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Abstract: Collective locomotion in biological systems is ubiquitous and attracts much attention, and
there are complex hydrodynamics involved. The hydrodynamic interaction for fish schooling is
examined using two-dimensional numerical simulations of a pair of self-propelled swimming fish in
this paper. The effects of different parameters on swimming speed gain and energy-saving efficiency
are investigated by adjusting swimming parameters (initial separation distance d0, tail beat amplitude
A, body wavelength λ, and period of oscillation T) at different phase difference δφ between two fish.
The hydrodynamic interaction performance of fish swimming in a tandem arrangement is analyzed
with the help of the instantaneous vorticity contours, pressure contours, and mean work done. Using
elementary hydrodynamic arguments, a unifying mechanistic principle, which characterizes the fish
locomotion by deriving a scaling relation that links swimming speed u to body kinematics (A, T, and
λ), arrangement of formation (d0), and fluid properties (kinematic viscosity ν), is revealed. It is shown
that there are some certain scaling laws between similarity criterion number (Reynolds number (Re)
and Strouhal number (St)) and energy-consuming coefficient (CE) under different parameters (∆). In
particular, a generality in the relationships of St–Re and CE–(Re ·∆) can emerge despite significant
disparities in locomotory performance.

Keywords: hydrodynamic interaction; self-propelled; numerical simulations; energy-saving efficiency;
scaling law

1. Introduction

Schooling is a common phenomenon in fish creatures [1], and the cluster movement of
specific formations can significantly improve the swimming efficiency of fish schooling. The
study of the energy-saving mechanism of fish schooling swimming provides inspiration and
helps in the design and control of robot cluster formation, which has been receiving wide
concern from researchers. A great aspect of fish swimming is to make use of the surrounding
environment for efficient propulsion. Due to this fact, many species in fish tend to swim in
the form of groups, known as schools. Extensive studies have shown that fish schooling is
generally more efficient than swimming alone, with more than 50% of fish in nature showing
synchronized and coordinated schooling swimming at some time [2]. Many fish swim in
the same direction in schooling and maintain the near-constant spacing with neighboring
counterparts when they migrate [3]. In addition to sociological advantages such as avoiding
natural enemies [4,5] and improving predation success rate [6], schooling swimming is
also believed to effectively reduce energy consumption [7,8]. Various schooling patterns
are observed in fish swimming [7] that include line, diamond, triangular, and phalanx
formations [9]. The advantage of these congregations lies in the fact that each fish tends to
gain energy from surrounding vortical flows generated by neighboring bodies.
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At present, there are many studies on self-propelled schooling, including flexible
body and rigid flapping wing [10–17], and they reveal the energy-saving mechanism of
schooling swimming. Meanwhile, multi-party flow-mediated interaction has been widely
observed in swimming fish. The inviscid theoretical model of Weihs [1] demonstrated that
trailing fish in a diamond configuration could benefit from the reduced flow induced by
the oncoming vortices. Herskin and Steffensen [18] observed that the tail-beat frequency of
trailing fish was lower than that of fish at the front of the school. Moreover, Killen et al. [8]
noted that fish with inherently lower aerobic scope preferred to stay towards the rear
of a group. Marras et al. [19] found that both the upstream and rear fish saved energy
regardless of their positions. Although many recent experimental studies have shown the
hydrodynamic benefits of fish schools [8,18–20], the question of which schooling structures
are optimal from a hydrodynamic point of view is still controversial, and an in-depth
understanding of the hydrodynamic mechanisms by which fish schools benefit from flow-
mediated interactions is desirable.

In this paper, we use a computational model of a swimming fish in a tandem ar-
rangement to understand the hydrodynamic mechanisms by which fish schools benefit
from flow-mediated interactions. Two fish swimming with a flexible body, based on the
kinematic mechanics of the carangiform swimmer, are simulated. An adaptive immersed
boundary (IB) method proposed by Bhalla et al. [21] is adopted to handle the fish swim-
ming. The IB method has been extensively applied for various fluid–structure interaction
(FSI) simulations [22–25]. To gain deeper understanding and knowledge of fish-schooling
mechanisms, it is very important to investigate what benefits the upstream and rear fish
find in these situations and what mechanisms they follow. To study the effect of the pres-
ence of a body swimming asynchronously to another body in its vicinity, the hydrodynamic
interaction performance of fish swimming in a tandem arrangement is analyzed with the
help of the instantaneous vorticity contours, pressure contours, and mean work done. The
remainder of this paper is organized as follows. Section 2 provides details of the numerical
methodology, kinematic modeling, boundary conditions, and calculation of correlation for-
mula employed. In Section 3, the results and discussions of current research are presented.
Section 4 concludes this study and shows some prospects to the future work.

2. Problem Description and Methods

In this section, the fish kinematics and the computational details are described in
Section 2.1, the formulations for calculating hydrodynamic arguments and correlation
formula are provided in Section 2.2, and the numerical method is presented in Section 2.3.

2.1. Fish Body Kinematics and Computational Details

In this study, two identical fish-like NACA0012 foils self-propel from the right to
left side of computational domain, and the fish are allowed to move in a horizontal (x)
direction. Figure 1 presents a sketch of computational domain with two fish in tandem
arrangement, and the fish parameters are also involved. As shown in Figure 1a, two fish
swim along the x-direction by creating undulatory motion in the y-direction. As presented
in Figure 1b, the fish length is L, and the tail beat amplitude of the fish is A. The kinematics
for carangiform swimmers is usually in the form of a backward traveling wave with the
largest wave amplitude at the fish tail. To account for the traveling wave, the displacement
of the midline of fish from the x-axis is given by

yi(x, t) = a(x) sin(kx−ωt + φi) (1)

where yi(x, t) is the time-wise, as well as stream-wise, varying lateral displacement of the
fish centerline, x is the axial direction measured along the fish axis from the tip of the fish
head, t is the time, i = 1, 2 represent the upstream fish and rear fish in the tandem formation,
respectively. a(x) is the stream-wise linearly varying amplitude function (A = amax is the
maximum amplitude at the tail when x = L), k = 2π/λ is the wave number of the body
undulation that is related to the wavelength λ, ω = 2π f is the angular frequency that is
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related to the tail beat frequency f , and φi is the initial phase. The phase difference is
defined as δφ = |φ1 − φ2|.

Figure 1. (a) Sketch of computational domain. (b) Fish parameters.

The amplitude function a(x) can be represented by a quadratic curve of the form:

a(x) = a0 + a1x + a2x2 (2)

where the coefficients a0, a1 and a2 are chosen as a0 = 0.02, a1 = −0.08 and a2 = 0.16,
respectively, which are the same as the work of Wang and Wu [26].

Two important similarity parameters in fish swimming are the Reynolds number and
the Strouhal number, which are defined as:

Re =
uL
ν

, St =
f A
u

(3)

where u is the mean swimming speed of fish, and ν is the kinematic viscosity of fluid, In
this study, Re and St are in the ranges of [2897, 13513] and [0.13, 0.25], respectively.

The size of computational domain is 72L × 12L. The periodic boundary conditions
are applied to the left and right sides of domain, and no-slip boundary conditions are used
for the upper and lower sides of domain. The head of the rear fish is initially centered
at (x, y) = (0, 0), and its body extends in the positive x-direction. Moreover, “fish-1” and
“fish-2” represent the upstream fish and the rear fish in a tandem arrangement, respectively.

In this study, the settings of swimming parameters are as follows. The initial separation
distance between two fish is d0 = 0.1L–1.0L, the tail beat amplitude is A = 0.05L–0.2L with
the interval of ∆A = 0.05L, the wavelength is λ = 0.8L–8L and the period of oscillation
(T = 1/ f ) is T = 0.5Tc–2.0Tc with the interval of ∆T = 0.25Tc, in which Tc = 1.0 s is the set
characteristic period of oscillation. All the parameters in this study use the physical units,
and please refer to the abbreviations table at the end of the paper for more details.

2.2. Calculation of Hydrodynamic Arguments and Correlation Formula

The swimming speed is calculated based on the hydrodynamic forces acting on the
fish body using Newton’s second law of motion [27], which is governed by:

m
du
dt

= Fx (4)
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where m is the total mass of the fish body, u is the swimming speed, and Fx is net force
on the fish body in the x-direction. Swimming creatures move based on the undulating
kinematics of their bodies, and the body undulation is predominantly in a direction lateral
to the swimming direction [28–31]. The power of swimming is calculated by:

P =
∮

V
ρb

DUb
Dt

dV −
∮

V
fcUbdV (5)

where V is the volume of the constrained fish body, and ρb is the density of the constrained
fish body, which equals to the fluid density in this study. Ub is the constrained Lagrangian
body velocity field, and fc is the constraint force density. More details can be referred to
Ref. [21]. The mean net power spent Pnet is governed by [32]:

Pnet = Fxu + Fxu′ + Plat (6)

where u′ is the fluctuation quantity of swimming speed, and Plat is the mean lateral power
spent quantity.

The energy efficiency of the swimmers in the tandem arrangement can be quantified
by the cost of transport per unit mass (COT), which is defined as the energy required for a
unit mass to travel a unit distance:

COT =
Pnet

u
(7)

Whereas the dimensionless measure is preferred to enable comparison of efficiency of
swimmers across species and length scales, the scaling of COT follows from the ratio of the
scaling of power spent to the scaling of speed [32] is then adopted:

CE = COT
λT2

ρA3L
(8)

where ρ is the density of the fluid. In this work, the relative difference of COT between a fish
in formation swimming and that in solitary swimming is used to describe energy-saving
efficiency, which can be governed by:

(COTs − COT)
COTs

=
(Pnet/u)s − (Pnet/u)

(Pnet/u)s
(9)

where the subscript ‘s’ denotes solitary swimming.
To explain the variation of energy-saving efficiency in the tandem arrangement, the

mean work done during fish swimming is calculated:

W =
∫ t+T

t
Pnetdt =

∫ t+T

t
(Fxu + Fxu′ + Plat)dt (10)

and then the power coefficient is defined as:

CP =
Pnet

0.5ρu3L
(11)

2.3. Numerical Method

In this work, the IB method together with adaptive mesh refinement (IBAMR) [21,33] is
employed to deal with the fish motion. The hydrodynamic approach version of IB method
has been used. This IB method is suitable for problems in which the aim is to determine
swimming velocities or forces generated during swimming. The deformational kinematics
data required by the hydrodynamic approach to simulating aquatic locomotion can be
obtained from experiments [28,34–39]. The IB formulation uses an Eulerian description for
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the momentum equation and divergence-free condition for both the fluid and the structure.
A Lagrangian description is employed for the structural position and forces, more details
refer to [40]. IBAMR relies on SAMRAI [41–43] for Cartesian grid management and the
adaptive mesh refinement [44–46] framework. Solver support in IBAMR is provided by
PETSc library [47]. Adopting IB method permits us to avoid body conforming mesh
discretization and to use fast Cartesian grid solvers. The effect of the fish body on the
fluid is implemented via an additional body force that is added to the (fluid) momentum
equation. The Cartesian grid adaptive mesh refinement is applied for the fish motion, and
thereby the thin boundary layers at fluid-solid interfaces as well as flow structures shed
from such interfaces can be captured efficiently. The numerical method adopted has been
applied successfully to simulate fish-like swimming problems [25,48–54]. In this study, the
fish body structure is marked by Lagrangian points and then Lagrangian discretization.
Quantities attached to the structure are described in a Lagrangian frame on immersed
markers that are free to arbitrarily cut through the background Cartesian mesh. These nodes
are indexed by (l, m) with curvilinear mesh spacing (∆x, ∆y), each cell center of the grid has

position xi,j = ((i +
1
2

)∆x, (j+
1
2

)∆y) for i = 0, ..., Nx− 1, j = 0, ..., Ny− 1. For a given cell (i, j),

x
i− 1

2 ,j
= (i∆x, (j +

1
2

)∆y) is the physical location of the cell face that is half a grid space away

from xi,j in the x-direction, x
i,j− 1

2
= ((i +

1
2

)∆x, j∆y) is the physical location of the cell face

that is half a grid cell away from xi,j in the y-direction, and the position of a marker point is
denoted as Xl,m. A staggered grid discretization for quantities described in the Eulerian
frame was adopted, and refer readers to [55] for more details. Figure 2 gives a sketch of the
spatial discretization. The computational domain is discretized using an adaptively refined
grid for which the finest grid resolution is ∆x = ∆y = 0.0026L. The time step size is taken to
be ∆t = 0.0005T. More information on the grid and time-step independence tests can be
found in the Supplementary material S1, and further convergence studies of IB method
have been published in previous work [21,52,55].

Figure 2. (a) Lagrange points marking structure and adaptive mesh sketch. (b) Numerical discretiza-
tion of the Lagrangian markers (�, orange). (c) A single Cartesian grid cell on which the components
of the velocity field Ub are approximated on the cell faces (−→, black), and the Lagrangian quan-
tities are approximated on the marker point (�, orange), which can be arbitrarily placed on the
Eulerian grid.
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3. Results and Discussion

In this section, the hydrodynamic characteristics of two fish swimming in a tandem
arrangement with different swimming parameters are discussed in Section 3.1, and the
scaling laws for Reynolds number, Strouhal number, and ratio of the scaling of power spent
to the scaling of speed are discussed in Section 3.2.

3.1. Effects of Swimming Parameters on Hydrodynamics

3.1.1. Effect on Swimming Speed

In the stable state, two fish have the same mean swimming speed, i.e., u = u1 = u2,
where the subscripts “1” and “2” represent upstream fish and rear fish, respectively. The
histogram comparisons of u/us and u with different swimming parameters are provided
in Figure 3, where us is the mean swimming speed of isolated fish. The higher the value of
u/us is, the higher the speed gain (the speed gain is calculated as ((u − us)/us) × 100%)
of two tandem fish with respect to the isolated fish. It can be seen from Figure 3 that
except for the cases of larger tail beat amplitude, smaller initial separation distance and
larger wavelength, the speed gain of two tandem fish shows a fixed trend under different
phase differences. The maximum u/us appears at δφ = 0, which is followed by δφ = π/4.
Meanwhile, the minimum u/us appears at δφ = π/2, which is followed by δφ = 3π/4.

As shown in Figure 3a, the variation trend of u/us with d0 is consistent with that
of u. In particular, for the cases of δφ = 0 and π/4, u/us is roughly unchanged when
0.1L 6 d0 6 0.7L, and the corresponding speed gains are 6.8% and 5.4%, respectively. Mean-
while, when d0 = 1.0L, the speed gains for δφ = 0 and π/4 are 2.3% and 2.1%, respectively.
On the other hand, for the case of δφ = π/2, the maximum u/us appears at d0 = 0.1L, and
the speed gain is 4.4%. When 0.3L 6 d0 6 1.0L, u/us is roughly unchanged, and the speed
gain is 1.2%. However, for the case of δφ = 3π/4, u/us is independent of d0, and the speed
gain is 2.0%.

As shown in Figure 3b, for the cases of δφ = 0 and π/4, u/us decreases with the
increase of A. At δφ = 0, the speed gains at four tail beat amplitudes are 19.5%, 6.8%,
4.4% and 3.1%, respectively. At δφ = π/4, the corresponding speed gains are 18.7%, 5.4%,
3.5% and 1.4%, respectively. For the cases of δφ = π/2 and δφ = 3π/4, however, with the
increase of A, u/us has a tendency of first decrease and then increase. When δφ = π/2, the
corresponding speed gains are 11.0%, 1.2%, 0.8% and 4.7%, respectively. When δφ = 3π/4,
the corresponding speed gains are 13.1%, 2.0%, 1.1% and 4.9%, respectively. Therefore, it is
known that the larger tail beat amplitude does not represent the higher speed gain, and
the speed gain is always the highest when A = 0.05L in this case. On the other hand, u
increases with A monotonically.

As shown in Figure 3c, the variation of u/us with respect to λ is complex. For the cases
of δφ = 0 and π/4, the extreme values of u/us occur at the same wavelength, i.e., the maxi-
mum and minimum u/us appear at λ = 4L and λ = 1.4L, respectively. The corresponding
speed gains are 9.9% and 5.4% when δφ = 0, and 8.7% and 4.7% when δφ = π/4. Similarly,
for the cases of δφ = π/2 and δφ = 3π/4, the maximum and minimum u/us appear at
λ = 8L and λ = 2L, respectively. The corresponding speed gains are 13.1% and 1.9% when
δφ = 3π/4, and 4.4% and 0.8% when δφ = π/2. However, different phase differences can
generate the extreme values of u at the same wavelength, and the maximum and minimum
u appear at λ = 2L and λ = 0.8L, respectively.

As shown in Figure 3d, it is shown that with the increase of T, the overall u presents
a decreasing trend. Instead, u/us increases with T. But when T > 0.75Tc, the increment
of u/us is negligible. On the other hand, the maximum and minimum speed gains also
appear at T = 2.0Tc and 0.5Tc, respectively. Specific speed gains are 7.7% and 2.9% when
δφ = 0, 6.4% and 2.5% when δφ = π/4, 1.9% and 0.8% when δφ = π/2, and 2.8% and 0.9%
when δφ = 3π/4. Table 1 gives the overview of speed gains with all studied parameters.
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Figure 3. Mean swimming speeds with different (a) initial separation distance d0, (b) tail beat
amplitude A, (c) wave length λ, and (d) period of oscillation T.

The results in Figure 3 may be explained through the interaction of two fishtail vortices.
Some typical instantaneous vorticity contours are presented in Figure 4. The period of
oscillation and wavelength are T = 1.0Tc and λ = 1.0L, respectively. For the case of d0 = 0.1L,
A = 0.1L and δφ = π/2, as shown in Figure 4a, the interaction of the rear fish with the
vortices shed by the upstream fish as well as the wake developed in its downstream
direction can be observed clearly. When the vortices shed by the upstream fish interact
with the leading edge of the rear fish, they are split into two parts. This is the result of
wake-splitting [56] at the leading edges of the rear fish, and both parts interact with shear
layer around the fish body. For the case of d0 = 0.1L, A = 0.1L and δφ = 3π/4, the vortices
with small lateral width near the trailing edge are produced, as shown in Figure 4b. The
wake-splitting phenomenon happens earlier at the leading edges of the rear fish when
the vortices roll along upstream fish body and detach from upstream fish trailing edge.
As a result, the concentrated vortices with high energy are shed into the rear fish. This
can explain why the speed gain of two fish swimming at δφ = π/2 is higher than that of
δφ = 3π/4 when d0 = 0.1L and A = 0.1L. Similarly, the speed gain of two fish swimming
at δφ = π/2 is higher than that of δφ = π/4 when d0 = 0.5L and A = 0.2L, as shown in
Figure 4c,d, respectively. Again, the reason that the speed gain of two fish swimming
at δφ = 3π/4 is higher than that of δφ = 0 when λ = 8L can be explained by using the
same way.

Figure 4a,b also present the phenomenon of wake transformation from the von Kármán
vortex street into the reverse von Kármán vortex street. It produces a momentum surfeit
region in the near wake region of the body, and causes a negative drag, which is also
termed as thrust force [57]. This is also a reason for the speed gain of tandem arrangement
swimming. In Figure 4c,d, the vortex patterns of 2P and 2P∗ [58,59] are formed, respectively.
The 2P wake structure is believed to be responsible for the performance enhancement,
and the propulsion mechanisms have been explained in previous work [60]. For the four
cases in Figure 4, in order to observe the evolution of vortex in the process of motion more
intuitively, the dynamic view of two fish swimming is presented in the Supplementary S2.
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Whether the form of vortex evolution is regularly correlated with swimming parameters,
which needs to be further studied in the future.

Figure 4. Instantaneous vorticity contours of two self-propelled fish in the tandem arrangement
at swimming parameters (a) d0 = 0.1L, A = 0.1L, δφ = π/2, (b) d0 = 0.1L, A = 0.1L, δφ = 3π/4,
(c) d0 = 0.5L, A = 0.2L, δφ = π/2, and (d) d0 = 0.5L, A = 0.2L, δφ = π/4. Other parameters are the
same: T = 1.0Tc and λ = 1.0L.

Figure 5 shows the time histories of swimming speed u and power coefficient CP at
T = 1.0Tc, λ = 1.0L and δφ = π/2. For the case of d0 = 0.1L and A = 0.1L, there is a phase
shift of u curve between the upstream fish and the rear fish, as shown in Figure 5a. The
speed amplitude of the rear fish is smaller than that of the upstream fish. Compared with
isolated fish, the amplitude and phase of u curve of upstream fish are basically identical.
Meanwhile, the power coefficients of both fish in tandem formation are smaller than that
of the isolated fish, as shown in Figure 5b. The relationship of the power coefficient is as
follows: CPs > CP1 > CP2.

For the case of d0 = 0.5L and A = 0.2L, there is also a phase shift of u curve between
the upstream fish and the rear fish, as shown in Figure 5c. The speed amplitude of the rear
fish is larger than that of the upstream fish. Similarly, u curve of upstream fish is hardly
affected, as compared with the isolated fish. As can be observed from Figure 5d, the power
coefficient still changes periodically. However, the power coefficient of the isolated fish is
no longer greater than that of the rear fish in the tandem arrangement. The relationship
of the power coefficient is as follows: CP2 > CPs > CP1. It is known that for the tandem
arrangement, the speed waveform of the upstream fish is not affected basically.
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Figure 5. Time histories of swimming speed and power coefficient. (a,b) d0 = 0.1L, A = 0.1L, and (c,d)
d0 = 0.5L, A = 0.2L. Other parameters are the same: T = 1.0Tc, λ = 1.0L and δφ = π/2.

Table 1. The overview of speed gains with all studied parameters.

((u − us)/us) × 100%
δφ

0 π/4 π/2 3π/4

0.10L 6.8% 5.4% 4.4% 2.0%
0.30L 6.8% 5.4% 1.2% 2.0%
0.50L 6.8% 5.4% 1.2% 2.0%
0.70L 6.8% 5.4% 1.2% 2.0%

d0

1.00L 2.3% 2.1% 1.2% 2.0%

0.05L 19.5% 18.7% 11.0% 13.1%
0.10L 6.8% 5.4% 1.2% 2.0%
0.15L 4.4% 3.5% 0.8% 1.1%A

0.20L 3.1% 1.4% 4.7% 4.9%

0.80L 7.3% 6.2% 2.2% 3.1%
1.00L 6.8% 5.4% 1.2% 2.0%
1.40L 5.4% 4.7% 1.4% 2.4%
2.00L 8.4% 7.6% 0.8% 1.9%
4.00L 9.9% 8.7% 1.5% 2.4%

λ

8.00L 8.8% 7.2% 4.4% 13.1%

0.50Tc 2.9% 2.5% 0.8% 0.9%
0.75Tc 6.6% 5.2% 1.1% 1.8%
1.00Tc 6.8% 5.4% 1.2% 2.0%
1.25Tc 7.0% 5.7% 1.3% 2.2%
1.50Tc 7.4% 5.9% 1.5% 2.4%
1.75Tc 7.5% 6.2% 1.6% 2.6%

T

2.00Tc 7.7% 6.4% 1.8% 2.8%

3.1.2. Effect on Energy-Saving Efficiency

It is reasonable that two fish in the tandem arrangement can both reduce energy
expenditure and improve swimming efficiency [61]. To investigate how the hydrodynamic
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interactions affect the energy behavior of fish swimming in the tandem arrangement, the
energy-saving efficiency in swimming process is analyzed by cost of transport COT and
the wake vortex interaction.

The ratio of the cost of transport of the isolated fish (COTs) to the cost of transport of a
fish in tandem arrangement (COT1 and COT2) is calculated to determine the energy saving.
Since the lower value of COT is desirable that indicates lower energy consumption [62],
so when COTs/COT > 1, swimming is more energy-saving efficient, where COT in the
denominator represents either COT1 of the upstream fish or COT2 of the rear fish. The
histogram comparisons of COTs/COT with different swimming parameters are given in
Figure 6. It is found that except for the cases of larger and smaller tail beat amplitudes, the
rear fish is always more energy-saving efficient than the upstream fish. Meanwhile, for
the upstream fish, the maximum energy-saving efficiency appears at δφ = π/2, which is
followed by δφ = 3π/4, and minimum energy-saving efficiency appears at δφ = π/4, which
is followed by δφ = 0.

As shown in Figure 6a, COTs/COT1 is generally independent of d0. For the rear
fish, the situation is more complex. When δφ = 0, COTs/COT2 is roughly unchanged
during 0.1L 6 d0 6 0.7L, and the energy-saving efficiency is 14.1%, which becomes 16.8%
at d0 = 1.0L. When δφ = π/4, COTs/COT2 is basically independent of d0 in the range
of 0.1L 6 d0 6 0.7L, and the energy-saving efficiency is 18.3%, which becomes 14.7% at
d0 = 1.0L. When δφ = π/2, COTs/COT2 has a minimum value at d0 = 0.1L, and the energy-
saving efficiency is 12.5%, which can roughly keep at 16.7% during 0.3L 6 d0 6 1.0L. When
δφ = 3π/4, COTs/COT2 is basically independent of d0, and the energy-saving efficiency
maintains at 18.3%. In addition, it is noted that the upstream fish consumes more energy
than the isolated fish when δφ = π/4.

Figure 6. Ratios of cost of transport with different (a) initial separation distance d0, (b) tail beat
amplitude A, (c) wave length λ, and (d) period of oscillation T. COT in the denominator represents
either COT1 of the upstream fish or COT2 of the rear fish.

As shown in Figure 6b, the higher energy consumption occurs in the rear fish when A is
high. However, when δφ = π/2 and 3π/4, the energy-saving efficiency of the upstream fish
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can be improved at A = 0.2L, whilst the rear fish falls into the energy consumption region.
They are 7.7%, 15.0%, 16.5% and 17.2% when δφ = 0, π/4, π/2 and 3π/4, respectively.
Moreover, it is observed that the higher energy-saving efficiency occurs in the upstream
fish when A is low. They are 21.0%, 15.1%, 28.7% and 23.5% when δφ = 0, π/4, π/2 and
3π/4, respectively. This means that higher tail beat amplitude is most unfavorable to the
rear fish, while lower tail beat amplitude is the best for the upstream fish benefit.

As shown in Figure 6c. the energy-saving effect of the rear fish is particularly promi-
nent at λ = 2L when δφ = π/4, and the energy-saving efficiency is 36.7%. At the same time,
the higher energy consumption of the upstream fish occurs at λ = 8L when δφ = 0 and π/4,
and the corresponding energy consumptions are 2.0% and 9.7%, respectively. When δφ = 0,
both the upstream fish and the rear fish are most energy-saving efficient at λ = 4L, and the
corresponding energy-saving efficiencies are 6.6% and 33.8%, respectively. When δφ = π/2,
both the upstream fish and the rear fish are most energy-saving efficient at λ = 8L, and the
corresponding energy-saving efficiencies are 21.4% and 32.1%, respectively. Similarly, the
energy-saving effect of the rear fish is particularly prominent at λ = 8L when δφ = 3π/4,
and the energy-saving efficiency is 33.3%. It is known that when two fish swim in a tandem
arrangement, the optimal wavelength depends on the phase difference.

As shown in Figure 6d, for the upstream fish, the energy-saving efficiency under
different δφ is almost independent of T. But for the rear fish, with the increase of T, the
energy-saving efficiency shows a small increase. In particular, the optimal energy-saving
efficiency occurs at T = 2.0Tc, which are 18.7%, 21.4%, 19.4% and 21.6% when δφ = 0,
π/4, π/2 and 3π/4, respectively. Correspondingly, the weakest energy-saving efficiency
appears at T = 0.5Tc, which are 12.1%, 14.3%, 13.1% and 16.3% when δφ = 0, π/4, π/2 and
3π/4, respectively. Table 2 shows the overview table of energy-saving efficiency with all
studied parameters.

Based on the results in Figure 6, it is indicated that the variation of energy-saving
efficiency is not exactly the same as the speed gain variation presented in Figure 3, which
confirms the conclusion that high propulsive efficiency does not necessarily mean energy-
saving [31]. To further explore the impact of swimming parameters on the energy-saving
efficiency, the vortex interaction in different states, the changes of instantaneous pressure
near the fish body and the changes of mean work done by fish during swimming are
analyzed. Some typical instantaneous vorticity and pressure contours are presented in
Figure 7. Meanwhile, the ratios of mean work done by the upstream fish to the rear fish
and the isolated fish to two tandem fish at different swimming parameters are illustrated
in Figure 8.

As shown in Figure 7a, when vortices shed by the upstream fish interact with the
leading edge of the rear fish, they are split into positive vortices rotating anticlockwise and
negative vortices rotating clockwise, and both parts interact with the shear layer around the
fish body. The negative vortices move in the upper row and the positive vortices travel in
the lower row, which allows the rear fish to benefit from the vortices shed by the upstream
fish. Meanwhile, when 0.05L < A < 0.2L, the mean work done by the upstream fish is
greater than that of the rear fish, as plotted in Figure 8a. This may explain why the rear
fish is more energy-saving efficient than the upstream fish in most cases. On the other
hand, due to the wake-splitting at the leading edges of the rear fish, the drag reduction of
the upstream fish occurs [56], as shown in Figure 7c. At the same time, when the tail beat
amplitude is either large or small, the mean work done by the rear fish is greater than that
of the upstream fish, as plotted in Figure 8a. This may explain why the upstream fish is
more energy-saving efficient than the rear fish in a few cases.

As shown in Figure 7d, there are multiple low pressure regions near the trailing edge
of the rear fish, which allow the rear fish to receive the backward suction compared to
the isolated fish. Meanwhile, the mean work done by rear fish is greater than that of the
isolated fish under some situations, as given in Figure 8b. This may explain why the rear
fish is higher energy consumption than the isolated fish in some cases.
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Table 2. The overview of energy-saving efficiency with all studied parameters.

((COTs − COT)/COTs) × 100%
δφ

0 π/4 π/2 3π/4

fish-1 1.9% −1.1% 6.1% 2.9%0.10L fish-2 13.7% 18.3% 12.5% 1832%
fish-1 2.0% −1.1% 6.0% 2.9%0.30L fish-2 14.1% 18.3% 16.7% 18.3%
fish-1 1.5% −1.6% 5.5% 2.5%0.50L fish-2 14.1% 18.3% 16.7% 18.3%
fish-1 1.9% −1.1% 6.0% 2.9%0.70L fish-2 14.0% 18.3% 16.7% 18.3%
fish-1 0.6% −0.5% 5.5% 2.5%

d0

1.00L fish-2 16.8% 14.7% 16.7% 18.3%

fish-1 21.0% 15.1% 28.7% 23.5%0.05L fish-2 16.3% 12.9% 18.6% 20.2%
fish-1 1.5% −1.6% 5.5% 2.5%0.10L fish-2 14.1% 18.3% 16.7% 18.3%
fish-1 2.5% −1.2% 3.9% 1.8%0.15L fish-2 21.2% 24.2% 22.2% 23.5%
fish-1 −0.6% 0.1% 11.1% 11.7%

A

0.20L fish-2 −7.7% −15.0% −16.5% −17.2%

fish-1 4.0% 0.5% 5.5% 3.9%0.80L fish-2 9.1% 7.8% 11.6% 7.9%
fish-1 1.5% −1.6% 5.5% 2.5%1.00L fish-2 14.1% 18.3% 16.7% 18.3%
fish-1 2.3% −2.7% 3.5% 1.1%1.40L fish-2 12.2% 16.4% 14.0% 16.5%
fish-1 5.9% 1.3% 4.3% 0.7%2.00L fish-2 28.4% 36.7% 12.0% 17.4%
fish-1 6.6% 0.1% 11.5% 1.4%4.00L fish-2 33.8% 25.0% 28.5% 16.1%
fish-1 −2.0% −9.7% 21.4% 3.4%

λ

8.00L fish-2 7.4% 10.1% 32.1% 33.3%

fish-1 −0.4% −1.8% 0.5% 3.0%0.50Tc fish-2 12.1% 14.3% 13.1% 16.3%
fish-1 1.3% −2.2% 5.3% 2.4%0.75Tc fish-2 14.0% 18.2% 17.2% 18.7%
fish-1 1.5% −1.6% 5.5% 2.5%1.00Tc fish-2 14.1% 18.3% 16.7% 18.3%
fish-1 1.5% −1.5% 5.5% 2.3%1.25Tc fish-2 16.6% 18.1% 16.9% 20.0%
fish-1 1.9% −1.6% 5.3% 2.3%1.50Tc fish-2 18.6% 20.6% 17.7% 19.8%
fish-1 1.6% −1.5% 5.2% 2.1%1.75Tc fish-2 18.7% 21.1% 18.5% 20.5%
fish-1 1.4% −1.6% 5.0% 1.9%

T

2.00Tc fish-2 18.7% 21.4% 19.4% 21.6%

From Figure 7a,c, it is observed that there is very little variation in the alignment
or sizes of vortices just behind the upstream fish when the distance between two fish is
moderate. These vortices experience negligible suction force produced by the rear fish,
which is due to the smaller oscillation amplitude for leading edge of the rear fish. But when
two fish are close to each other, as shown in Figure 7e, it can be seen that there is clear
change in the alignment or sizes of vortices just behind the upstream fish. As a consequence,
these vortices experience higher suction force produced by the rear fish. Meanwhile, the
pressure difference around the two fish bodies is larger than that of the isolated fish, as
given in Figure 7f. This is caused by the wake-splitting effect of the rear fish that generates
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the pressure enhancement. Moreover, in the case of A = 0.1L, λ = 8.0L, and δφ = π/4, the
mean work done by upstream fish is greater than that of the isolated fish, as plotted in
Figure 8b. This may explain why the upstream fish has higher energy consumption than
the isolated fish in some cases. These results suggest that hydrodynamic interaction with
a leader’s (upstream fish) wake can have both a beneficial and a detrimental impact on
the performance of a follower (rear fish), which is consistent with the previous study by
Novati et al. [63].

Figure 7. Instantaneous vorticity contours and pressure contours of two self-propelled fish in the
tandem formation at swimming parameters (a,b) A = 0.1L, λ = 2.0L, δφ = π/4, (c,d) A = 0.2L, λ = 1.0L,
δφ = 3π/4, and (e,f) A = 0.1L, λ = 8.0L, δφ = π/4. Other parameters are the same: T = 1.0Tc and
d0 = 0.5L.

Figure 8. Ratios of mean work done by (a) upstream fish to rear fish and (b) isolated fish to two fish
in a tandem arrangement with different swimming parameters: d0 (top left), A (top right), λ (bottom
left), and T (bottom right), where the W in the denominator represents the W1 of the upstream fish
and the W2 of the rear fish, respectively. The blue block represents the energy saving-area and the
gray block represents the energy-consuming area.
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3.2. Scaling Laws for Re, St, and CE

In this work, the mechanistic principle characterizing the locomotion of two tandem
fish is revealed by deriving scaling laws related to the body kinematics (A, T, and λ),
arrangement of formation (d0), and fluid property (ν). In particular, when only d0 changes,
as shown in Figure 9a, the Strouhal number and the Reynolds number of two tandem fish
can be scaled as

St ∼ Re−1 (12)

When only λ changes, the same scaling law for St and Re can be obtained, as shown
in Figure 9c. Similarly, when only T changes, as shown in Figure 9d, the power-law
relationship of St and Re is

St ∼ Re−0.1 (13)

However, when only A changes, as shown in Figure 9b, the relationship of St and Re
can be scaled:

St ∼ e9.8×10−4·Re (14)

From the results in Figure 9, it can be seen that the tail beat amplitude has great
influence on the scaling law of St and Re. It may be because a large tail swing causes a
large disturbance in the flow field, which will make the shear layer around the fish body
become extremely unstable (for example, see Figures 4c,d and 7c).

Figure 9. The Reynolds number in different (a) initial separation distance d0, (b) tail beat amplitude
A, (c) wave length λ, and (d) period of oscillation T as a function of the Strouhal number. The red
dash-dot line in panel represents the scaling law for the Reynolds number and the Strouhal number,
where “∆” represents the swimming parameters variables.

Despite the vast phylogenetic spread of inertial swimmers [64], it is found that their
locomotory dynamics can be governed by the power law of CE ∼ (Re ·∆)α. Figure 10 shows
different scaling laws between the upstream fish and the rear fish in a tandem arrangement.
As shown in Figure 10a, when only d0 changes, the scaling laws are
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fish1 : CE ∼ (Re · ∆)−4.8×10−5
, fish2 : CE ∼ (Re · ∆)−5.7×10−3

(15)

It is found that the energy consumption is hardly influenced by the Reynolds number.
When only A changes, as shown in Figure 10b, the scaling laws are

fish1 : CE ∼ (Re · ∆)−0.9, fish2 : CE ∼ (Re · ∆)−1.0 (16)

It is noted that the scaling law of the upstream fish is almost the same as that of the
rear fish. When only λ changes, as shown in Figure 10c, the scaling laws are

fish1 : CE ∼ (Re · ∆)1.9, fish2 : CE ∼ (Re · ∆)2.2 (17)

Unlike the scaling laws for St and Re, the scaling laws for CE and Re·∆ show great
difference between ∆ = d0 and ∆ = λ. When only T changes, the scaling laws are

fish1 : CE ∼ (Re · ∆)−1.4, fish2 : CE ∼ (Re · ∆)−1.2 (18)

It can be observed that CE of the upstream fish is greater than that of the rear fish in
most cases. This also can explain why the rear fish is more energy-saving-efficient than the
upstream fish in most instances. In addition, it is clear that the index number “α” of the
upstream fish is always smaller than that of the rear fish. This means that the upstream
fish is less influenced by the flow field as compared with the rear fish when they are in a
tandem arrangement.

Figure 10. The energy consumption coefficient varies as a function of the Reynolds number and
different change of (a) initial separation distance (∆ = d0), (b) tail beat amplitude (∆ = A), (c) wave
length (∆ = λ), and (d) period of oscillation (∆ = T).
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4. Conclusions

The effects of different swimming parameters on the hydrodynamic performance
for two swimmers in the tandem formation in an initially quiescent flow are studied
numerically in this paper. The conclusions are summarized as follows:

1. In most cases, the swimming speed gain in the anti-phase swimming is smaller than
that in other phases, and the speed gain shows a fixed trend under different phase
differences. When the initial separation distance is larger, the speed gain is smaller. In
addition, high swimming speed does not mean high speed gain.

2. The rear fish is not always more energy-saving-efficient than the upstream fish. When
the tail beat amplitude is either large or small, the energy consumption of the rear
fish is higher than that of the upstream fish. Except for either large or small tail beat
amplitude, the rear fish is more energy-saving-efficient than the upstream fish in
most cases.

3. Swimming in a tandem arrangement is not always more energy-saving-efficient than
an isolated fish.

4. The higher tail beat amplitude is the least friendly to the rear fish, while the lower tail
beat amplitude is better for the upstream fish.

5. For energy-saving efficiency, the optimal wavelength depends on the phase difference
between two fish.

6. There are scaling laws related to body kinematics (tail beat amplitude, period of
oscillation, and wavelength), arrangement of formation (initial separation distance),
and fluid property (kinematic viscosity).

The present investigations can provide a theoretical basis for the research of under-
water vehicles and bionic robots. Nevertheless, there are still some limitations in this
study. For example, the fish motion is controlled by a single degree of freedom with only
longitudinal movement, which is different from the real fish swimming in nature. In our
future work, more than one degree of freedom of fish motion will be considered to study
the hydrodynamic characteristics of cluster swimming.
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Abbreviations
The following abbreviations are used in this manuscript:

Abbreviation Value Unit Full Name
ν 1 × 10−6 m2/s kinematic viscosity of fluid
P —— N·m/s power of swimming
ρb 1 × 103 kg/m3 fish body density
V 0.822 × 10−3 m3 fish body volume
Ub —— m/s constrained Lagrangian body velocity field
fc —— N/m3 constraint force density
ρ 1 × 103 kg/m3 fluid density
f 0.5-2 s−1 tail beat frequency
ω —— s−1 angular frequency
L 0.1 m fish body length
∆x 0.00026 m mesh size
∆t 0.0005 s time step
m 0.822 kg mass of fish
Fx —— N net force on the fish body in the x-direction
Pnet —— N·m/s mean net power spent
Plat —— N·m/s mean lateral power spent
u —— m/s forward swimming speed
u —— m/s mean swimming speed
u′ —— m/s fluctuation of swimming speed
COT —— N cost and transport
CE —— —— energy-consumption coefficient
W —— N·m mean work done of fish swimming
d0 0.01–0.1 m initial separation distance
A 0.005–0.02 m tail beat amplitude
λ 0.08–0.8 m body wavelength
T 0.5–2.0 s period of oscillation
Tc 1 s characteristic period of oscillation
t —— s time
δφ —— rad phase difference
Re 2897–13,513 —— Reynolds number
St 0.13–0.25 —— Strouhal number
α —— —— index of scaling law
∆ —— —— variable of swimming parameters
CP —— —— power coefficient
xi,j —— —— cell center of the grid
Xl,m —— —— position of a marker point
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