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Abstract: Acceleration effects of heat flow are included in the law of heat conduction by eliminating
the acceleration term between the equation of motion for a spinless electron and the Boltzmann
equipartition energy theorem differentiated with respect to time. The resulting law of heat conduction
is a capite ad calcem in temperature as given in Equations (17), (19) and (20).
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Evaluation of use of this equation using the entropy production term reveals that as long as the flux,
q, and the temperature accumulation both have the same signs, the law does not violate the second
law of thermodynamics. For systems that obey the first law of thermodynamics, this is the case.
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In the chemical potential Stokes-Einstein formulation, when acceleration of the molecule is accounted
for, a law of diffusion a capite ad calcem concentration results. In cartesian one-dimensional heat
conduction in semi-infinite coordinates, the governing equation for temperature or concentration
was solved for by the method of Laplace transforms. The results are in terms of the modified Bessel
composite function in space and time of the first order and first kind. This is when τ > X. For X > τ

the solution is in terms of the Bessel composite function in space and time of the first order and
first kind. The wave temperature is a decaying exponential in time when X = τ. An approximate
expression for dimensionless temperature was obtained by expanding the binomial series in the
exponent in the Laplace domain and after neglecting fourth- and higher-order terms before inversion
from the Laplace domain. The Fourier model, the damped wave model and the a capite ad calcem
in temperature/concentration model solutions are compared side by side in the form of a graph.
The a capite ad calcem model solution is seen to undergo the convex to concave transition sooner than
the damped wave model. The results of the a capite ad calcem temperature model for distances further
from the surface are closer to the Fourier model solution.

Keywords: law of heat conduction; acceleration of spinless electron; free electron theory; method of
laplace transforms; bessel composite function; transient temperature; second law of thermodynamics

1. Introduction

Onsager [1,2] noted that Fourier’s model is only an approximate description of the process of
heat conduction, neglecting the time needed for the acceleration of heat flow. The manifestation of
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acceleration effects in the law of heat conduction is not well understood. This study aims to develop
an alternate form of heat conduction equation that depicts the acceleration effect of heat flow without
violation of the second law of thermodynamics.

Not all materials behave in the same manner. Some materials exhibit different behavior over
the range of their typical application. For some applications, when the experimental observations
cannot be explained using theoretical models, and for some new materials, constitutive equations may
be derived from plausible microscale phenomena. For example, Newton’s law of viscosity cannot
be applied to systems such as tomato puree or suspensions of gas and solid. Fourier’s law of heat
conduction may not be the best possible relation between the heat flux and temperature gradient
for systems where the transfer of heat is transient. Phenomena with short time scales or short space
scales or very high heat flux or very high temperature gradient have been found not to be adequately
represented by Fourier’s law of heat conduction.

Fourier’s law of heat conduction [3] and its analogs during (i) mass diffusion: Fick’s law of mass
diffusion [4]; (ii) electrical conduction: Ohm’s law of electricity [5]; (iii) viscous momentum transfer:
Newton’s law of Viscosity [6]; (iv) convection: Netwon’s law of cooling [6] are laws derived that
have been used in engineering practice for nearly two centuries. These laws have been developed
from empirical observations at steady state. Certain times these laws are not sufficient to predict the
experimental observations. There are some reasons to seek an alternate equation to Fourier’s law of
heat conduction (Sharma [7,8]);

(i) the microscopic theory of reversibility of Onsager [2] is violated;
(ii) it neglects the time needed for the acceleration of heat flow by free electrons (Sharma, [9]);

(iii) singularities were found in a number of important industrial applications of the transient
representations of temperature, concentration and velocity [10–22];

(iv) the development of Fourier’s law was from observations at steady state;
(v) over-prediction of theory to experiment has been found in a number of industrial applications

(Renganathan, K., [10], Sharma, [10–22]);
(vi) Landau and Lifshitz observed the contradiction of the infinite speed of propagation of heat with

Einstein’s light speed barrier [23];
(vii) Fourier’s law breaks down at the Casimir limit [24].

A non-Fourier heat conduction equation was postulated independently by Cattaneo [25] and
Vernotte [26]. This equation was first suggested by Maxwell from considerations of kinetic theory of
gases [27]. Joseph and Preziosi [28], Ozisik and Tzou [29] have reviewed the work done investigating
this equation. Sharma [30–33] discussed several analytical solutions for transient temperature obtained
by use of this equation along with the energy balance equation. He considered a semi-infinite medium
at an initial temperature of T0 subject to a constant surface temperature boundary condition for times
greater than zero. The hyperbolic partial differential equation (PDE) that forms the governing equation
of heat conduction was solved by a new method called relativistic transformation of coordinates.
The hyperbolic PDE is multiplied by eτ{2 and transformed into another PDE in wave temperature.
This PDE is converted to an ordinary differential equation (ODE) by a transformation using [10]
a variable that is spatio-temporally symmetric. The resulting ODE is seen to be a generalized Bessel
differential equation. The solution from this approach is within 12% of the exact solution obtained
by Baumeister and Hamill using the method of Laplace transforms. There are no singularities in the
solution. There are four regimes to the solution: (a) the inertial regime at shorter times compared with
the lag time at the considered point; (b) the regime at larger distances from the surface further from the
wave front X > τ characterized by the Bessel composite function of the zeroth order and first kind and;
(c) the regime at shorter distances from the surface prior to the wave front at τ > X characterized by the
modified Bessel composite function of the zeroth order and first kind and; (iv) the wave front regime
at τ = X. Expressions for penetration length and inertial lag time are developed. The comparison
between the solution from the method of relativistic transformation of coordinates and the method
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of Laplace transforms was made by use of Chebyshev polynomial approximation and numerical
integration. In a similar manner, the exact solution to the hyperbolic PDE is solved by the method of
relativistic transformation of coordinates for the infinite cylindrical and infinite spherical medium.
For the case of heating a finite slab, the Taitel paradox problem is revisited. Taitel [34] found that
when the hyperbolic PDE was solved the interior temperature in the slab was found to exceed the
wall temperature of the slab. This is in violation of the second law of thermodynamics (Bai and
Lavine [35], Zanchini [36]). By use of the final condition in time at steady state, the wave temperature
was found to become zero at steady state. This condition, when mathematically posed as the fourth
condition for the second-order PDE, leads to well-bounded solutions within the bounds of the second

law of thermodynamics. For systems with large relaxation times, i.e., τr ą
π2

a2α
, subcritical damped

oscillations can be seen in the temperature. In a similar manner, the transient temperature for a finite
sphere and finite cylinder are also derived. Nanoscale effects in the time domain (Sharma [19]) are
as important, if not more important than nanoscale phenomena in the space domain in a number
of applications. When the advances in microprocessor speed are approaching the limits of physical
laws on gate width and miniaturization, there is incentive to re-examine the physical laws at a level
of scrutiny never done before. In this study, the application of free electron theory to derivation of
a universal law of heat conduction is revisited. Acceleration of spinless electrons is not taken into
account during the derivation of the law of heat conduction. When the applied force on the spinless
electron by the applied temperature difference equals the drag force, the electron has attained its steady
drift velocity. This can be seen later in the derivation that Fourier’s law of heat conduction will lead to.
When the velocity of the electron is written in terms of heat flux, the Cattaneo and Vernotte equation
results. The velocity of the electron gets eliminated in the derivation. Rather than eliminating the
velocity, the acceleration of the spinless electron is expressed in terms of the accumulation of energy.
This can lead to a de novo law of heat conduction. In an earlier study (Sharma, [10]), the accumulation
at the surface of thermal energy transfer was shown to be causative in the need for an additional term
in the law of heat conduction. The non-Fourier conduction equation that results is evaluated for use in
the prediction of transient temperature in a finite slab.

2. Materials and Methods

2.1. Free Electron Theory

Ohm’s law of electric conduction and Fourier’s law of heat conduction can be derived from the
free electron theory. The range of electrical resistivity of materials varies by 30 orders of magnitude.
The range of thermal conductivity of materials varies by five orders of magnitude. No one theory
can predict the thermal and electrical conductivity of materials. The free electron model is used.
The outermost electrons of the atom are assumed to take part in the conduction process. These electrons
are not bound to the atom but are free to move through the entire solid. These electrons have been
called the free electron cloud, free electron gas, or Fermi gas. A potential field due to the ion cores
is assumed to be uniform throughout the solid. The free electrons possess the same free energy
everywhere in the solid. Because of the electrostatic attraction between a free electron and the ion core,
this potential energy will be a finite negative value.

Only energy differences are important and the constant potential can be taken to be zero. Then the
only energy that has to be considered is the kinetic energy. The kinetic energy is substantially lower
than that of the bound electrons in an isolated atom as the field of motion for the free electron is
considerably enlarged in the solid as compared to the field around an isolated atom. The free electron
theory can be used to better understand electrical conduction.

By the Lorenz analogy [37], the heat conduction can also be predicted in a similar manner.
The independent electron assumption was developed by Drude [38]. Some of the assumptions in the
free electron theory claim that electrons are responsible for all of the conduction. The electrons behave
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like an ideal gas, occupy negligible volume, undergo collisions, and are perfectly elastic. Electrons are
free to move in a constrained flat bottom well. The electron distribution of energy is a continuum.

2.2. Derivation of Alternate Non-Fourier Conduction Equation

Let the number of electrons per unit volume be given by n. This is the electron density in
the material during the conduction process. From the Boltzmann equipartition energy theorem [39]
the microscopic temperature, T, in (˝K) can be given by;

ˆ
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˙

“

ˆ

mv2
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2

˙

(1)

where kB is the Boltzmann constant, m is the mass of the electron in (kg) and ve is the velocity of the free
electron in (m s´1). The heat flux, qz, in (W m´2) is the rate of energy transfer across a cross-sectional
area of the heat conduction path. The heat flux in terms of the properties of the moving electron can be
written as follows:
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(2)

Equation (2) is the product of Equation (1) and (nve). Currently, the rate of energy transfer across
surfaces is estimated this way. This is sort of the momentum flux of the electrons as well. The applied
temperature gradient acts as a driving force for the motion of the electron. Let the collision time of the
electron be given by τ in units of seconds. The applied force and frictional force can be written from
the free electron theory as follows:

Applied Force “ ´
3kB

2

ˆ

dT
dz

˙

(3)

Drag Force “
´mve

τ

¯

(4)

An earlier study, the acceleration of the spinless electron, is also taken into account. The derivations
in the literature for Fourier’s law of heat conduction from free electron theory assume that the electron
has attained a steady drift velocity. This assumption may be reasonable at steady state. However,
in transient applications, immediately after the application of the temperature gradient, the electron
would be in acceleration. This phase of motion of the electron has not been well studied in the literature.
In this study, this is taken into account. Newton’s second law of motion may be applied to the moving
electron(s) as follows:

m
„

dve

dt
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Eliminating the velocity of the electron in Equation (5) by using Equation (2) and taking the
derivative of the velocity of electron as the time derivative of heat flux leads to the damped wave
conduction and relaxation equation as shown earlier (Sharma [40,41]). By the equi-partitition energy
theorem given in Equation (1), the velocity of the electron can be written as follows:

ve “

c

3kBT
m

(6)

Differentiating Equation (6) with respect to time, and multiplying with the mass of the electron,
m, Equation (6) can be seen to be:

c

3mkB
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˙
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ˆ

Bve
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˙

(7)
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Eliminating the acceleration of the electron term between Equations (5) and (7) and plugging
Equation (2) for heat flux in place of the velocity of the electron:
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Equation (10) is Fourier’s law of heat conduction. The expression for thermal conductivity of the
material from Equation (10) can be seen to be:

k “

˜

9k2
BnTτ
4m

¸

(11)

The coefficient to the rate of temperature variation with the time term in Equation (9) can be
simplified as follows. The rate of temperature variation with time can be called the ballistic term.
This term is unique to the acceleration of the electron and is expected to become significant in transient
applications. The term “ballistic” can be used to denote acceleration effects. In an earlier study
(Sharma [41]), the collision time of the electron was shown to be 3τr where τr is the relaxation time of
the materials as defined by Cattaneo [25] and Vernotte [26].

Substituting Equation (11) in Equation (9), Equation (9) becomes:
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In terms of properties of moving electrons, Equation (12) can be rewritten as follows. Heat capacity
at constant volume, Cv, by definition is the energy needed to raise one mole of a substance by
1˝ K. For one molecule this would be (1.5 kB) as a corollary of the equi-partition energy theorem
(Equation (1)). The electron cloud is assumed to be ideal gas. It can be shown that for an ideal gas
(Sharma [31]):

Cp “ Cv ` R (13)

Equation (13) is for one mole of the material. For one molecule of the material, Equation (13) can
be written as follows:

Cp “ Cv ` kB “ 2.5kB (14)

ρCp “ pmnq
ˆ

5kBn
2mn

˙

“
5nkB

2
(15)

Plugging Equation (15) into Equation (12), Equation (12) becomes:
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It can be realized from Equation (16) that when the relaxation time of the material of heat
propagation τr is 0.3 τ, where τ is the collision time of the electron, Equation (16) becomes:

qz “ ´k
ˆ

BT
Bz

˙

´
`

ρCp
˘?

ατr

ˆ

BT
Bt

˙

(17)

Sharma [41] showed that the relaxation time was found to be a third of the collision time of the
electron with the obstacle when the Cattaneo-Vernotte-Maxwell equation of heat conduction was
derived from free electron theory including the acceleration effects. Here the relaxation time is of
one-third of the collision time of the electron and obstacle.

Further, it can be seen that the velocity of the electron, ve, is approximately equal to the 95% of the
velocity of heat, vh. The velocity of heat is given in terms of the thermophysical properties of materials
as given in Equation (17). The coefficient to the ballistic term in Equation (9) may be simplified as:

˜
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Plugging Equation (18) into Equation (9), Equation (9) becomes:
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Equations (18)–(20) comprise an alternate non-Fourier heat conduction equation compared with
that postulated by Cattaneo [25] and Vernotte [26] and Maxwell [27]. Equation (19) for heat flux
comprises two parts: (i) one part is the “Fourier part” which gives the spatial gradient of the
temperature, both transient and steady states; and (ii) the second part is the “ballistic part” which
gives the contribution of the acceleration motion effects of the electron. In the asymptotic limit of the
infinite speed of heat, vh, Equation (20) reverts to Fourier’s law of heat conduction. In the asymptotic
limit of the null transfer of heat, Equation (20) indicates a jump in temperature after an elapsed
time at a considered point in the medium. This is at zero drag. This may not be achievable in
practical applications.

Another way of viewing the “ballistic term” is in terms of the accumulation effects in time of
the energy at the interfacial area through which the heat is traveling. In the kinetic representation of
temperature in terms of the square of the velocity of the molecules as given by Equation (1), the heat flux
across an interfacial area is defined as the energy of the molecules leaving the surface less the energy
of the molecules that enter the surface per unit time. Accumulation of energy during said time at the
interfacial surface was neglected in the Fourier representation of heat flux with the spatial temperature
gradient in Sharma [10]. Here the accumulation of energy at the surface is also taken into account in the
heat flux expression. This added term can also be viewed as a place to capture the acceleration effects
of the moving electron under an applied temperature gradient/force. The postulated non-Fourier
equation of Cattaneo [25] and Vernotte [26] and Maxwell [27] is restated as:

qz “ ´k
ˆ

BT
Bz

˙

´ τr

ˆ

Bqz

Bt

˙

(21)
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2.3. Entropy Production Term

Jou [1] wrote the entropy production term in terms of the entropic flux and accumulation
as follows:

σ “ ∇
´ q

T

¯

` ρ
BS
Bt
“ ´

∇Tq
T2 `

∇q
T
` ρ

ˆ

BS
Bt

˙

(22)

The combined statement of the first and second law of thermodynamics at constant pressure can
be written as follows:

dH “ TdS “ CpdT (23)

Or

T
ˆ
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Bt

˙

“ Cp
BT
Bt
“ ´∇q (24)

Applying Equation (24) to Equation (22), the entropy production term becomes:

σ ““ ´
∇Tq
T2 (25)

For Fourier’s law of heat conduction, the entropy production can be seen to be always positive
and in obeyance of the second law of thermodynamics. Equation (23) can be written as follows:
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where the finite speed of heat vh can be seen as:

vh “

c

α

τr
(27)

Eliminating ∇T between Equation (26) and (25), the entropy production can be seen to be:
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The entropy production can be seen to be positive for real heat events. The first term in right hand
side (RHS) is always positive. The second term can give rise to a negative contribution only when the

heat flux, q, and temperature accumulation
ˆ

BT
Bt

˙

have opposite signs. This would be a violation of

an alternate statement of the second law of thermodynamics.
When the heat flux locally is positive, the accumulation in temperature at that point in that

medium is also positive, i.e., the temperature increases with time at that point. It means that the heat
is received at that point. Heat flux cannot be negative locally as well as the temperature rises locally
at the same time. During cooling, the heat flux is negative locally and the temperature accumulation
term is negative. In this case, heat is given out. The heat flux is negative as heat is taken away from
that point. The temperature accumulation is also negative.

Polymer liquids are solutions of polymers and polymer in molten form. They behave in a different
manner compared with the Newtonian fluids (Bird et al. [42]). The viscosity is no longer independent
of the velocity gradient, causing the momentum transfer and flow of fluid when subjected to sufficient
shear force. Polymers are macromolecules with higher molecular weight compared to small molecules.
Staudinger defined when a molecule can be considered a macromolecule. These molecules are now
believed to have many internal degrees of freedom. Pronounced “elastic effects” have been seen
when practitioners worked with these fluids. Normal stresses such as τxx are needed in addition to
the applied wall shear stress, τxy, in order to completely describe and characterize the flow of these
fluids. The viscosity changes exponentially with change in the volume fraction of the polymer in the
solution. The change of viscosity with temperature is exponential as well. Master curves have been
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developed by industrial technologists and rheologists and used in the industry. Rheology is the study
of deformation and flow of non-Hookean solids and non-Newtonian liquids. The Newton Law of
Viscosity can be written as follows:

τxy “ ´µ

ˆ

Bvy

Bx

˙

(29)

where τxy is the tangential shear stress and µ is the viscosity of the liquid and vy is the velocity of the
fluid in the y direction. The gradient of the velocity is in the x direction.

A flat plate atop a stationary fluid when pulled with a constant force will result in flow of fluid
along the direction of the plate. After steady state is reached, the velocity profile in the fluid can be
seen to be steady. The layers of fluid close to the plate reach speeds close to the speed of the plate.
The fluid further away from the plate is unaffected and there is no motion of the fluid. The shear
stress resulting from the tangential force causes the momentum direction in the azimuthal x direction.
The momentum transfer is in the direction of the azimuthal x direction. The relation between the shear
stress and shear rate is linear at steady state and is given by Equation (29). Before attaining steady state,
the momentum transfer is not Newtonian. Other models such as the Maxwell model and Jeffrey model
have been reported in the literature. The Maxwell viscoelastic model (Sharma [10]) can be written as:

τxy “ ´µ

ˆ

Bvy

Bx

˙

´ τmom

ˆ

Bτxy

Bt

˙

(30)

The term τmom is the relaxation time of the momentum. Sharma [9] has shown in analogous heat
transfer problems that this parameter is a measure of the acceleration time of the free electron that
can be used to describe Fourier conduction before it reaches steady state. It was found to be about
one-third of the collision time of the free electron and an obstacle. Equation (30) has been used to
characterize viscoelastic fluids where µ is the zero shear viscosity. The effects of Equation (30) exist
for all transient flows, Newtonian or otherwise. However, these effects are only seen in a pronounced
manner in some materials. For instance, “silly putty” is considered viscoelastic. The material flows
readily when squeezed slowly using the palms of one’s hands and may be considered to be in the
viscous Newtonian state. The material can be rolled into a ball and the ball will rebound when dropped
onto a hard surface. It can be expected that the stresses change rapidly and the material can be seen
to behave analogous to an elastic solid. In some cases, Equation (30) is simplified to include only
the shear rate term and the accumulation of the momentum term. This may be applicable when the
changes are rapid. Sharma [9] discussed how poor use of the initial conditions can result in model
solutions that may be in dissonance with the second law of thermodynamics using Equation (30).
Damped wave transport and relaxation were studied. The results from an in-depth study of the
Cattaneo and Vernotte non-Fourier heat conduction answered a few questions. One issue is that
the entropy production becomes negative when the momentum flux is high and the momentum
rate is in the opposite direction. This can lead to a violation of the second law of thermodynamics
locally. The “overshoot” phenomena were shown to be a mathematical artifact and, when physically
reasonable, the final time condition or the higher accumulation of the temperature condition is used
and the overshoot was found to disappear. An equation to describe real mass diffusion is derived
from Gibbs’ chemical potential formulation for a non-relativistic solute particle. The acceleration term
eliminated between the equation of motion for the spinless particle and the accumulation of chemical
potential formulation leads to an equation for mass diffusion that is a capite ad calcem in concentration
(Equation (39)). This entropy production for this term can be seen to be positive for real mass transfer
events. The dC/dt, the time derivative of concentration and mass flux, can either be “both positive”
and “both negative” but never one positive and one negative for spontaneous mass diffusion events.
So for all extemporaneous and practical purposes, the second law of thermodynamics is obeyed.

The Nobel Prize in 1991 was obtained by P. G. de Gennes. He discussed in his Nobel lecture what
are called “complex fluids”. Natural rubber, enzymes, hydrophobic/hydrophilic surfactants, nematic
crystals, ferroelectric smectics, and Ferro fluids made of magnetic particles are examples of complex
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fluids. He looked at the trajectories of non-relativistic particles and applied the Schrodinger wave
equation to explain Raleigh Bernard instability. The behavior changes completely upon “cross-link”
formation in the rubber. The relaxation time can be expected to be high for the cross-linked systems.
When the rubber chains are elongated or present in chain-extended configuration, the relaxation time
can be expected to be short.

Chrysler has introduced electrorheological fluids in the automatic transmission systems.
The viscosity of the fluid changes by an order of magnitude upon application of an electrical field.
The Fahreus Lindquist effect has been seen during blood flow through narrow capillaries. The viscosity
of the fluid appeared to change with the diameter of the capillary. Some of these experimental
observations can be explained using the viscoelastic nature of transient flow.

The Jeffrey model (Sharma, [43]) can be seen to be:

τxy “ ´µ

ˆ

Bvy

Bx

˙

´ τmom

ˆ

Bτxy

Bt

˙

´ τmomλ2

˜

B2vy

BxBt

¸

(31)

where λ2 can is a retardation time.
Polymeric liquids were seen (Bird et al. [42]) to exhibit constrained recoil after the cessation of flow

in a circular fluid in contrast to Newtonian fluid. The polymeric liquid was supposed to have “fading
memory”. The Weissenberg rod-climbing effect is when the polymer liquid forms a convex meniscus
or moves up a rotating rod in a beaker of fluid. Au contraire, the Newtonian fluid forms a concave
meniscus and forms a trough around the rotating rod in the beaker of fluid. Secondary flows have been
observed in polymeric fluids when a disk is rotated in the fluid. The Weissenberg rod-climbing effect
can be used in a tubeless siphon when the polymeric fluid is extruded. Near a laterally oscillating rod,
the induced secondary flows in polymeric fluid are in the opposite direction of the induced secondary
flow in Newtonian fluid.

2.4. Transport Parameters

The motion of oligonucleotide fragments in different gels is a vast subject. There are different
regimes of transport where some considerations are more important than other considerations.
Calibration is used in the inference of sizes in chromatographic and electrophoretic migrations.
Diffusion of oligonucleotides is a phenomenon that is not well characterized under transient conditions.
The critical events are the migration of molecular fragments over varying distances depending on their
molecular sizes. Calibration is used in order to convert the raw measurements to sequence information.
It is not clear why mathematical models are not used for interpretation of the electrophoretic pattern
or the paper chromatographic pattern. It is being realized increasingly among investigators that at
short time scales, Fick’s description of transient diffusion is not an adequate representation of all
the events. Molecular diffusion principles are revisited with particular attention to the derivation of
Fick’s laws of diffusion from chemical potential formulation. A generalized Fick’s law of diffusion
is used to account for all the transient time events that occur during a real process. The implications
on the electrophoretic techniques and sequence errors and shotgun sequencing may be important.
The mathematical framework to describe molecular diffusion needs to accommodate terms for the
acceleration of the solute in motion. The Newtonian acceleration of a spinless solute without the
Brownian dynamics, when accounted for, can lead to spatio-temporal concentration profiles that can
be drawn without violating the second law of thermodynamics. Sharma [8] has listed seven reasons
from the works of Nobel laureates Onsager, Landau, Nernst for the non-universality of Fick’s law of
diffusion. Fick’s law of diffusion can be written as follows:

JA “ ´DAB A
ˆ

BCA
Bz

˙

(32)
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where J is the molar flux with units of (mole m´2), DAB is the binary diffusivity, CA is the concentration
of the diffusing solute and z is the spatial direction of the solute transfer. The solute transfer is
considered to be one-dimensional. When motion in other dimensions becomes important, terms
can be added for each ordinate. The diffusion coefficient DAB is obtained from the Stokes–Einstein
formulation as follows:

DAB “

ˆ

kBT
f

˙

“

ˆ

kBT
6πµR0

˙

(33)

where kB is the Boltzmann constant with units of J molec ´1K´1, T is the absolute temperature,
f is the molecular drag coefficient, µ is the viscosity of the surrounding medium, and R0 is the radius
of the solute molecule. Rigid spheres are assumed. Equations (32) and (33) are derived as follows.
The chemical potential of an ideal solution of solute A in solvent B can be written as:

µA “ µ0
A ` kBTlnpxAq (34)

The mole fraction xA can be approximated for dilute solutions as
ˆ

CA
CB

˙

. At steady state, when the

solute is in motion caused by the chemical potential gradient, the driving force and drag forces will be
equal to each other and:

f vA “ ´∇µA “ kBT
ˆ

∇CA
CA

˙

(35)

The molar flux J” =
ˆ

J
A

˙

is given by CAvA and:

J”
A “ ´

ˆ

kBT
6πµR0

˙ˆ

BCA
Bz

˙

(36)

The Stokes drag is f = 6 µπR0. The diffusion coefficient recovered from Equation (36) by comparing
Equation (36) and Equation (32) can be seen to be the same as given for the diffusion coefficient in
Equation (33). Equation (36) is at steady state. Often times, during the electrophoretic measurements
there exists a time period between the start of the experiment to the time when the fragment motion
can be considered to be at steady state. During this transient regime the solute molecules can be
expected to undergo translational acceleration. The Newtonian acceleration effects are not accounted
for in Fick’s law of diffusion. The use of the Cattaneo and Vernotte equation in order to account for
transient diffusion effects was discussed in Sharma [41]. The acceleration motion of the diffusing
solute may be modeled by looking at the accumulation of the chemical potential. Thus, Equation (35)
can be written including the accelerating term and:

ˆ

1
vm

˙ˆ

Bµ

Bt

˙

“ ´∇µA ´ f vA (37)

After realizing that the velocity of molecule vm can be taken as the velocity of mass vmass,
(Sharma [34]) it is characterized by a relaxation time τmr such that:

vm “ vmass “

c

DAB
τmr

(38)

Equation (37) can be seen to be:

J”
A “ ´DAB

ˆ

BCA
Bz

˙

´
a

DABτmr

ˆ

BCA
Bt

˙

(39)
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where τmr is the mass relaxation time. It is a characteristic measure of the acceleration time of the
solute from the instant of application of the driving force which causes the flow to the steady state
regime. It can be seen to be:

τmr “

ˆ

DABN
RT

˙

(40)

where N is the molecular weight of the oligonucleotide. The velocity of mass from the Maxwell speed
distribution of molecules for ideal gases can be written as in Sharma [44]:

vmass “

c

DAB
τmr

(41)

3. Results and Discussion

Consider a semi-infinite medium with homogenous density and binary diffusivity and mass
relaxation time properties as shown in Figure 1.
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The initial concentration of the solute diffusing in the semi-infinite medium is C0 for times less
than 0. At time 0 the surface of the semi-infinite medium is raised to a solute concentration CAs

(CAs > C0) and maintained constant at Cs for all times t > 0. The initial time condition and the boundary
conditions can be written as follows:

t “ 0, 0 ă x ă 8, CA “ C0 (42)

t ą 0, x “ 0, CA “ CAs (43)

t ą 0, x “ 8, CA “ C0 (44)

The mass balance equation in one dimension (1D) can be written as follows:

´

ˆ

B J”
x

Bx

˙

“

ˆ

BCA
Bt

˙

(45)

The governing equation for solute concentration CA in one dimension is obtained by combining
Equations (39) and (45) and can be written as follows:

ˆ

BCA
Bt

˙

“ DAB

ˆ

B2CA
Bx2

˙

`

´

a

DABτmr

¯

ˆ

B2CA
BxBt

˙

(46)

Equation (46) may be made dimensionless by the following substitutions:

Z “
ˆ

x
?

DABτmr

˙

; τ “
ˆ

t
τr

˙

; u “
ˆ

CA ´ C0

CAs ´ C0

˙

(47)
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Equation (46) becomes:
ˆ

Bu
Bτ

˙

“

ˆ

B2u
BZ2

˙

`

ˆ

B2u
BZBτ

˙

(48)

The dimensionless distance Z can be rewritten as:

Z “

x
τnr

vmass “

c

DAB
τmr

(49)

The physical significance of the dimensionless distance can be seen to be the ratio of the
relaxation speed calculated for the disturbance to be seen at the considered point to the speed of the
composite mass transfer in the medium due to both Fick diffusive and ballistic/relaxation/acceleration
mechanisms. The approximate solution to Equation (46) may be obtained by the method of Laplace
transforms (Sharma [30]). The Laplace transformed Equation (46) may be written as follows:

supsq “
d2upsq

dZ2 ` s
dupsq

dZ
(50)

The solution to the second-order ODE given by Equation (50) can be written as follows:

upsq “ e
´

sZ
2

¨

˝c1e
sZ
2
?

sps`4q
` c2e

´
sZ
2
?

sps`4q

˛

‚ (51)

From the undisturbed temperature, at ad infinitum, as given by boundary condition (BC),
in Equation (44), c1 can be seen to be zero.

upsq “ e
´

sZ
2

¨

˝c1e
sZ
2
?

sps`4q
` c2e

´
sZ
2
?

sps`4q

˛

‚ (52)

The term c2 is obtained from the constant wall temperature BC as given in Equation (43) and is
seen to be given by (1/s). The solution for the dimensionless temperature in the Laplace domain may
be written as follows:

upsq “
1
s

e
´

sZ
2

¨

˝e
´

Z
2
?

sps`4q

˛

‚ (53)

The lag property in the Laplace transforms is invoked as follows Equation (50):

Fpsq “
1
s

¨

˝e
´

Z
2
?

sps`4q

˛

‚ (54)

and θ = Z/2.
G(s) can be defined as the integral of Equation (53) as shown in Baumeister and Hamill [45]:

Gpsq “
ż

f psqdZ “ ´
2

s
a

s ps` 4q
e
´

Z
a

sps` 4q
2 (55)
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The Laplace inverse of G(s), G(τ), can be written upon invoking the convolution property and the
lag property given in (Mickley et al. [46]) Equation (50):

G pτq “ ´2

τ
ż

Z

e
´2pp´

Z
2
q
I0

ˆ

2
b

p2 ´ pZ
˙

dp (56)

Equation (56) is valid for τ > X. The dimensionless temperature can be obtained by differentiating
with respect to Z (Equation (56)) and using the Leibnitz rule.

u pZ, τq “ 2e´Z ´ 2

p
ż

Z

e´2peZ I0

ˆ

2
b

p2 ´ pZ
˙

dp` 4τ

P
ż

Z

e
´2pp´

Z
2
q I1

´

2
a

p2 ´ pZ
¯

a

p2 ´ pZ
dp (57)

For conditions where τ = X, the dimensionless temperature is given by:

u “ e
´

X
2 “ e

τ

2 (58)

The binomial infinite series expansion was written for the power exponentiation in Equation (53)
in Sharma [43]. By invocation of the convolution property the analytical solution may be obtained to
varying degrees of accuracy. An approximate solution by truncation of the fourth- and higher-order
terms in Equation (53) leads to the solution for transient temperature. Upon using the lag property as
shown in Equation (54), the solution for transient temperature is given as follows in Equation (59):

u – e
´

Z
2 I0

¨

˝

d

Zτ

2
´

3Z2

4

˛

‚ (59)

The solution to the transient temperature with everything else such as the semi-infinite medium,
boundary and time conditions used remaining the same, except that the Fourier model was used,
can be written as follows in Equation (60):

u “ 1´ er f
ˆ

Z
?

4τ

˙

(60)

The solution to the transient temperature, with everything else such as the semi-infinite medium,
boundary and time conditions used remaining the same, except that the damped wave conduction
and relaxation model was used, can be written as follows in Equation (61):

u “
I0

ˆ

τ2 ´ X2

4

˙0.5

I0

´τ

2

¯ (61)

Equation (61) is applicable for conditions where τ > X. For conditions where τ < X,
the dimensionless temperature is given by:

u “
J0

ˆ

X2 ´ τ2

4

˙0.5

I0

´τ

2

¯ (62)
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For conditions where τ = X, the dimensionless temperature is given by:

u “ e
´

X
2 “ e

´
τ

2 (63)

The predictions for transient concentration in a semi-infinite medium subject to the constant wall
concentration (CWC) boundary condition from the (i) Fick model; (ii) damped wave conduction and
relaxation model and; (iii) ballistic/acceleration model are plotted in Figure 2 side-by-side for the
same set of parameters at τ = 0.5. The theoretical predictions from the ballistic model as given by
Equation (59) were found to be closer in numerical value to the theoretical prediction from the Fick
model as given by Equation (60) compared with that of the theoretical prediction from the damped
wave conduction and relaxation model given by Equation (61). The transient concentration can be
seen to be convex at short distances and changes to concave at later distances in the damped wave
conduction and relaxation model. The transient concentration from the ballistic model is also convex at
shorter distances and changes to concave later as a function of distance. The Fick parabolic model for
transient concentration is concave as a function of distance. Equation (61) is valid in the open interval
of τ > 1.5. For values of space and time when τ < 1.5 Z:

u – e
´

Z
2 J0

¨

˝

d

3Z2

4
´

Zτ

2

˛

‚ (64)

when τ = 1.5 Z, the expression for transient temperature can be written as:

u “ e
´

Z
2 “ e

´
τ

3 (65)

The first zero of the Bessel function J0(y) occurs at y = 2.4048. Thus, the penetration distance Zpen

can be estimated for a given instant of time τ as follows:

2.4048 “
3Z2

pen

4
´

Zpenτ

2
(66)

C 2016, 2, 1  14 of 18 

relaxation model and;  (iii) ballistic/acceleration model are plotted  in Figure 2 side‐by‐side  for  the 

same set of parameters at τ = 0.5. The  theoretical predictions from  the ballistic model as given by 

Equation (59) were found to be closer in numerical value to the theoretical prediction from the Fick 

model as given by Equation (60) compared with that of the theoretical prediction from the damped 

wave conduction and relaxation model given by Equation (61). The transient concentration can be 

seen to be convex at short distances and changes to concave at later distances in the damped wave 

conduction and relaxation model. The transient concentration from the ballistic model is also convex 

at shorter distances and changes to concave later as a function of distance. The Fick parabolic model 

for  transient concentration  is concave as a  function of distance. Equation  (61)  is valid  in  the open 

interval of τ > 1.5. For values of space and time when τ < 1.5 Z: 















24

3 2

0
2 ZZ
Jeu

Z

  (64)

when τ = 1.5 Z, the expression for transient temperature can be written as: 

32




 eeu
Z

 
(65)

The first zero of the Bessel function J0(y) occurs at y = 2.4048. Thus, the penetration distance Zpen 

can be estimated for a given instant of time τ as follows: 

24

3
4048.2

2 penpen ZZ
   (66)

 

Figure 2. Comparison of transient concentration from Fick model, damped wave transport model and 

ballistic transport model. 

  

Figure 2. Comparison of transient concentration from Fick model, damped wave transport model and
ballistic transport model.



C 2016, 2, 1 15 of 18

4. Conclusions

Fourier’s law of heat conduction was derived at steady state from empirical observations.
Equation (21) was proposed [18,25,26] as an alternate to Fourier’s law of heat conduction equation.
This constitutive law was found to be in violation of the second law of thermodynamics under “certain
conditions” [1,35,36]. In this study, the acceleration motion of a spinless electron was considered.
The acceleration term was included. Eliminating the acceleration term between the equation of motion
for the spinless electron and the heat flux formulation in free electron theory, an alternate form of heat
conduction with contributing terms in temperature results, as given by Equation (19) and (20).

The velocity of electron was 95% of the velocity of heat. At steady state, for the spinless electron,
Fourier’s law of heat conduction is recovered from Equation (19) and (20). When the acceleration of
the electron is taken as the time derivative of heat flux, Equation (21) results.

The entropy production term was considered for the law of heat conduction with contributing
terms in temperature. It can be seen that the entropy production term will always be positive for
real heat transfer events. For real heat transfer events, the heat flux to a point in the medium and
the time rate of the change of temperature at that point in the medium can either both be positive or
both be negative but can never, ever be one positive and one negative. As heat transmits to the point,
the temperature will increase. In this case, both q and accumulation in temperature will be positive.
When heat is removed from the point, q is negative and the time rate of temperature at that point will
also be negative as the temperature will decrease.

A similar equation with contributing terms in concentration was derived for diffusion events
using the Stokes–Einstein formulation. Soft materials, oligonucleotides, were considered. Transport
parameters are a strong function of material type.

Model solutions for the diffusion of mass in semi-infinite medium subject to a step change in
concentration were obtained using the method of Laplace transforms. The governing equation used
included the a capite ad calcem in the concentration equation. The model solutions from the a capite ad
calcem in concentration, the Maxwell–Cattaneo–Vernotte model and the Fick model were compared
side by side and it is shown in Figure 2.

It was found that the a capite ad calcem model was closer in predictions to the Fick model. Both with
contributing terms in concentration and the damped wave model exhibited convex curvature at short
distances. This also means there is bounded flux at the surface. The Fick model has infinite slope at
short times at the surface. The convex–concave transition was found to be sooner in the case of the
a capite ad calcem in concentration model. This happened at a dimensionless distance of 2.0 at τ = 4.0.
The convex curvature in both the damped wave and a capite ad calcem models can be used to remove
the “blow-up” found in the Fick model for short time applications.

The relaxation time can be estimated from the diffusion coefficient, molecular weight and
temperature. The thermal relaxation time can be estimated from the thermal conductivity of the
material, pressure and heat capacity. The thermal relaxation time varies inversely with pressure and
the mass relaxation time increases with an increase in molecular weight. For materials where the
diffusion coefficient varies linearly with temperature, the mass relaxation times can be expected to
be independent of the temperature. Low gravity orbital flight experiments are underway to evaluate
this further.
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Abbreviations

AN Avagadro Number (6.023 ˆ 1023 molecules/mole)
A cross-sectional area across which transport occurs (m2)
CA concentration of species A (mol/m3)
CB concentration of species B (mol/m3)
Cp heat capacity of material at constant pressure (J/mole/K)
Cv heat capacity of material at constant volume (J/mole/K)
DAB binary diffusion coefficient of species A in B (m2/s)

erf(z) error function of z. er f pzq “
2
?

π

z
ş

0
e´z2dz

f molecular drag coefficient (kg/s/molecule)
k thermal conductivity of the material (W/m/K)
kB Boltzmann Constant (J/molecule/K)
H enthalpy (J/mole)
J” area averaged molar flux (mole/m2/s)
Jp(x) Bessel function of the pth order and first kind
Ip(x) modified Bessel function of the pth order and first kind
t time (s)
T Temperature ( ˝K)
m mass of the molecule (kg)
N molecular weight of oligonucleotide (kg/mole)
qz heat flux (area averaged) (W/m2)
n electron density (# of electrons/m3)
R universal molar gas constant (J/mole/K)
R0 radius of solute molecule (m)
S entropy (J/mole/K)

u dimensionless concentration, u “
ˆ

CA ´ C0

CAs ´ C0

˙

u(s) temperature in Laplace domain
ve velocity of electron (m/s)
vA velocity of solute molecule (m/s)
vy velocity of fluid in y cartesian direction (m/s)
vm velocity of mass (m/s)

z z Cartesian distance (m) Z “
ˆ

x
?

DABτmr

˙

Z dimensionless distance
vh velocity of heat (m/s)
Zpen dimensionless penetration distance

Greek

σ Entropy production term (W/m3/K)
α thermal diffusivity of material (m2/s)
t collision time of the electron and obstacle (seconds)
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τ Dimensionless time in governing equation τ “

ˆ

t
τr

˙

τr relaxation time (heat) of material (s)
τmr relaxtion time (mass) of material (s)
ρ density of material (kg/m3)
τxy tangential shear stress (N/m2)
τmom relaxtion time (momentum) (s)
µA chemical potential (J/molecule)
µ viscosity (kg/m/s)
λ2 retardation time (s)
xA mole fraction of species A
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