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Abstract: In rotating Rayleigh–Bénard problems, convection with traveling waves may occur near
the sidewalls. The Rayleigh number, Taylor number and Prandtl number are involved in this
phenomenon, and the convection mode is determined depending on their values. We focused on
the onset of this convection with traveling waves under the assumption that centrifugal force is
neglected. By conducting two-dimensional linear stability analyses assuming periodicity of the
flow and temperature fields along the sidewall direction, we investigated the effect of the Taylor
number and the Prandtl number on the critical Rayleigh number and also attempted to understand
the phenomenon qualitatively through three-dimensional visualizations. It was exhibited that as the
Taylor number increases, the wave number, the Rayleigh number and the phase speed are found to
increase. On the other hand, as the Prandtl number decreases, the wavenumber and the Rayleigh
number decrease, but the phase velocity increases. The present analyses suggest that convection
modes localized near the sidewalls are unlikely to emerge for low Prandtl number cases, which are
comparable to those of liquid metals.

Keywords: rotating Rayleigh–Bénard convection; Coriolis force; linear stability analysis; traveling
wave; adiabatic sidewall

1. Introduction

Convection caused by bottom heating and top cooling of a horizontal fluid layer is
called Rayleigh–Bénard convection. It is so named today after Bénard [1], who observed the
convection pattern from an academic point of view, and Rayleigh [2], who first proposed
a theory to explain it. In the system governed by the Navier–Stokes equations and the
heat advection–diffusion equation, a linear stability analysis can be performed under the
assumptions of the incompressible flow, the Boussinesq approximation and neglecting
nonlinear terms. Initially, in this type of study, the thickness of the horizontal fluid layer
was assumed to be sufficiently small compared to the horizontal scales, and the influence
of sidewalls was not taken into consideration. In such cases, the factors involved in the
onset of convection include the Rayleigh number as well as the upper and lower boundary
conditions where the fluid layer is in contact.

Chandrasekar [3] employed linear stability analysis to investigate not only the in-
stability of the Rayleigh–Bénard convection, but also the effects of Coriolis force and/or
electromagnetic force due to the application of an external magnetic field. It is known that
the critical state for the onset of convection in the so-called ordinary Rayleigh–Bénard prob-
lem without the influence of the rotational field is determined only by the Rayleigh number.
The convection is a standing wave without accompanying phase velocity. However, in
the Rayleigh–Bénard problem under the Coriolis force, according to Chandrasekar [3],
oscillatory convection called overstability takes place. In the studies of Chandrasekar [3–5],
one-dimensional linear analysis was performed neglecting centrifugal forces and assum-
ing horizontal periodicity of the flow and temperature fields. Therefore, the influence
of sidewalls was not taken into account. Kloosterziel and Carnevale [6] focused on the
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Chandrasekar’s work with the case of stress-free upper and lower boundaries, and they
found simple expressions for the marginal stability boundary using the curve of the Taylor
number as a function of the Rayleigh number and Prandtl number.

Subsequent experimental, theoretical and numerical studies have reported that con-
vection in rotating Rayleigh–Bénard convection at a certain high Taylor number regime
exhibits a wave-like behavior such that the flow is dominant near the sidewall of enclosure.
Zhong et al. [7] made an optical shadowgraph flow visualization and heat transport mea-
surements of the Rayleigh–Bénard convection of water confined in a cylindrical enclosure
with an aspect ratio of 1. They showed that the onset of convection occurs at a much smaller
Rayleigh number than that predicted by linear stability analysis for a laterally infinite
system, and this is qualitatively consistent with finite-aspect-ratio linear-stability calcula-
tions of Buell and Catton [8]. Ning and Ecke [9] studied the initial bifurcations in rotating
Rayleigh–Bénard convection for a cylindrical cell with an aspect ratio of 2.5. They used
simultaneous optical-shadowgraph, heat-transport and local-temperature measurements
to determine the stability and characteristics of the azimuthally periodic wall convection
state. Their results for critical Rayleigh numbers, precession frequencies and critical mode
numbers agreed well with theoretical results. Liu and Ecke [10] made similar experimental
measurements for a sidewall traveling wave in rotating Rayleigh–Bénard convection of
water (Pr = 6.3) in a cylinder (aspect ratio 5).

Kuo and Cross [11] showed that the wall-localized convection states observed in
Rayleigh–Bénard convection in rotating cylindrical cells can be explained in terms of a
geometry-independent traveling-wave wall state. They calculated the onset Rayleigh
number, frequency and wave number of such a state, as well as its amplitude equation.
Herrmann and Busse [12] derived asymptotic expressions for the onset of convection in a
horizontal fluid layer of finite extent heated from below and rotating about a vertical axis
in the limit of large rotation rates in the case of stress-free upper and lower boundaries.
They found that critical Rayleigh number Rac grows in proportion to Ta1/2, where Ta is the
Taylor number, when the sidewall is insulating, whereas it grows in proportion to Ta2/3

when the sidewall is infinitely conducting.
Goldstein et al. [13,14] studied the onset of convection in a uniformly rotating vertical

cylinder heated from below. They showed that the spiral patterns typically precess counter
to the rotation direction. In particular, two types of modes were distinguished: the fast
modes with relatively high precession velocity whose amplitude peaks near the sidewall
and the slow modes whose amplitude peaks near the center. Results were presented for
Prandtl numbers in the range of 6.7 ≤ Pr ≤ 7.0 in their paper of Part 1 [13], while specific
predictions were made for the Prandtl numbers at 0.025, 0.49 and 0.78 in that of Part 2 [14].
Bajaj et al. [15] studied rotating Rayleigh–Bénard convection for a small Prandtl number
using a H2-Xe gas mixture whose Prandtl number was about 0.18.

Plaut [16] analyzed weakly nonlinear dynamics of the traveling-wave sidewall modes
appearing in rotating Rayleigh–Bénard convection using the Ginzburg–Landau envelope
equation. Scheel [17] derived the amplitude equation for rotating Rayleigh–Bénard con-
vection. The results of amplitude equation for a specific set of parameters were compared
with numerical results from simulations of the full equations. Tagare et al. [18] investi-
gated linear and weakly nonlinear properties of Rayleigh–Bénard convection in rotating
fluids. They derived a nonlinear one-dimensional Landau–Ginzburg equation with real
coefficients near the onset of stationary convection at the supercritical pitchfork bifurca-
tion. Husain et al. [19] carried out three-dimensional numerical investigation of rotating
Rayleigh–Bénard convection in a large-aspect-ratio (8:8:1) rectangular enclosure. The sim-
ulations were carried out for liquid metal flows with Pr = 0.01 and Ra = 107, while the
rotational Rayleigh number and the Taylor number were varied through non-dimensional
rotation rate.

Research reports on rotating Rayleigh–Bénard convection can be found even in recent
years. Yu et al. [20] determined convection patterns that occur at and slightly above the
onset of Rayleigh–Bénard convection in cylindrical containers as a function of aspect
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ratio, using simulations and linear stability analyses. Their study focused primarily on
the aspect ratios 6 to 20 with conducting or insulating sidewalls and Prandtl numbers
Pr = 0.7 and 28.9. Favier et al. [21] explored the possibility of subcritical behavior in the
geostrophic turbulence regime of rapidly rotating thermally driven convection. Favier and
Knobloch [22] showed that wall modes in Rayleigh–Bénard convection in a rapidly rotating
cylinder persist even very far from their linear onset.

Other recent studies related to rotating Rayleigh–Bénard convection include research
on dynamics and statistics of reorientations of large-scale circulation (LSC) in turbu-
lence [23], horizontal translational motion of columnar vortices formed in rotating Rayleigh–
Bénard convection [24], spatially resolved measurements of the columnar vortex struc-
tures [25], inverse cascade and flow speed scaling behavior [26], force balance [27], under-
standing the dynamics of large-scale vortices (LSVs) in gas giants [28] and the context of
geophysics and astrophysics [29,30].

In summary, in the rotating Rayleigh–Bénard problem, the convection mode is var-
iously influenced by the upper and the lower boundaries, the thermal condition of the
sidewalls, the speed of enclosure rotation (the Taylor number), the Prandtl number and the
aspect ratio of the enclosure. In the present study, from a fundamental viewpoint, the works
of Kuo and Cross [11] and Plaut [16] are extended to determine the onset of wave-type
convection observed along the vertical sidewall of an enclosure. Particularly, we focus on
obtaining critical Rayleigh numbers, horizontal wavenumbers, phase velocities and flow
structures using a developed numerical method for linear stability analysis. Furthermore,
the influence of heating condition at the bottom wall is further discussed.

2. Mathematical Formulations
2.1. Schematic Model for Rotating Rayleigh–Bénard Convection

Rayleigh–Bénard convection in a rectangular enclosure rotating at a constant angular
velocity, whose vector is parallel to the direction of gravity, is considered as illustrated in
Figure 1. The height of the fluid layer is taken as the representative length. In the rotating
frame of reference, it is known that the Coriolis force and the centrifugal force appear in
the equation of motion, but the mass conservation equation and the energy equation are
not modified. It is assumed that the sidewalls of the enclosure are adiabatic, the bottom
wall is heated at a constant temperature or heat flux and the top wall is cooled at a constant
temperature.
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2.2. Governing Equations

When we consider a fluid flow with a constant density, such as a single-phase isother-
mal field, the centrifugal force is a conservative force, just like gravity. In this case, the
centrifugal force does not affect the flow, but merely changes the pressure field. However,
the centrifugal buoyancy force may act in the direction perpendicular to the rotation axis
for the flow treated in this study where the fluid density depends on the temperature. In
Rayleigh–Bénard convection without rotation, a perfect heat conduction state is realized
when the Rayleigh number is less than its critical value, whereas in Rayleigh–Bénard
convection subjected to rotating condition, a weak convection occurs due to the effect of
centrifugal buoyancy. Hence, the state of pure heat conduction may not be realized. The
ratio of centrifugal force to gravity is expressed using the Froude number. If this value
is small, the centrifugal force is negligible relative to gravity. In fact, in Chandrasekhar’s
analysis of rotating Rayleigh–Bénard convection, the pure heat conduction state ignoring
the centrifugal force effect is regarded as the basic state for the linear stability analysis.
Therefore, in this study, we decided to perform the linear stability analysis ignoring the
centrifugal force effect.

The governing equations are the incompressible continuity equation, the momentum
equation with the Boussinesq approximation and the energy equation. Each is shown
below. The x-axis of the Cartesian coordinate system is taken in vertical, and the y- and
z-axes are taken in horizontal:

Continuity of mass:
∇ · u = 0; (1)

Momentum equations:

∂u
∂t

+ u · ∇u = − 1
ρ0
∇p + ν∇2u + gβ(T − T0)ex + 2Ωu× ex; (2)

Energy equation:
∂T
∂t

+ u · ∇T = α∇2T; (3)

Boundary conditions:{
x = h : u = v = w = 0, T = Tc
x = 0 : u = v = w = 0, T = Th or q = −λ ∂T

∂x = const.
. (4)

3. Linear Stability Analysis (LSA)
3.1. Basic State

The basic state is assumed to be in heat conduction with no convection. The temper-
ature and pressure gradients are given by the following equations, respectively. In this
study, the temperature difference is defined as ∆T = Th − Tc (during isothermal heating)
or ∆T = qh/λ (during uniform flux heating):

u = v = w = 0, T(x) = Th − ∆T
x
h

,
∂p
∂y

=
∂p
∂z

= 0,
∂p
∂x

= ρ0gβ∆T
(

1
2
− x

h

)
. (5)

3.2. Disturbance Equations
3.2.1. One-Dimensional LSA

In one-dimensional analysis, the effects of sidewalls cannot be taken into account.
In the Cartesian coordinate system, the linearized perturbation equations are expressed
as follows:

∇ · u′ = 0, (6)

∂u′
∂t

= − 1
ρ0
∇p′+ ν∇2u′+ gβT′ex + 2Ω

(
w′ey − v′ez

)
, (7)
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∂T′
∂t

=
∆T
h

u′+ α∇2T′. (8)

The boundary conditions for the perturbed quantities are as follows:{
x = h : u′ = v′ = w′ = 0, T′ = 0
x = 0 : u′ = v′ = w′ = 0, T′ = 0 or ∂T′

∂x = 0
. (9)

Furthermore, each variable is assumed to be using a complex amplitude function,
as follows:

φ′(x, y, z, t) = φ̃(x) exp
{

i
(
ayy + azz

)
+ st

}
+ c.c., (10)

where ay and az represent the wavenumbers in the y- and z-directions, respectively. Fur-
thermore, i represents the imaginary unit, and s is a complex number whose real part
indicates the linear growth rate and whose imaginary part is the angular frequency. Substi-
tuting Equation (10) into Equations (6)–(9), and making it dimensionless, the simultaneous
ordinary equations for the amplitude function can be summarized as follows:

DŨ + i
(

kYṼ + kZW̃
)
= 0, (11)

SŨ = −DP̃ +
(

D2 − k2
)

Ũ + RaΘ̃, (12)

SṼ = −ikY P̃ +
(

D2 − k2
)

Ṽ + Ta1/2W̃, (13)

SW̃ = −ikZ P̃ +
(

D2 − k2
)

W̃ − Ta1/2Ṽ, (14)

PrSΘ̃ = Ũ +
(

D2 − k2
)

Θ̃, (15)

where dimensionless variables and dimensionless numbers are defined as follows:(
Ũ, Ṽ, W̃

)
= (ũ,ṽ,w̃)

α/h , P̃ = p̃
ρ0αν/h2 , Θ̃ = T̃

∆T , (kY, kZ) =
(ay ,az)

1/h , X = x
h , D ≡ d

dX ,

k2 = kY
2 + kZ

2, S = s
ν/h2 , Ta =

(
2Ωh2

ν

)2
, Ra = gβ∆Th3

αν , Pr = ν
α .

(16)

3.2.2. Linear Stability Analysis of Traveling-Wave Sidewall Mode

In this subsection, we describe two-dimensional LSA, which is the main part of this
paper. The x-axis is taken in the vertical direction in common with the one-dimensional anal-
ysis, but periodicity is assumed only in the z-axis direction. It is assumed that y = constant
surface (sidewall) is thermally insulated, and the centrifugal force is neglected herein as
well. The analysis area is an x-y cross-section. Therefore, it can be assumed that the basic
state is a state of heat conduction with no convection. The temperature and pressure
gradients are given by Equation (5). The linearized perturbation equations in the Cartesian
coordinate system are the same as Equations (6)–(8). The boundary conditions for the
perturbations are given by Equation (17) in addition to Equation (9). The aspect ratio
(width to height) of the x-y cross-section of the enclosure was assumed to be 2, and a slip
condition was applied to the boundary condition at the non-walled side (as can be seen
from the actual analysis, y = 2h is the bulk region sufficiently away from the sidewall,
where the magnitude of flow and temperature disturbances is nearly zero). The adiabatic
conditions were imposed at y = 0 and 2h:{

y = 2h : ∂u′
∂y = ∂v′

∂y = ∂w′
∂y = ∂T′

∂y = 0
y = 0 : u′ = v′ = w′ = ∂T′

∂y = 0
. (17)
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In the two-dimensional LSA, each variable is assumed to be as follows, using a complex
amplitude function as shown in Equation (18):

φ′(x, y, z, t) = φ̃(x, y) exp(iazz + st) + c.c. . (18)

The dimensionless system of the amplitude functions is summarized as follows:

∂XŨ + ∂YṼ + ikW̃ = 0, (19)

SŨ = −∂X P̃ +
(

∂2
X + ∂2

Y − k2
)

Ũ + RaΘ̃, (20)

SṼ = −∂Y P̃ +
(

∂2
X + ∂2

Y − k2
)

Ṽ + Ta1/2W̃, (21)

SW̃ = −ikP̃ +
(

∂2
X + ∂2

Y − k2
)

W̃ − Ta1/2Ṽ, (22)

PrSΘ̃ = Ũ +
(

∂2
X + ∂2

Y − k2
)

Θ̃, (23)

The dimensionless variables and dimensionless numbers for the two-dimensional LSA
are defined similarly to Equation (16).

3.3. Numerical Methodology

According to the Chandrasekhar’s works [3–5], two kinds of convection mode in
the rotating Rayleigh–Bénard problem are discussed. One is the stationary mode and the
other is the oscillatory mode (overstability). According to references [3–5], the latter may
occur when the Prandtl number is lower than the critical value of the Prandtl number
(Prc = 0.6766). Here, we present a numerical calculation method for capturing these two
modes, respectively.

3.3.1. One-Dimensional LSA with the Stationary Mode

When considering the neutral stability state in the stationary mode, the real and
imaginary parts of S are both zero, and therefore this state is independent of the Prandtl
number. In order to obtain this state, in this research, the simultaneous equations, in which
virtual time-derivative terms are introduced into the equations of motion and energy, are
numerically solved using the HSMAC (Highly Simplified Marker and Cell) method. It
is necessary and sufficient to calculate the real part of the vertical velocity component,
pressure, temperature and the imaginary part of the two horizontal velocity components.
It can be regarded as an eigenvalue problem to find the neutral Rayleigh number when
the wavenumber k is given. Therefore, by numerically solving the above simultaneous
equations while modifying the Rayleigh number and continuing iterative calculations
until the virtual time-derivative term becomes almost zero, the Rayleigh number as an
eigenvalue and the corresponding eigenfunction (amplitude function) can be obtained. At
the same time, the normalization of the eigenfunction was made by fixing the calculated
value of an arbitrarily chosen amplitude function at an arbitrarily chosen grid point.

Next, we explain the iterative correction formula for obtaining the eigenvalues. From
the equation of motion in the vertical direction:

f (Ra) =
∂ŨR
∂τ

= −DP̃R +
(

D2 − k2
)

ŨR + RaΘ̃R = 0. (24)

Therefore, considering Newton’s method, we obtain the following iterative correc-
tion formula:

Ra(m+1) = Ra(m) −
f
(

Ra(m)
)

∂ f /∂Ra
= Ra(m) − C1

∆ŨR
(m)

Θ̃R
(m)

, (25)

where C1 is a constant and it plays a role in adjusting the convergence speed. At an
arbitrarily chosen grid point, the Rayleigh number can be converged by imposing this
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formula. The Rayleigh number obtained using the correction formula is the neutral Rayleigh
number for the given wavenumber k.

3.3.2. Two-Dimensional LSA with the Oscillatory Mode

In this mode, we need to find both the angular frequency and linear growth rate.
Therefore, unlike the stationary mode, it is necessary to calculate both the real and imaginary
parts of each amplitude function. In order to acquire the oscillatory mode, we introduced
a virtual time-derivative term to the equations of motion and the energy equation, and
analyzed them via iterative calculation using the HSMAC method. In the analysis of
oscillatory mode, the problem is reduced to finding the most unstable complex eigenvalue
S and its corresponding eigenfunction for a given wavenumber k and a Rayleigh number Ra.
For example, Equation (20) can be separated into the two real function equations as follows:

f (SR) =
∂ŨR
∂τ = −

(
SRŨR − SIŨI

)
− ∂X P̃R +

(
∂2

X + ∂2
Y − k2)ŨR + RaΘ̃R ∼= 0

f (SI) =
∂ŨI
∂τ = −

(
SRŨI + SIŨR

)
− ∂X P̃I +

(
∂2

X + ∂2
Y − k2)ŨI + RaΘ̃I ∼= 0

. (26)

The linear growth rate SR was obtained by imposing the following equation during
the iterative calculation:

SR
(m+1) = SR

(m) − C2
∆ŨR

(m)

ŨR
(m)

. (27)

Similarly, the angular frequency SI was obtained via iterative calculation using the
following equation:

SI
(m+1) = SI

(m) − C3
∆ŨI

(m)

ŨR
(m)

. (28)

Basically, the complex eigenvalue problem was circumvented in this way. In ad-
dition to this, the following iterative correction formula was imposed to obtain neutral
Rayleigh number:

Ra(m+1) = Ra(m) − C4SR
(m). (29)

Using formula (29), the value of Ra changes little by little from the value of Ra once
given, and, when it converges, the neutral Ra value is obtained. See references [31,32] for
details of this technique.

4. Results
4.1. One-Dimensional LSA
4.1.1. Stationary Mode

Table 1 shows the critical Rayleigh numbers for various Taylor numbers when the
stationary mode is assumed. As long as the wavenumber k is the same, the critical value is
uniquely determined no matter how the two horizontal wavenumbers are combined. In
other words, the present calculation was performed with kZ = k (kY = 0). A comparison
with Chandrasekhar’s study [3] is shown. As the value of the Taylor number increases, the
boundary layer formed near the heating or cooling wall becomes thinner, and it becomes
difficult to maintain calculation accuracy with a coarse grid. Even for calculations with
high Taylor numbers, we obtained a solution that does not depend on the number of grids
by securing a sufficient number of grid points. At low Taylor numbers, the agreement
with Chandrasekhar’s critical Rayleigh number is good. At high Taylor numbers, the
Rayleigh number obtained by the present numerical calculation is slightly lower than that
of Chandrasekhar. Regardless, the present numerical analysis code is judged to be valid.

Figure 2 shows the visualization for k = 4.8 and Ta = 104. In order to perform two-
dimensional visualization using the one-dimensional amplitude function results, the fol-
lowing conversion formula was used:

φ(X, Z) ≡ <(φ′) = φ̃R(X) cos(kZ)− φ̃I(X) sin(kZ), (30)
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where ϕ is a general representation of (U, V, W, P, Θ). Since the vertical velocity U and the
temperature Θ have the same phase, the temperature takes positive values where there is
an upward velocity. The phases of V and W deviate from that of U. Therefore, the velocity
vectors are rather deformed from a circular vortex. The pressure takes a maximum or a
minimum value at the stagnation point of the velocity field.

Table 1. The critical Rayleigh numbers for various Taylor number (stationary mode).

Ta k
Present Study Chandrasekar [3]

RaRa and Number of Grids

10 3.10 1.7128 × 103 400 1.7130 × 103

100 3.15 1.7564 × 103 400 1.7566 × 103

500 3.30 1.9403 × 103 400 1.9403 × 103

1000 3.50 2.1514 × 103 400 2.1517 × 103

2000 3.75 2.5301 × 103 400 2.5305 × 103

5000 4.25 3.4686 × 103 400 3.4686 × 103

10,000 4.80 4.7121 × 103 400 4.7131 × 103

30,000 5.80 8.3246 × 103 800 8.3264 × 103

105 7.20 1.6720 × 104 800 1.6721 × 104

106 10.80 7.1085 × 104 1600 7.1132 × 104

108 24.5 1.5252 × 106 3200 1.5313 × 106

1010 55.5 3.4498 × 107 6400 3.4574 × 107
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4.1.2. Oscillatory Mode (Overstability)

In this subsection, we present the critical Rayleigh numbers for the overstability,
which was reported by Chandrasekhar [3]. Depending on the value of the Prandtl number,
various critical Rayleigh numbers would be obtained, but we limited ourselves to the case
of Pr = 0.025 for the sake of comparison and validity. Table 2 summarizes the overstability
solutions obtained by the present numerical calculations. To show the convergence of the
solution with the number of grids, both results of 200 and 400 grids are shown. As the
Taylor number increases, boundary layer type flow and temperature fields are formed,
revealing the insufficient number of grids. Compared to Chandrasekar’s solution, the
angular frequency of the present results tends to be lower, while the Rayleigh number tends
to be higher. However, when the number of grids is increased from 200 to 400, it tends
to approach the solution obtained by Chandrasekhar, so the analysis method is judged to
be valid.

Table 2. The dependency of the grids on the angular frequency and the Rayleigh number (Pr = 0.025).

Ta k
SI Ra

Present Study
Chandrasekar

Present Study
Chandrasekar200 Grids 400 Grids 200 Grids 400 Grids

104 3.08 4.47036 × 101 4.47038 × 101 4.45 × 101 4.370328 × 103 4.370333 × 103 4.39 × 103

106 4.09 5.82579 × 102 5.82585 × 102 5.82 × 102 9.5102 × 103 9.5096 × 103 9.51 × 103

5 × 107 8.10 2.4258 × 103 2.4262 × 103 2.43 × 103 6.313 × 104 6.302 × 104 6.29 × 104

2 × 108 10.28 3.916 × 103 3.918 × 103 3.92 × 103 1.388 × 105 1.381 × 105 1.38 × 105

109 13.46 6.805 × 103 6.813 × 103 6.81 × 103 3.607 × 105 3.552 × 105 3.54 × 105

1010 19.70 1.489 × 104 1.494 × 104 1.50 × 104 1.520 × 106 1.436 × 106 1.42 × 106

1011 28.75 3.251 × 104 3.262 × 104 3.27 × 104 6.418 × 106 6.139 × 106 5.83 × 106

Figure 3 shows the neutral stability curve of the Rayleigh number and the angular
frequency obtained using 400 grids for Pr = 0.025 and Ta = 106. This figure shows the
dependence of the Rayleigh number and the angular frequency on the wavenumber, with
the neutral stable state obtained at wavenumber steps of 0.1. It can be seen that it takes a
local minimum at k = 4.1. As for the angular frequency, it looks like a linear change in this
wavenumber range, but it is a slightly downward convex curve.
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Figure 3. Neutral stability curve of the Rayleigh number near the critical point and the angular
frequency for Pr = 0.025 and Ta = 106.

Figure 4 shows a visualization of the eigenfunctions when the instability sets in
overstability. Since the calculation assumes periodicity in the Z-direction, the visualization
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for only one wavelength is shown herein as well. While maintaining this state, the wave
moves from right to left (in the negative Z-direction) at a constant speed. It should be noted
that that there exist solutions to this eigenvalue problem that have the same absolute value
of the angular frequency and differ only in their sign. In that case, the critical Rayleigh
number remains the same. The wave moves from left to right (positive Z-direction) because
the eigenfunction distribution is left–right reversed.
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Although the vertical velocity U and the temperature Θ are in the same phase, V, W
and P are in different phases. At first glance, the appearance of the velocity vector is similar
to that of the stationary convection, but it is slightly different in that the velocity is distorted
in the boundary layer.

Let us compare the stationary convection in Table 1 and overstability in Table 2. It can
be seen that, for the same Taylor number, the critical Rayleigh number for overstability is
much lower than that for the stationary convection. Thus, for Pr = 0.025, the resulting flow
is expected to emerge as overstability. In this one-dimensional analysis, the influence of the
sidewall cannot be considered, so it is difficult to compare with experiments. Therefore, in
the next section, the LSA analysis considering the sidewall is performed, and based on the
results, the interpretation of the results of the one-dimensional analysis will be reconsidered.
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4.2. Two-Dimensional LSA (Traveling-Wave Sidewall Mode)
4.2.1. Verification of the Present Numerical Code

The number of grid points used in this two-dimensional analysis was set to 50 for
the vertical and 100 for the horizontal directions due to computation time. Using this as a
baseline, calculations were also performed for the 30 × 60 and the 70 × 140 grid systems to
check the dependence on the number of grids employed.

First, a comparison with the previous study by Plaut [16] is performed to confirm the
validity and accuracy of this analysis method. In that paper, comparisons are made with
Liu and Ecke [10] as an experimental study and with Kuo and Cross [9] as a theoretical
study. The dimensionless parameters are the Prandtl number Pr = 6.3 and the Coriolis
number η = 548. In the present study, instead of using the Coriolis number, we used the
Taylor number following Chandrasekar. Their dimensionless relation is given by Ta1/2 = η.
Therefore, η = 548 corresponds to Ta = 3 × 105.

Figure 5 shows the neutral stability curve obtained by the present numerical analysis
using the 50× 100 grid system. The critical wavenumber, Rayleigh number and angular fre-
quency were obtained to be approximately kc = 4.225, Rac = 1.9649 × 104 and SI,c = –3.5547.
To investigate the grid dependence on these critical values, numerical analyses were further
performed using the 30 × 60 and the 70 × 140 grid systems. Figure 6 shows the eigenfunc-
tion distributions of vertical velocity and pressure in the X-Y cross-section. From the top
to bottom, the 30 × 60, the 50 × 100 and the 70 × 140 grid systems are shown. It can be
recognized that there is little qualitative difference in the eigenfunctions, and there are no
significant differences in the neutral Rayleigh number and angular frequency. Therefore,
the calculations using the 50 × 100 grid system are judged to be reasonable.
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Figure 5. Neutral stability curve of the Rayleigh number near the critical point and the angular
frequency for Pr = 6.3 and Ta = 3 × 105.

Table 3 summarizes the critical Rayleigh numbers, wavenumbers and angular fre-
quencies obtained by the three previous studies and the present study. Since there is a
difference in the dimensionless equations between these previous studies and the present
study, the SI value (−3.5547) was not used in its original form for the angular frequency,
but was corrected by multiplying it by the value of the Prandtl number. As a result, the
dimensionless angular frequency ωc in this study was obtained as −22.39. Since Plaut’s
results and our analysis results show good agreement, we judged that the 2D LSA analysis
code is appropriate.
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Table 3. Comparison of the important values between the previous results and the present result for
Pr = 6.3 and Ta = 3 × 105.

Rac kc ωc

Expt. of Liu and Ecke [10] 20,850 4.65 −22.0
Theor. of Kuo and Cross [9] 19,500 4.00 −24.0

Theor. of Plaut [16] 19,660 4.22 −22.4
Present study 19,649 4.225 −22.39

Figure 7 shows the isosurfaces of each eigenfunction at this critical state. The visualiza-
tion range is two wavelengths in the z-axis direction. The flow field and temperature field
are dominant near the sidewall at Y = 0, while no disturbance is observed in the region far
from the sidewall. Since this disturbance has a negative angular frequency, it proceeds in
the positive direction along the z-axis. The vertical velocity component and temperature
are even functions with respect to the center of X, while the horizontal velocity components
are odd functions, similar to the one-dimensional analysis of overstability. The vertical
velocity U and the temperature Θ were in the same phase in the case of overstability where
sidewalls cannot be considered, but they differ in that they have a phase difference in the
traveling wave.

4.2.2. Effect of the Taylor Number and the Prandtl Number

In this subsection, we discuss the effects of the Taylor number and the Prandtl number.
First, when the Prandtl number was fixed at 1, the calculations were performed for the
three different Taylor numbers. The results are summarized in Table 4. It shows that the
critical wavenumber, Rayleigh number and angular frequency increase with increasing
the Taylor number. Compared with the critical values in Table 1, where the existence of
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the sidewall is not taken into account, it can be recognized that both the wavenumber and
the Rayleigh number are lowered for the same Taylor number. This means that sidewall
traveling-wave convection occurs at a lower Rayleigh number due to the existence of the
sidewall of the container.
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k = 4.225, Pr = 6.3 and Ta = 3 × 105.

Table 4. Effect of the Taylor number on the onset of instability at Pr = 1.

Ta kc Rac SI

Case A 105 3.82 1.1245 × 104 −1.6653 × 101

Case B 106 4.32 3.3086 × 104 −2.5993 × 101

Case C 107 4.80 1.0225 × 105 −3.5321 × 101

Figure 8 shows the contour visualization of vertical velocity and temperature at the
middle horizontal cross-section for the three cases. The difference in the aspect ratio of
the figure is due to the difference in the critical wavenumber. Both the velocity and the
temperature disturbances are observed only near the sidewall, but they tend to become
thinner as the Taylor number increases. Since SI takes a negative value, the traveling wave
has a phase velocity in the positive direction of the Z-axis. In the visualization of the vertical
velocity component, a weak disturbance whose sign is opposite to that of the disturbance
developed near the sidewall can also be recognized. In the temperature field, it can be seen
that the disturbance is stretched obliquely backward.

We also discuss the effect of decreasing the Prandtl number. Table 5 summarizes the
calculation results when the Taylor number is fixed at 106. Numerical results were also
obtained for even lower Prandtl numbers such as Pr = 0.05 and 0.025, but they are not
included in Table 5. The reason for this will be explained later. As the Prandtl number
decreases, the critical wavenumber and the Rayleigh number decrease, but the phase
velocity increases.

Figure 9 shows the visualization of the velocity and temperature fields for Cases 1 and
3. As the Prandtl number becomes smaller, the velocity and temperature disturbances are
not localized near the sidewall but spread to the bulk region. In cases such as Pr = 0.025
and 0.05, which are not listed in Table 5, a sufficiently large value of disturbance takes place
even at the boundary of y = 2h. Therefore, the assumption of the sidewall traveling-wave
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mode fails (the computation does not diverge but it is not considered to be a physically
meaningful solution). That is why Table 5 lists the results up to Pr = 0.1. From the
visualization in Figure 9b, it can be observed from the W distribution that the disturbance
extends diagonally forward to relatively far places from the sidewall. In the computational
area with an aspect ratio of 2 (twice the container height in the Y-direction) secured in
this computation, the limitation is about Pr = 0.1. This limitation value seems to depend
somewhat on the Taylor number.
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Table 5. Effect of Prandtl number on the onset of instability at Ta = 106.

Pr kc Rac SI

Case B 1 4.32 3.3086 × 104 −2.5993 × 101

Case 1 0.5 4.20 3.1615 × 104 −4.9341 × 101

Case 2 0.25 4.00 2.9227 × 104 −8.9960 × 101

Case 3 0.10 3.50 2.4580 × 104 −1.8228 × 102
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4.2.3. Effect of the Bottom Heating Condition

Figure 10 shows the neutral stability curves of the Rayleigh number and the angular
frequency for the isothermal heating and the uniform flux heating. At first glance, there
is not much difference due to the heating conditions of the bottom surface, and the rela-
tionships among the wavenumber, the Rayleigh number, and the angular frequency are
similar to each other. The critical Rayleigh number for isothermal heating is about 34,500
at the corresponding wavenumber 4.42, while for uniform flux heating, it is about 32,370
at wavenumber 4.27. Therefore, the sidewall traveling mode occurs at a lower Rayleigh
number when uniform flux heating is applied.
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Figure 10. Neutral stability curve of the Rayleigh number near the critical point and the angular
frequency at Pr = 6 and Ta = 106.

5. Discussion
5.1. Effect of Sidewall

As a result of performing the two-dimensional LSA including the sidewall, it was
confirmed that the traveling wave occurred near the sidewall regardless of the Prandtl
number. This is a phenomenon that cannot be captured by the one-dimensional LSA in
which the effect of sidewalls cannot be considered. In the 1D LSA, the critical Rayleigh
number for overstability was lower than that for the stationary convection, so it is predicted
that oscillatory convection is more likely to occur. However, according to Chandrasekar’s
studies [3–5], overstability does not occur above the value of Pr = 0.6766. On the other
hand, in the 2D LSA considering the sidewall, a traveling wave along the sidewall was
observed even when the value of the Prandtl number was larger than the critical Prandtl
number of 0.6766. It is difficult to interpret the solution of overstability based on the 1D
analysis as a physical phenomenon. This is because the direction of the phase velocity
cannot be determined uniquely in the 1D LSA. Therefore, the 2D LSA is necessary if we
need to compare it with actual experiments (which must include sidewalls).

5.2. Centrifugal Force

In the present study, we performed 2D linear stability analyses under the assumption
that centrifugal force is neglected to find the critical Rayleigh number corresponding to
given Taylor and Prandtl numbers, and then the velocity, temperature and the pressure
fields were visualized. If the analysis takes centrifugal force into account, an additional
dimensionless parameter governing this phenomenon should be considered as the Froude
number, which represents the ratio of centrifugal force to gravity. In such a case, weak
convection already takes place in the basic state, which is necessary for the linear stability
analysis, and it is inferred that the temperature distribution deviates slightly from the heat
conduction state [33]. Numerical calculations are required to obtain such a basic state.
While it may be reasonable to ignore the inertia terms in the Navier–Stokes equation when
attempting to obtain this weak basic flow, consideration of the convective term in the
energy equation is essential. The velocity, temperature and pressure fields would change
depending on the dimensionless numbers such as the Froude number and the enclosure
aspect ratio. If the enclosure would have a large aspect ratio (thin fluid layer), even for
a small Froude number (rotational angular velocity), the centrifugal force effect would
not be negligible near the sidewall due to the large radius. When numerically calculating
the basic state, it is necessary to input not only the Froude number, but also the Prandtl
number (unnecessary if the inertia terms are ignored in the basic state), the Taylor number
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and the Rayleigh number. This is in sharp contrast to the fact that the basic state, when
ignoring the centrifugal effect, is independent of dimensionless numbers. Therefore, if
linear stability analysis including the centrifugal force effect is performed, it is difficult to
strictly determine the neutral Rayleigh number (and thus the critical Rayleigh number).
Instead, whether the weak convection caused by the combination of non-dimensional
numbers input to obtain the basic state is stable or unstable can be judged by the sign of
the linear growth rate obtained by the linear stability analysis.

5.3. Free-Surface

As mentioned in many textbooks, the upper and lower boundary conditions for
the Rayleigh–Bénard problem consider not only solid walls but also free surfaces. In
the absence of rotation, the assumption that the free surface is flat is valid, whereas in
the rotating field the free surface is not flat. It is a complex problem where the free
surface shape is determined by considering centrifugal force, gravity, surface tension and
fluid temperature. In addition, the Marangoni effect also appears. In the analysis of
phenomena with such complexities, it seems that there is not much meaning to perform
such linear stability analyses anymore. Therefore, it would be preferable to execute a
complete numerical simulation, although the computational cost is high. Such simulation
automatically incorporates finite-amplitude nonlinear effects of disturbances.

6. Conclusions

In this study, linear stability analyses of the rotating Rayleigh–Bénard convection
were carried out for cases wherein centrifugal force was ignored and the upper and lower
boundary conditions were limited to solid walls. For LSA models, 1D analysis that does
not consider the influence of the sidewall and 2D analysis with a vertical adiabatic sidewall
were targeted.

In the 1D analysis, numerical analyses were performed for both the stationary convec-
tion mode and overstability mode, which was suggested in Chandrasekar’s study. In the
stationary convection mode, the Prandtl number had nothing to do with the phenomenon,
but in the overstability mode for Pr = 0.025, we confirmed quantitative agreement with
Chandrasekar’s solution for a wide range of Taylor numbers.

In the 2D analysis, calculations were performed for several Prandtl numbers, limited
to relatively high Taylor numbers. Within the range of parameters dealt with in the present
study, we always detected the mode of the sidewall traveling wave. This mode is common
to overstability in the sense that it oscillates, but it seems that the properties are different in
the sense that the disturbance travels along the sidewall. It was confirmed that when the
Prandtl number becomes small, the disturbance tends to spread from the sidewall to the
inner bulk region.

Finally, the 2D analyses were performed when the bottom heating condition was either
isothermal or uniform flux. There was a slight difference in the value of the critical Rayleigh
number as well as the corresponding wavenumber. The sidewall traveling mode occurs at
a lower Rayleigh number when uniform flux heating is applied.
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Nomenclature

ay wavenumber in y-direction (1/m)
az wavenumber in z-direction (1/m)
C constant (-)
Fr Froude number (-)
ex unit vector in x-direction (-)
ey unit vector in y-direction (-)
ez unit vector in z-direction (-)
g gravitational acceleration (m/s2)
i imaginary unit (-)
k dimensionless wavenumber (-)
h characteristic length (m)
p pressure (Pa)
P dimensionless pressure (-)
Pr Prandtl number (-)
q heat flux (W/m2)
Ra Rayleigh number (-)
S complex eigenvalue (rad/s)
SI angular frequency (rad/s)
SR linear growth rate (rad/s)
t time (s)
T temperature (K)
Ta Taylor number (-)
Tc temperature at cold wall (K)
Th temperature at hot wall (K)
T0 reference temperature = (Th + Tc)/2 (K)
∆T temperature difference between hot and cold walls (K)
u velocity vector = (u1, u2, u3) = (u, v, w) (m/s)
u x-directional velocity component (m/s)
U dimensionless X-directional velocity component (-)
v y-directional velocity component (m/s)
V dimensionless Y-directional velocity component (-)
w z-directional velocity component (m/s)
W dimensionless Z-directional velocity component (-)
x x coordinate (m)
X dimensionless x coordinate (-)
y y coordinate (m)
Y dimensionless y coordinate (-)
z z coordinate (m)
Z dimensionless z coordinate (-)
Greek symbols
α thermal diffusivity (m2/s)
β volumetric coefficient of thermal expansion at T0 (1/K)
λ thermal conductivity (W/(m K))
Θ dimensionless temperature (-)
ν kinematic viscosity (m2/s)
ρ0 density at T0 (kg/m3)
τ virtual dimensionless time (-)
Ω angular velocity of enclosure (rad/s)
Subscripts or superscripts
′ infinitesimal disturbance

basic state˜ amplitude function
I imaginary part
R real part
(m) number of iterative steps
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