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         Using the defect theory, Panton [1] matches the approximately constant angular  
  momentum in the bulk of the TC flow to that of the wall layers. 

                                   〈𝛾〉 = 𝑟 ∙ 〈𝑉ఏ〉                            (S) 

                        In the outer bulk region, the angular momentum in his theory is expressed as: 

                                  〈𝛾〉 = 〈𝛾௢〉 + 〈௨ഓ௏೔〉 〈𝛾ଵ〉                       (S1) 

where 𝑉௜ = Ω ∙ 𝑟௜ is the inner rotor velocity (measuring bob) 〈𝛾௢〉  is the constant angular velocity; 〈𝛾ଵ〉 is a first-order correction  

                  𝑉ఏ is the circumferential velocity, and a time average  is indicated by 〈 〉 
                        In the limit of Re         ∞, the ratio of the rotor velocity 〈௨ഓ௏೔〉 → 0. 

                          Therefore, it is the introduction of the defect term 〈𝛾ଵ〉 that facilitates matching with     

the wall layer.  

On the inner wall, the angular momentum decreases as ሺ𝑟௜𝑉௜ሻ − 〈𝛾〉, 
where the ሺ𝑟௜𝑉௜ሻ is the angular momentum, which is induced by wall motion. 

  



Energies 2023, 8, 133  2 of 5 
 

 

Upon scaling with friction velocity 𝑢ఛ and the viscous length scale 𝛿ఔ , ascaled angular mo-

mentum 〈𝛾ା〉 can be defined as a function of the scaled wall distance 𝑦ା = ሺ௥ି௥೔ሻఋഌ    as 

follows: 

                              𝛾ାሺ௬శሻ = ௥೔௏೔ି〈ఊ〉௥೔∙௨ഓ                                (S2) 

 

 

            Figure S1. Taylor—Couette flow with the inner cylinder rotating and the outer fixed cylinder 

 
As Panton [1] suggested, the most important results come from mathematically matching the 
angular momentum laws of the core and wall regions. There is an overlap region where both 

the wall representation 𝛾ାሺ௬శሻ  and the core representation Γሺ௒ሻ  are valid. Where  Γ௢ =〈ఊ೚〉ሺ௥೔∙௏೔ሻ, and    Γ1൫𝑌൯ = 〈𝛾1〉൫𝑟𝑖∙𝑉𝑖൯. 
 

 Matching these values in the overlap region leads to:  

     ሺ𝛾ାሻ ቀ௨ഓ௏೔ቁ = 1 − Γ௢ − ቀ௨ഓ௏೔ቁ ∙ Γଵሺ௒ሻ                  (S3) 

where Γଵ is a function of the outer variable 𝑌 = ሺ௥ି௥೔ሻௗ  while 𝛾ା is a function of  
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𝑦ା = ሺ𝑟 − 𝑟௜ሻ𝛿ఔ  

Proceeding according to Panton [1], differentiating both sides of Eq. (3) by Y in the overlap 

region and using the relation 
௬శ௒ = ୼௥ఋഌ  results in the relation  

                                                                        

𝑦ା 𝑑𝛾ା𝑑𝑦ା = −𝑌 𝑑Γଵ𝑑𝑌 ≡ 1𝛼 

where α is a constant independent of Y and y+. 

Panton [1] suggested that for a boundary layer in the Taylor Couette cell, α should reduce to 

the universal von Karman constant K in the zero curvature limit. Solving this expression results 

in the identical set of the equation of ϒ+ and Γ 1 that Panton (1992) obtains as: 

                                Γଵ = ିଵఈ ∙ ln 𝑌 + 𝐶ଵ           Y              (S4) 

 

                          𝛾ା = ଵఈ ∙ lnሺ𝑦ାሻ       𝑦ା →  ∞                 (S5) 

However, the substitution of Equations (S4) and (S5) into our modified form of Equation (S3) 

gives  

                                ሺ1 − Γଵሻ = ଵఈ ∙ 𝑙𝑛𝑅𝑒ఛ + 𝐶ଵ + 𝐶ଶ              (S6) 

                  where            𝑅𝑒ఛ = ௨ഓ∙ௗఔ  

 

Repeating the same calculation at the coated stationary outer wall surface in the X direction 

with: 

                                𝛾ା = ൫௥೚∙௏ೄ೗೔೛ି〈ఊ〉൯௥೔∙௨ഓ                            (S8) 
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 First considering the existence of an overlap region where both representations are valid, 

Equation (S) can be substituted into Equation (S7). Then, using the modified theory of 

Srinivasan’s work [2] by introducing a finite averaged slip velocity 〈𝑉௦௟௜௣〉 that is related to the 

local viscous stress at the outer CDC’s wall by the Navier slip hypothesis as         

                      〈𝑉ௌ௟௜௣〉 = ቀௗ௏ഇௗ௑ ቁ௑ୀ଴ 

where b is the effective slip length due to the superhydrophobic coating and ቀௗ௏ഇௗ௑ ቁ௑ୀ଴is the 

time-averaged velocity gradient at the wall. 

The distance away from the outer ( coated ) wall expressed in wall units is 

      𝑋ା = ሺ௥೚ି௥ሻఋഌ                                       (S8) 

If the velocity in the viscous sublayer close to the outer wall is shifted by a constant value, 

according to Min & Kim [3], so that 〈𝑉ఏା〉 = 𝑋ା + 𝑏ା   and 
ௗ〈௏ഇ〉శௗ௑శ = 1, the Navier slip 

hypothesis upon scaling reduces to : 

                                       𝑉ௌ௟௜௣ା = 𝑏ା                       (S9) 

where 𝑉ௌ௟௜௣ା = ௏ೄ೗೔೛௨ഓ        and        𝑏ା = ௕೐೑೑ఋഌ   

There is an overlap region where both the wall representation ሺ𝛾ሻሺ௑ሻା  and the core 

representation Γሺ𝑋ሻ are valid. 

 

Matching the values in this region yields: 

        ሺ𝛾ା + 𝑏ାሻ = 1 − Γ௢ − ௨ഓ௏೔                         (S10) 

Repeating the argument given in the Y direction for the coated wall layer on the outer cylinder 

gives two more overlaps laws ሺ𝑋 = 𝑟௢ − 𝑟ሻ, 𝑋 = ௑ௗ   
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𝑋ା = 𝑥 ∙ 𝑢ఛ𝜈 = 𝑋𝑅𝑒ఛ 𝑎𝑛𝑑 𝛾ା = 〈𝛾〉ሺ𝑟௢𝑢ఛሻ 

This leads to the following matched expression 

                    Γଵ = ଵఉ 𝑙𝑛ሺ𝑋ሻ + 𝐶ଷ            𝑋 → 0                (S11) 

                    𝛾ା = ଵఉ 𝑙𝑛ሺ𝑋ାሻ + 𝐶ସ          𝑋 → ∞               (S12) 

Substitute (12) and (13) in eqn. (11) leads to another friction velocity relation 

                   Γ௢ ௏೔௨ഓ = ଵఉ 𝑙𝑛𝑅𝑒ఛ + 𝐶ଷ + 𝐶ସ + 𝑏ା                   (S13) 

Finally, the Equations (S7) and (S14) are added together to eliminate Γ௢  and using 

                
௏೔௨ഓ = ቀ஼೑ଶ ቁషభమ   

We obtain the modified skin friction law in the presence of slip that is used as Equation (S14) 

                         ට ଶ஼೑ = 𝑀 ∙ 𝑙𝑛ሺ𝑅𝑒ఛሻ + 𝑁 + 𝑏ା                    (S14) 

where, 𝑀 = ቀଵఈ + ଵఉቁ and N=C1+C2+C3+C4 are constants that depend only on the 

curvature of the TC cell. These constants can be determined from friction measurements with 

non-coated surfaces and plotted in Prandtl-von Karman coordinates.                         
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