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Abstract: N-ary gray-level (nGL) coding strategy is an effective method for absolute phase retrieval in
the fringe projection technique. However, the conventional nGL method contains many unwrapping
errors at the boundaries of codewords. In addition, the number of codewords is limited in only one
pattern. Consequently, this paper proposes a new gray-level coding method based on half-period
coding, which can improve both these two deficiencies. Specifically, we embed every period with
a 2-bit codeword, instead of a 1-bit codeword. Then, special correction and decoding methods are
proposed to correct the codewords and calculate the fringe orders, respectively. The proposed method
can generate n2 codewords with n gray levels in one pattern. Moreover, this method is insensitive to
moderate image blurring. Various experiments demonstrate the robustness and effectiveness of the
proposed strategy.

Keywords: fringe projection; absolute phase retrieval; gray-level coding; half-period coding

1. Introduction

Optical three-dimensional (3D) measurement technology is now a hot research topic
in many fields such as industrial inspection, biomedicine, virtual reality and reverse
engineering [1–3]. Among various optical methods, digital fringe projection (DFP) is
widely used for its characteristics of high speed, high accuracy and easy set-up [4–8].
In a typical DFP system, a projector projects some predesigned fringe patterns onto the
measured object, and a camera is used to capture the deformed patterns modulated by the
object’s profile. Then, a suitable digital fringe analysis method is selected to calculate the
phase map which reveals the relationship between the depth and the distribution of the
object’s surface. After system calibration [9–11], the real 3D world coordinates of the object
surface can be recovered based on the phase map.

Many digital fringe analysis methods have been developed for phase retrieval, among
which Fourier transform profilometry (FTP) [12–14] and phase shifting profilometry (PSP)
[15–18] are the most widely used. FTP is suitable for dynamic measurement because it
only projects one single-shot pattern, so the speed can be as fast as the camera frame rate.
However, the accuracy of FTP will drop sharply when facing complex surfaces with abrupt
changes. In contrast to FTP, PSP, which requires more than one pattern (normally at least
three) to reconstruct the 3D shape of the object, has high accuracy at the cost of speed.
As a result, it is often applied for static and low-speed measurement. Unfortunately, due
to the use of arctangent function, the phase map recovered by both FTP and PSP ranges
from 0 to 2π with 2π discontinuities, known as the wrapped phase. Furthermore, phase

Photonics 2022, 9, 492. https://doi.org/10.3390/photonics9070492 https://www.mdpi.com/journal/photonics

https://doi.org/10.3390/photonics9070492
https://doi.org/10.3390/photonics9070492
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/photonics
https://www.mdpi.com
https://orcid.org/0000-0002-1720-8567
https://orcid.org/0000-0002-5886-1992
https://doi.org/10.3390/photonics9070492
https://www.mdpi.com/journal/photonics
https://www.mdpi.com/article/10.3390/photonics9070492?type=check_update&version=1


Photonics 2022, 9, 492 2 of 12

discontinuities turn the originally continuous absolute phase into the range of [0, 2π]. After
each cycle, the phase value decreases by 2π. In other words, the wrapped phase loses the
information of fringe order k of every cycle. Therefore, phase unwrapping techniques are
necessary to calculate the fringe order k and then recover the absolute phase.

The existing phase unwrapping algorithms can be classified into two principle cate-
gories: spatial algorithms and temporal algorithms [7]. Spatial algorithms such as reliability-
guided [19] and quality-guided methods [20,21] tend to fail when dealing with large dis-
continuities and isolated objects. Unlike spatial algorithms, temporal algorithms project
extra patterns to provide additional information on the fringe order; thus, the accuracy
of temporal methods is much higher than spatial methods. Currently, popular temporal
unwrapping methods include two-wavelength [22,23], multiple-wavelength [24], gray-
code [25,26] and phase-coding methods [27–29]. Among them, the gray-code method
which encodes patterns with binary intensity values has a wide range of application for its
easy-to-understand principles and robustness. Yet, only two intensities being employed
limit the number of codewords. Concretely, m patterns can only generate 2m codewords.
In order to expand the amount of codewords, the n-ary gray-level (nGL) method [30–36]
that uses n > 2 intensity values was developed. In the nGL method, the number can be
broadened to nm with the same m patterns.

However, in real measurement, it is likely that some of the codewords at the 2π
boundaries would be calculated inaccurately and would thus lead to unwrapping errors,
which has become a major challenge to be solved in gray-level methods. Many methods
were proposed to improve this deficiency. Chen et al. [31] modified the sequences of the nGL
method’s codewords in a way that is similar to gray-code. Specifically, two neighboring
codewords are arranged to differ only by one gray-level, so that the boundary unwrapping
errors can be removed in principle. Zheng [26] improved this deficiency of the gray-
code method when measuring step-heights, based on an adaptive median filter. Wu [34]
proposed a shifting gray-code method to eliminate boundary errors in the defocused scene.
Cai et al. [32] proposed a half-period correction method which can correct wrong boundary
codewords in both noisy and defocused situations. In this method, two half-period masks
are generated combining the wrapped phase. Then, each mask can be utilized to align and
correct halves of the codewords. However, this method still requires the projection of six
fringe patterns, which is too many for high-speed measurement. Inspired by Cai’s method,
we propose a new gray-level coding method based on half-period coding. Specifically, Cai
uses two half-period masks to divide a 1-bit codeword into two halves for alignment and
correction, but the code of each half is actually the same. Yet, we consider that each half
might not always have to be the same. In fact, each half-period mask can be utilized to
determine its own half-code. Therefore, we embed every half-period with a code, so that
each period is assigned with a 2-bit codeword, thus generating more codewords in one
pattern. The proposed unwrapping method guarantees more robust unwrapping results.
In addition, the proposed method requires the projection of only one additional pattern
to unwrap the wrapped phase when compared to other temporal unwrapping methods,
which has the potential to be applied in high-speed measurement.

The remainder of the paper is organized as follows: Section 2 presents the principles
of the proposed method in detail; Section 3 demonstrates the robustness of our method
with experiments; Section 4 summarizes the whole paper.

2. Principles
2.1. Three-Step Phase-Shifting Method

PSP is one of the most widely used methods in fringe projection for phase recovery due
to its high accuracy and fast speed. Among various PSP algorithms, the three-step phase-
shifting method requires the least number of patterns, thus becoming the best choice in
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high-speed measurement. Three sinusoidal phase-shift patterns with 2π/3 shifts captured
by camera can be mathematically described as:

I1(x, y) = A(x, y) + B(x, y) cos[ϕ(x, y)− 2π

3
], (1)

I2(x, y) = A(x, y) + B(x, y) cos[ϕ(x, y)], (2)

I3(x, y) = A(x, y) + B(x, y) cos[ϕ(x, y) +
2π

3
], (3)

where A(x,y) denotes the average intensity of the image, B(x,y) represents the fringe contrast
or the so-called intensity modulation, and ϕ(x,y) is the wrapped phase waiting to be solved.
Combining Equations (1)–(3), the three variables mentioned above can be calculated as:

A(x, y) =
I1 + I2 + I3

3
, (4)

B(x, y) =
1
3

√
3(I1 − I3)

2 + (2I2 − I1 − I3)
2, (5)

ϕ(x, y) = tan−1
(√

3
I1 − I3

2I2 − I1 − I3

)
, (6)

A and B can be utilized to generate a mask which can remove the background, accord-
ing to a suitable threshold. The mask can be calculated by:

Mask =

{
1, i f (B/A) > threshold

0, otherwise
. (7)

Due to the use of arctangent function from Equation (6), the wrapped phase will be
limited in the range of [0, 2π] with 2π jumps. In order to gain the absolute phase, phase
unwrapping must be applied to remove these discontinuities. Once the fringe order is
determined by the appropriate unwrapping method, the absolute phase can be solved by:

Φ(x, y) = ϕ(x, y) + 2π × k(x, y), (8)

where Φ(x,y) is the absolute phase and k(x,y) is the fringe order calculated by the phase
unwrapping method.

2.2. The Proposed Method
2.2.1. Coding Strategy

The proposed method encodes every half-period with a code, so each period has a
2-bit codeword. In general, n intensity levels are able to generate n2 different codewords.
Without loss of generality, this paper selects n = 4 intensity levels, generating 16 fringe
orders. The specific codewords for each period are listed in Table 1. C1 cycles in the loop of
‘1234’ four times and C2 is arranged as ‘1234234134124123’. C1 and C2 can form a unique
2-bit codeword C1C2 together to determine the fringe order. Figure 1 shows the designed
codewords, where C1 and C2 are plotted in green and red, respectively. From this picture,
we can see that every period is embedded with a 2-bit codeword. Let C1 and C2 be the
sequences shown in Table 1. Then, the codes can be mathematically described as:

code =
{

C1, i f 0 < mod(x, P) ≤ P
2

C2, i f P
2 < mod(x, P) ≤ P

, (9)

where x represents the horizontal location of the pattern and P denotes the number of pixels
per period. If x lies in the first half-period, code is assigned to C1. In contrast, if x lies in
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the second half-period, code is assigned to C2. Consequently, the coded pattern can be
described by:

I1(x, y) = A(x, y) + B(x, y)× (
2code− 5

3
), (10)

where A(x,y) and B(x,y) are the average intensity and intensity modulation, respectively.
Generally, both A(x,y) and B(x,y) are set to 0.5 to generate four gray levels of {0, 1/3, 2/3, 1}.

Table 1. The designed codewords of the proposed method.

k 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

C1 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4
C2 1 2 3 4 2 3 4 1 3 4 1 2 4 1 2 3

C1C2 11 22 33 44 12 23 34 41 13 24 31 42 14 21 32 43
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Figure 1. The designed codewords of the proposed method.

The four fringe patterns to be projected are presented in Figure 2. Figure 2a shows the
three sinusoidal patterns, which are used to obtain the wrapped phase. Figure 2b displays
the pattern of the proposed method, which is employed to compute the fringe order.

Photonics 2022, 9, x FOR PEER REVIEW 4 of 12 
 

 

PC if x P
code

PC if x P P

1

2

, 0 mod( , )
2 ,

, mod( , )
2

 < ≤= 
 < ≤


 (9)

where x represents the horizontal location of the pattern and P denotes the number of 
pixels per period. If x lies in the first half-period, code is assigned to C1. In contrast, if x 
lies in the second half-period, code is assigned to C2. Consequently, the coded pattern can 
be described by: 

codeI x y A x y B x y1
2 5( , ) ( , ) ( , ) ( ),

3
−= + ×  (10)

where A(x,y) and B(x,y) are the average intensity and intensity modulation, respectively. 
Generally, both A(x,y) and B(x,y) are set to 0.5 to generate four gray levels of {0, 1/3, 2/3, 
1}. 

The four fringe patterns to be projected are presented in Figure 2. Figure 2a shows 
the three sinusoidal patterns, which are used to obtain the wrapped phase. Figure 2b 
displays the pattern of the proposed method, which is employed to compute the fringe 
order. 

 
Figure 1. The designed codewords of the proposed method. 

 
Figure 2. Patterns used in the proposed method. (a)Three sinusoidal patterns. (b) The coded pat-
tern. 

  

Figure 2. Patterns used in the proposed method. (a)Three sinusoidal patterns. (b) The coded pattern.

2.2.2. Unwrapping Strategy

The procedure of the unwrapping strategy is presented in Figure 3, and the detailed
steps of the method are described as follows:
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Step 1: Generate masks. As Equations (6) and (7) indicate, we can obtain the wrapped
phase φ(x, y) and Mask to remove the background. Afterwards, three masks can be pro-
duced by the wrapped phase φ(x, y) and Mask. The process is shown in Figure 3 and the
three masks can be mathematically presented by:

Mask1 =

{
1, i f 0 < ϕ(x, y) ≤ π

0, i f π < ϕ(x, y) ≤ 2π
, (11)

Mask2 =

{
0, i f 0 < ϕ(x, y) ≤ π

1, i f π < ϕ(x, y) ≤ 2π
, (12)

Mask3 =

{
1, i f π/2 < ϕ(x, y) ≤ 3π/2

0, otherwise
, (13)

Mask1 and Mask2 are used to correct and quantize C1 and C2, while Mask3 is used to
merge them into a 2-bit codeword C1C2.

Step 2: Correct and quantize half-period. Due to sharp changes between the inten-
sities of C1 and C2, some of the boundary pixels would be calculated inaccurately. For
example, the codeword of the 13th period is assigned as ‘14’, but in practice some pixels in
the boundary of C1 and C2 might be computed as ‘2’ or ‘3’. Different from Cai’s method
that corrects two identical parts of a 1-bit codeword, the half-period correction method
is applied to correct two different bits of a 2-bit codeword. In detail, we first multiply
the captured coded pattern with Mask1 and Mask2 to align the maps of C1 and C2 with
the wrapped phase at every 2π boundary. Then, we use a bwlabel function in Matlab to
segment and mark the connected regions. After that, we compute the average intensity
value of every labeled region and replace each region with the average value. Thus, the
wrong boundary codewords can be corrected. Briefly, this correction method makes use of
characteristics of the wrapped phase to align the codewords at each 2π boundary, and then
employs an averaging operation to reduce the errors brought about by noises and reduce
defocusing to the least level. As a result, it can eliminate the errors at the boundaries to a
great extent.
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After correcting, we quantize these regions into four gray levels {1, 2, 3, 4} according
to their mean values by suitable thresholds. In this way, we obtain the corrected and
quantized maps of C1 and C2. Next, we use an AND function among the two maps and
Mask3. Then, we can acquire the map of 2-bit codewords C1C2. It is clear to see in Figure 3
that this map is split into many stripes and each stripe corresponds to a 2-bit codeword.

Step 3: Decode codewords. The codewords include normal codewords and defective
codewords. Figure 4 gives the detailed process. The normal codewords represent those
complete codewords that have both C1 and C2 in one period. For this kind of codeword, it
is easy to find the corresponding fringe orders by the look-up table given in Table 1.
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The defective codewords are the incomplete codewords which lose either C1 or C2, due
to the location of the objects or the inappropriate thresholds. These defective codewords
cannot be determined directly but can be calculated by referring to their adjacent codewords.
In other words, if we have calculated the fringe order of the previous codeword or the
next codeword, the fringe order of the current defective codeword can be obtained by its
previous fringe order plus one or the next fringe order minus one. Once all the codewords
are decoded, the absolute phase can be recovered based on Equation (8).

3. Simulation

In this section, the hypothesis that the proposed coding method is able to correctly
calculate the fringe order in defocused scenes was validated in simulations. In general, the
image blurring can be obtained through a convolution operation with the point spread
function (PSF) which can be approximated by a 2D Gaussian filter [37]:

G(x, y) =
1

2πσ2 exp(− x2 + y2

2σ2 ), (14)

where σ denotes the standard deviation and its value determines the degree of blurring.
Therefore, different degrees of image blurring can be obtained by setting different values
of σ. The 2D Gaussian filters can be easily generated by the use of the fspecial function in
Matlab. In this simulation, the period of the coded patterns was 36 pixels. Three Gaussian
filters with σ = 5, σ = 10 and σ = 15 were generated, which can be seen in Figure 5a,d,g,
respectively. To test the feasibility of the proposed method, the three patterns of different
degrees were utilized to solve the fringe order and the absolute phase through our method.
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The results are shown in Figure 5b,c, Figure 5e,f and Figure 5h,I, respectively. We can see
that in the first two situations of σ = 5 and σ = 10, our method could still correctly obtain
the fringe order and reconstruct the reference plane. However, in the last situation when
the σ increased to 15, the image became severely blurred and our method failed. From
this simulation, we can draw the conclusion that the proposed method is applicable in
moderate defocused scenes. When the blurring becomes severe, the proposed method will
be likely to fail.
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Figure 5. Blurred reference patterns and results of simulation with different standard deviation σ.
(a–c) Blurred reference pattern, one section of fringe order and reconstruction of reference plane with
σ = 5, respectively. (d–f) Blurred reference pattern, one section of fringe order and reconstruction of
reference plane with σ = 10, respectively. (g–i) Blurred reference pattern, one section of fringe order
and reconstruction of reference plane with σ = 15, respectively.

4. Experiments

To verify the performance of the proposed method, a DFP system was set up including
a digital projector (LightCrafter4500), a CMOS camera (Point Grey Chameleon3) and a
computer. The resolution of the projector is 912 × 1140 pixels, whereas the resolution of
the camera is 1280 × 1024 pixels. The focal length of the lens mounted on the camera is
8 mm. The projector projected the predesigned fringe patterns onto the objects, and in
the meantime the camera simultaneously captured the deformed images. Afterwards, the
images were sent to a computer and the 3D shape could be acquired by suitable algorithms.
Figure 6 shows the experimental set-up.
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4.1. Measurement of Complex Object

The first experiments tested the performance of the proposed method to measure a
sculpture of Doraemon. The result is displayed in Figure 7. Figure 7a shows the captured
coded pattern. Figure 7b,c present the maps of C1 and C2, obtained by Mask1 and Mask2,
respectively. C1 is labelled in red and C2 is labelled in blue. In Figure 7d, the normal
codewords consisting of both C1 and C2 are labelled in green. Obviously, there are two de-
fective codewords on the left and right edges of Doraemon, which lost their half-code. The
normal codewords can easily find their corresponding fringe orders by Table 1, whereas the
fringe orders of defective codewords need to be calculated by referring to their neighbors.
For example, the codeword on the right edge lost its right half-code. The left adjacent
codeword is ‘31’, whose corresponding fringe order is 11. Consequently, we could acquire
the fringe order of the defective codeword by 11 plus1, and that is 12. The map of fringe
orders and the result of 3D reconstruction are shown in Figure 7e,f, respectively. The
400th cross-section of two objects is presented in Figure 8. Although some codewords are
defective, we can still obtain the right fringe order.
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Figure 7. Processing of the sculpture of Doraemon. (a) Captured coded pattern. (b) The map of C1.
(c) The map of C2. (d) The map of 2-bit codewords C1C2. (e) The map of fringe orders. (f) The result
of 3D reconstruction.
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The comparative experiments in the proposed method and the method in Ref. [32]
were also set up. The results of the two methods are presented in Figure 9a,b. It can be seen
that both methods can reconstruct Doraemon well and the reconstructions have a smooth
surface, confirming the good performance of the proposed method when measuring a
complex object.
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4.2. Measurement of the Standard Ball

The second experiment measured a standard ball to test the accuracy of the proposed
method. We compared our method with Ref. [32] and the 20-step phase-shifting method.
The 20-step phase-shifting method was treated as the ground truth to analyze the accuracy
quantitatively. Figure 10a,b,c display the results of the 20-step phase-shifting method, the
proposed method and the method in Ref. [32], respectively. It is clear that the reconstruction
of the three approaches has a smooth surface. Then, the root-mean-square errors (RMSE)
were computed, listed in Table 2. The two values are very close to zero and similar,
indicating good accuracy of both approaches.
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(b) The proposed method. (c) Method in Ref. [32].

Table 2. Root-mean-square errors (RMSE) between nGL and the proposed method.

Method RMSE (rad)

The proposed method 0.0066
Ref. [32] 0.0064

4.3. Measurement under Defocused Scenes

The simulation in Section 3 demonstrates the validation of the proposed method to
reconstruct objects under moderate defocused scenes. The last experiment manifests this
point in real data. We take photos of the proposed method, the method in Ref. [32] and
the conventional nGL method in clear scenes. Then, the pictures are slightly blurred using
Equation (14) of σ = 10. Figure 11 shows the reconstruction results. Clearly, there are many
white lines in the conventional nGL method, indicating inaccurate unwrapping values. On
the other hand, methods of this paper and Ref. [32] could overcome the camera defocusing
and obtain good results for reconstruction. Therefore, the proposed method is able to
reconstruct objects in moderately defocused scenes.
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Figure 11. Three-dimensional reconstructions under defocused scenes; (a) 3D reconstruction of
the proposed method; (b) 3D reconstruction of Ref. [32]; (c) 3D reconstruction of the conventional
nGL method.

5. Conclusions

This paper proposes an improved gray-level method based on half-period coding,
which embeds two codes in one period; thus, each period corresponds to a 2-bit codeword.
The 2-bit codewords can be corrected and quantized by three masks based on the wrapped
phase. Through the proposed unwrapping algorithms, fringe orders can be calculated.
Various experiments demonstrate the robustness and accuracy of the proposed method.
Compared with conventional gray-level methods, the proposed method only requires
projection of four patterns combined with the three-step phase-shifting method, enhancing
the measurement speed. In addition, this method has the ability to reconstruct objects in
the defocused scene.
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