical models were used in order to
evaluate the nitrification process. The maximum specific growth for both NOB and AOB
was estimated in the same order of magnitude as the results of this study. In another study
by Cui et al. [36] the biomass growth rate was estimated as significantly higher comparing
the present work (1.95 d−1 compared with 0.1 d−1). This fact may be attributed to the
higher culture temperature (35 ◦C) compared to the culture temperature of this work. The
same order of magnitude of µmax values was obtained in the work of Thalla et al. [37], even
if the parameter estimation was performed using linear regression.

3.2. Determination of Kinetic Parameters—Starved Cultures

Based on the proposed analysis, during the model calibration, the ammonium starva-
tion effect on AOB was examined (Figure 4). The starvation effect was observed during
the first day of cultivation (during the first 4 h). The proposed model successfully simu-
lated this effect with the estimation of the parameters of kN and kD. The process rate was
determined by the parameter kN with a value equal to 25 d−1, two orders of magnitude
higher than the other biological rates. Since the starvation effect affects only the AOB, the
pH inhibition was determined through common parameters for the starvation effect and
AOB biomass growth. However, when the pH is below neutral or mild alkaline levels, the
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amount of free ammonia typically decreases. This leads to a decrease in growth, substrate
consumption, and enzyme function, as discussed in previous works [24,38].
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centration (250 mg L−1), with pH values equal to 7 and 8 (Figure 2f,h). A nitrite–nitrogen 
concentration of 50 mg L−1 was exhibited with a rapid consumption rate for a pH value 
equal to 7 (complete nitrate consumption at 0.5 d). The partial inhibition of this rate was 
exhibited in a pH value equal to 8, where the nitrite nitrogen elimination was observed at 
day 5 (Figure 2h). A good fit of model calibration results to experimental data was exhib-
ited (R2 = 0.7), considering that the proposed model structure describes all process bound-
aries and limitations for all the investigated parameters (bulk pH value, initial concentra-
tion of ammonium and nitrite nitrogen, culture qualitative and quantitative characteris-
tics). 
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Figure 2. Experimental data and model results (continuous and do ed lines) for nitrification at pH 
7.8, mixed cultures (NOB and AOB) and initial ammonium–nitrogen concentration of 100 mg L−1 
(a), initial ammonium–nitrogen concentration 700 mg L−1 (b), pH 6.5 and initial ammonium–nitro-
gen concentration of 100 mg L−1 (c), pH 6.5 and initial ammonium–nitrogen concentration of 250 mg 
L−1 (d), pH 7 and initial ammonium–nitrogen concentration of 100 mg L−1 (e), pH 7 and initial am-
monium–nitrogen concentration of 250 mg L−1 (f), pH 8 and initial ammonium–nitrogen concentra-
tion of 100 mg L−1 (g), and pH 8 and initial ammonium–nitrogen concentration of 250 mg L−1 (h). 

Regarding the isolated NOB kinetics, two different experiments (with and without 
ammonium–nitrogen addition) were conducted (Figure 3) in order to evaluate the differ-
ent kinetic parameters for anabolism and catabolism. A slow biomass production rate was 
observed for both experiments (with and without ammonia) compared to the results that 
were exhibited in the literature [29,34]. 

Figure 2. Experimental data and model results (continuous and dotted lines) for nitrification at pH 7.8,
mixed cultures (NOB and AOB) and initial ammonium–nitrogen concentration of 100 mg L−1 (a), initial
ammonium–nitrogen concentration 700 mg L−1 (b), pH 6.5 and initial ammonium–nitrogen concentration
of 100 mg L−1 (c), pH 6.5 and initial ammonium–nitrogen concentration of 250 mg L−1 (d), pH 7 and initial
ammonium–nitrogen concentration of 100 mg L−1 (e), pH 7 and initial ammonium–nitrogen concentration
of 250 mg L−1 (f), pH 8 and initial ammonium–nitrogen concentration of 100 mg L−1 (g), and pH 8 and
initial ammonium–nitrogen concentration of 250 mg L−1 (h).
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Figure 3. Experimental data and model results (continuous and do ed lines) for nitrification at pH 
7.8 of NOB isolated culture with ammonium and nitrite nitrogen as substrate (a), and nitrite nitro-
gen as substrate (b). 
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parameter estimation was performed using linear regression. 
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Parameter Value Units 
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3.2. Determination of Kinetic Parameters—Starved Cultures 
Based on the proposed analysis, during the model calibration, the ammonium star-

vation effect on AOB was examined (Figure 4). The starvation effect was observed during 
the first day of cultivation (during the first 4 h). The proposed model successfully 

Figure 3. Experimental data and model results (continuous and dotted lines) for nitrification at pH
7.8 of NOB isolated culture with ammonium and nitrite nitrogen as substrate (a), and nitrite nitrogen
as substrate (b).

Table 1. Estimated parameter values for the proposed nitrification model, optimized with the experi-
mental data sets with different pH values, initial substrate concentration, different microorganisms,
and starved and non-starved bacteria.

Parameter Value Units

µmax1,NO2 0.158 d−1

µmax2,NO2 0.083 d−1

µmax,NH4 0.091 d−1

qmax,1 1.365 gN-NO3 gbiomass
−1 d

qmax,2 0.788 gN-NO3 gbiomass
−1 d

KS,NO2 0.003 gN-NO2 L−1

KS,NH4 0.002 gN-NH4 L−1

YAOB 0.141 gbiomass gN-NH4
−1

KNH4 4 × 10−4 gN-NH4 L−1

KSS,NH4 7.555 gN-NH4 L−1

A 6.758 -
K 7.713 -

KNH3 7.819 gN-NH3 L−1

kN 25.07 d−1

kD 0.099 gN gN-NH4
−1

3.3. Model Validation

Based on the proposed analysis, it was deemed necessary to assess the model’s ac-
curacy using experimental data that was not used in the model calibration step. Two
experiments with intermediate pH conditions (pH value 7.5) were used for this purpose.
The main difference between these experiments was the initial concentration of ammonium–
nitrogen in the bulk (100 mg L−1 and 250 mg L−1, respectively). The results of the model
prediction are presented in Figure 5. The maximum concentration of nitrate nitrogen
reached the value of 200 mg L−1 and 350 mg L−1 (obviously as result of the non-starved
AOB cells used in this run) for both the experimental data and theoretical simulations
in the experiment, with initial ammonium nitrogen concentrations of 100 mg L−1 and
250 mg L−1, respectively. The model’s prediction R2 was estimated at 0.9, indicating the
high model’s accuracy.
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Figure 4. Experimental data and model results (continuous and do ed lines) for the nitrification of 
starved bacteria at (a) pH 6.5, (b) pH 7, and (c) pH 8. 
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Figure 5. Experimental data and model prediction for nitrification process for mixed culture at pH 
7.5 with ammonium nitrogen initial concentration 100 mg L−1 (a), and 250 mg L−1 (b). 
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Figure 5. Experimental data and model prediction for nitrification process for mixed culture at pH 7.5
with ammonium nitrogen initial concentration 100 mg L−1 (a), and 250 mg L−1 (b).

4. Conclusions

A mathematical model describing the nitrification in mixed AOB-NOB, isolated NOB
and mixed ammonium-N-starved AOB-NOB cultures was developed. Regarding the NOB
growth equation, the biological process was divided into anabolism and catabolism. The
analysis exhibits that ammonium nitrogen is the main nitrogen substrate of anabolism
for NOB and nitrite–nitrogen is the secondary substrate that was assimilated by NOB if
there is a lack of ammonium nitrogen in the bulk. Regarding the ammonium starvation
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effect, a new variable (XNst) and two parameters (kD and kN) were implemented in the
model to describe the mass transfer through the cell membrane of the AOB. The model
could accurately predict microbial growth and product formation in different experiment
conditions (pH, initial substrate concentration, microbial consortium) with R2 > 0.9. The
proposed model can be useful in the field of wastewater treatment and can be implemented
as a tool for process optimization and decision making in full-scale treatment units.
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