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Abstract: Many books on polarization give tables of Mueller matrices. The coherency matrix has
been found useful for interpretetion of the Mueller matrix. Here we give a table of Mueller matrices
M, coherency matrices C, and coherency matrix factors F for different polarization components and
systems. F is not given for some complicated nondeterministic cases. In many cases, though, F has a
very simple form. In particular, we give expressions for F for the general case of an homogeneous
elliptic diattenuating retarder. Different coordinate systems for describing diattenuating retarders are
compared, on a generalized retardation sphere, analogous to the Poincaré sphere. For the general
homogeneous deterministic case, expressions for the Mueller matrix have particularly simple forms
for Cartesian or stereographic coordinates in generalized retardation space.

Keywords: polarization; polarization imaging; mueller matrix

1. Introduction

Transformation of the polarization state of a partially polarized plane wave can be
described by a Mueller matrix. Many books on polarization give tables of Mueller matri-
ces, denoted M, a recent one being that by Gill and Ossikovski [1]. Older books are by
Shurcliff [2] and Collett [3]. The coherency matrix C, introduced by Cloude [4], has proved
useful in understanding and interpreting the Mueller matrix [4-12], so here we present a
table of coherency matrices, which should be a useful reference resource. The coherency
matrix is Hermitian, its eigenvalues are real and nonnegative for physical realizability,
and for a deterministic Mueller matrix there is a single nonzero eigenvalue [4]. A determin-
istic system is sometimes called pure, and can be represented by a Jones matrix, so that a
deterministic Mueller matrix is also called a Mueller-Jones matrix. A deterministic Mueller
matrix is sometimes called nondepolarizing, but this terminology is confusing as non-
depolarizing (deterministic) systems can depolarize and depolarizing (nondeterministic)
systems can polarize [13].

It has been shown that the coherency matrix can be factorized into a product C = FF [14]
of the coherency matrix factor (CMF) and its conjugate transpose, denoted by . For a
deterministic system, the coherency matrix can be written as the product of two coherency
vectors, C = zz! = z® z*, where z is the coherency vector, introduced in detail by
Chipman [15], and ® represents a Kronecker product. The elements of the coherency
vector are the fundamental components of the polarization transformation, expressed in
the Pauli basis. For a nondeterministic Mueller matrix, the four columns of the coherency
matrix factor F are the coherency vectors of the deterministic components [14]. Examples
of nondeterministic systems are the ABCD matrix (Section 5.12), and media of scattering
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M(z) =5

2| Cop+Coo—i(C13—Ca1) Cio+Co1 —i(Co3 —Ca0)  Coo—C11+Cap —Cs3 Coz+ Cap +i(Co1 — Cr)

particles (Section 5.13). Each coherency vector is an eigenvector of the coherency matrix,
multiplied by the square root of the corresponding eigenvalue, each of which are necessarily
non-negative. The eigenvectors are mutually orthogonal. So the coherency matrix factor
displays directly many of the important properties of the Mueller matrix in an illustrative
format [14]. For example, the dominant c-vector and the number of non-zero eigenvalues
can be seen immediately. A deterministic Mueller matrix can also be factorized into a
product M = ZZ* [16], where * means complex conjugate, and the matrix Z, called the
Z-matrix, the polarization coupling matrix, or the state-generating matrix [15,16], is

20 Z1 Z9 Z3
z Z —iz iz
z—|*% % 3 2 )
V) 1Z3 20 —12Z1
z3 —izo  iz1 Z

in which the elements zj,j = 0,1,2,3, are the elements of the coherency vector z. This
represents a straightforward approach to calculate a determinstic Mueller matrix from its
coherency vector. zg, Zgg and Fyg are in general complex, but Cop = |z |2 is real.

M, C,Z,F, z are all expressed in the Stokes basis, generated using the Pauli matrices,
so their elements are all related to the fundamental components of the polarization transfor-
mation. In an analogous way, we have Q, H, X, E, j in the standard Cartesian basis, where
Q is the Parke matrix [17,18], H is the (Hermitian) covariance matrix [19], X is the Parke
matrix factor [11], E is the covariance matrix factor [11] and j is the Jones vector, also written
in the matrix form J as the Jones matrix [20]. Then H = EE', and for a deterministic system
Q=xx",H=ijj" =j®j*, Q =J ®J*. However, we do not list these matrices, as those in
the Stokes basis are more illustrative of the polarization properties. Tables of Jones matrices
are already available [1].

For the general case, the Mueller matrix can be calculated from the coherency matrix
using [1,4,17]

Coo+Ci1 +C2+C33  Co1 +Cip—i(Co3 —C32) Co2+ Cpo +i(Ci3 —C31)  Coz + C3p — i(Ci2 — Cp1)
1| Cot +Cio+i(Co3 —C32)  Coo+Ci1 —Co2—C3z3 Cip+Cy1 +i(Coz — Czp) Ci3+ Cz1 — i(Coz — Cpo)

@

Coz +C30 +1(C12 — Co1)  Ci3+Ca1 +i(Co2 — Cog)  Co3+C32 —i(Co1 — Cro)  Coo — C11 — C2 +Cs3

The trace of the coherency matrix, equal to the sum of its eigenvalues, is equal to 2My.
The Mueller matrix can alternatively be calculated from the coherency matrix by applying
a (16 x 16) matrix transformation to the coherency matrix written in 16-element vector
form, ¢ [7,17].

In Section 3, we consider diattenuaters, including elliptic diattenuaters (Section 3.1),
linear diattenuaters (Section 3.6), circular diattenuaters (Section 3.11), elliptic polarizers
(Section 3.12), linear polarizers (Section 3.17) and circular polarizers (Section 3.22). We use
the terminology as in Ref. [1]. The phase shift A = 0, the ellipticity angle is x, and the
azimuthal angle is ¢. The diattenuation D is

i —p3
pi+r3

D = cosk =

3)
where p%, p% are the maximum and minimum intensity coefficients. Moy = (P% + P%) /2=

p3/(1+ cosx). Then
VI-D? = sing = 2P1P2, )
P +p3
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and
2p? 2p3
1+D=1+cosx = zpl ; 1—D=1-—coskx = 2?’22;
pitp; pitp;
2 R
1+ V1D =14sine= PLIP AT g = TP
p1+p; p1+ 3

Also,

/1+D 1-D_ .
2_“’5(2)_\/ﬁ; V2 _Sm(g)_\/ﬁ' ©)

In Section 4, we consider retarders, including elliptic retarders (Section 4.1), quarter-
wave elliptic retarders (Section 4.6), half-wave elliptic retarders (Section 4.7), linear retarders
(Section 4.8), quarter-wave linear retarders (Section 4.13), half-wave linear retarders (pseu-
dorotators) (Section 4.18), and circular retarders (rotators) (Section 4.23).

In Section 5, we continue with elliptic homogeneous retarding diattenuaters in
Section 5.1, circular retarding diattenuaters in Section 5.2, linear homogeneous retard-
ing diattenuaters in Section 5.3, quarter wave elliptic homogeneous retarding diattenuaters
(Section 5.8), and half wave elliptic homogeneous retarding diattenuaters (Section 5.9).
For homogeneous retarding diattenuaters, the retardation is R = sin A sin x, where A is the
retardance, so for an ideal retarder, R = sin A.

We then consider some other special cases, including scattering with different geom-
etry, Mueller matrices of different symmetry, and canonical Mueller matrices. Section 6
deals with the general case of a determinstic Mueller matrix, using a parameterized ap-
proach [21]. Section 6.2 specializes to homogeneous Mueller matrices, and Section 6.3 to
linear homogeneous Mueller matrices. Section 7 considers the case of a uniform polar-
izing medium of finite thickness [22-24]. In Section 8, we discuss the tables, including
the relationship between the measures of diattenuation and retardance, x and A, and the
parametric representation of Mueller matrices, ¢, 8. We investigate the relationship on
a generalized retardance sphere, analogous to the Poincaré sphere. We also discuss two
other coordinate systems on the generalized retardance sphere, based on direction cosines,
F, D, R, or the stereographic projection, u, v. These lead to simple expressions for F for the
general case of an homogeneous elliptic retarding diattenuater.

2. Two Simple Special Cases
2.1. Free Space

For no change in polarization state, or propagation in free space:

10 00 10 00 10 00
0100 0000 0000
M= 0 010 €=2 0000 F=v2 0000
0 0 01 0000 0000
2.2. Perfect Depolarizer
For a perfect depolarizer:
10 00 10 00 10 00
0000 110 1 0 0 110 1 00
M*OOOO’C*20010'F*EOO10
0 00O 0 0 01 0 0 01
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3. Table for Diattenuaters
3.1. Elliptic Diattenuater

An elliptic diattenuater is also called a partial polarizer. Ref. [1], Equation (4.74).
Phase shift, A = 0. The ratio between the strengths of components of the electric field
= tan;, ellipticity angle = x. Oriented at an angle ¢. Diattenuation D = cosx. Mgy =
(P2 +p3)/2=p3/(1+ cosx).

1 COS K COS 2 )X cOS 2¢p COS k cOSs 2 sin 2¢ cos Kk sin2x

coskcos2y cos2¢ (1 — sink)cos? 2y cos? 2¢ (1 —sink) (1 —sink)
+sink X cos? 2 sin 2¢ cos 2¢ X sin2x cos 2)x cos 2¢

M =My | cosx cos 2y sin2¢ (1 —sink) (1 — sinx) cos? 2 sin? 2¢ (1 —sink) ,
x cos? 2 sin 2¢ cos 2¢ +sink X sin 2y cos 2 sin 2¢
cos K sin 2y (1 —sink) (1 —sink) sin® 2y + sinx cos? 2y
X sin 2 cos 2y cos 2¢ X sin 2 cos 2 sin 2¢
1+sinx COS K COS 2 )X COS 2¢ COS K cOs 2 sin 2¢ cosksin2y

C =M, | cosxcos 2xcos2p (1 —sink)cos?2ycos?2¢ coskcos?2) sin2¢pcos2¢ cosk sin2) cos2x cos2¢
— 00 cos k cos 2xsin2¢ coskcos?2ysin2¢cos2p (1 —sink)cos?2ysin®2¢ cosk sin2y cos 2y sin 2¢
cosksin2y cosksin2) cos2)ycos2¢  cosksin2y cos2y sin2¢ (1 —sink) sin? 2y

v1+sink
V1 —sink cos 2) cos 2¢
V1 —sinx cos 2y sin 2¢
v1—sinksin2y

3.2. Elliptic Diattenuater at ¢ = 0°
¢ = 0°. Ref. [1], Equation (4.88).

F - MOO

S O O O
o O O O
o O O O

1 COS K COS 2X 0 cosksin2y
M = Moy coskcos2y  cos?2x +sinksin?2y 0 (1-—sink)sin2y cos2x
0 0 sinx 0 !
cosksin2y (1 —sink)sin2ycos2y 0 sin® 2 + sink cos? 2y
1+ sinx COS K COS 2 0 cos Kk sin2y
coskcos2y (1—sink)cos®2y 0 cosksin2ycos2y
C =Moo ,
0 0 0 0
cosksin2y cosksin2ycos2y 0 (1—sink)sin?2y

v1+sink 0 0 O

V1 —sinkcos2 0 0 O

F=v Mo 0 * 000
v1—sinksin2y 0 0 O
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3.3. Elliptic Diattenuater at ¢ = 45°
¢ = 45°.
1 0 COS K COS 2)X cos K sin2)
M =M. 0 sinx 0 0
T coskcos2y 0 cos?2x +sinksin®2y (1 — sink) sin2) cos 2y
cosksin2y 0  (1—sink)sin2ycos2y sin?2x + sinx cos?2x
14sink 0 COS K COS 2 cosksin2y
C-M 0 0 0 0
T 0 coskcos2y 0 (1—sink)cos?2y cosksin2ycos2y |
cosksin2y 0 cosksin2ycos2y (1—sink)sin®2y
v1+4sink 0 00
F— /M 0 0 0O
- 01 /T—sinkcos2y 0 0 0
v1—sinksin2y 0 0 O
3.4. Elliptic Diattenuater at ¢ = 90°
¢ =90°.
1 0 cosksin2y
— COS K COS2) cos? 2y + sin x sin® 2x 0 —(1 — sin«) sin2x cos 2x
M =Moo . ,
0 0 sinx 0
cosksin2y  —(1—sink)sin2ycos2x 0 sin® 2 + sin k cos? 2
14 sink — COS K COS2) 0 cosxsin2y
C M —coskcos2y (1 —sink)cos®?2y 0 —cosksin2ycos2y
— o 0 0 0 0 '
cosksin2y  —cosksin2ycos2y 0 (1 —sink)sin?2y
V1+sink 0 0O
—v1—sinkcos2y 0 0 O
F =\/Mpy A
0 0 00
vV1—sinksin2y 0 0 O
3.5. Elliptic Diattenuater at ¢ = 135°
¢ = 135°.
1 0 — COS K COS2) cosksin2y
M =M 0 sinx 0 0
0 _coskcos2y 0 cos?2y +sinksin?2y  —(1 — sink) sin2)y cos 2y
cosksin2y 0 —(1—sink)sin2ycos2y  sin®2x + sink cos? 2y
14 sinx 0 — COSK COS2)X cos Kk sin2y
C-M 0 0 0 0
T _coskcos2y 0 (1—sink)cos?2y —cosksin2ycos2y |
cosksin2y 0 —cosksin2ycos2y (1 —sink)sin®2y

v1+sink 0

0 0
—+v1—sinxcos2y 0
vV1—sinksin2y 0

F == MOO

o O O O
o O O O
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3.6. Linear Diattenuater

Ref. [1], Equation (4.92). Phase shift, A = 0. Ellipticity angle = x = 0. Oriented at an
angle ¢. Moo = (p7 + p5)/2 = p1/ (1 + cosk).

1 COS K €OS 2¢ Cos K sin 2¢ 0
on coskcos2p cos?2¢ +sinksin®2p (1 —sink)sin2¢cos2p 0
"1+ cosk | cosksin2¢ (1 —sink)sin2¢cos2¢p  sin?2¢ + sin k cos? 2¢ o |
0 0 0 sin k
1+ sin«k COS k COs 2¢ COS k sin 2¢ 0
o COS K COS 2¢ (1 —sink) cos® 2¢ (1 —sink)sin2¢cos2¢ 0
" 14 cosk | cosksin2¢ (1 —sink)sin2¢ cos2¢ (1 — sinx) sin? 2¢ 0l
0 0 0 0
v1+sink 0 00 p1+p2 0 00
F___ P V1 —sinkcos2¢ 0 0 O 1 [(p1—p2)cos2¢ 0 0 0
 V1+cosk | V1—sinksin2¢ 0 0 0| 2| (p1—p2)sin2¢ 0 0 0
0 0 00 0 0 00
3.7. Linear Diattenuater at ¢ = 0°
¢ = 0°. Ref. [1], Equation (4.79).
1 cosx O 0 pP+ps pi-p3 O 0
M = Moy cosk 1 0 0 |1_1 pi—p3 P43 0 0
0 0 sink 0 2| o 0 2pmpa O |
0 0 0 sinx 0 0 0 2p1p2
l1+4sink cosk 0 0 (m+p)* pi-p5 00
B cosk 1l—-sink 0 0| 1| pP—p3 (p1—p2)*> 0 O
C=Mo| 0 o0o0f 2 0 0 00}
0 0 00 0 0 00
V14sink 0 0 0 pi+p2 0 0 O
_ p1 Vli—sink 0 0 O _ 1 [pi—p2 0 0 O
V14 cosk 0 000 V2 0 0 00
0 0 00 0 0 00

3.8. Linear Diattenuater at ¢ = 45°

¢ = 45°.
1 0 cosk O pr+ps 0 pi-p3 O
_ 0 sink O 0 1 0 2p1p2 0 0
M=Molwsk 0 1 o0 |[T2|p-® 0 P+ o |
0 0 0 sinx 0 0 0 2p1p2
1+sink 0 COS K 0 (1 + Pz)z 0 P% - P% 0
C_m o o 0o of_1 0 0 0 0
0 o5k 0 1—sink 0] 2 prP—p5 0 (p1—p2)? O)
0 0 0 0 0 0 0 0
V1+sink 0 0 0 pi+p2 0 0 O
P 0 ooofl_1f o o000
VItcosk|vVI—sink 0 0 0 2(pr—p2 0 0 0
0 0 0 O 0 0 0 O
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3.9. Linear Diattenuater at ¢ = 90°

¢ =90°.
1 —COSK 0 0 p%JrP% *(P%*p%) 0 0
M =Moo | COS K 1 0 0 _ 1 —(P% - P%) P% + P% 0 0
0 0 sink 0 0 0 2pp2 0 |
0 0 0 sink 0 0 0 2p1p2
1+4sink —cosk 0 0 (p1+p2)? *(P%*P%) 00
CM —cosx 1—sink 0 O _ 1 —(P%_p%) (P —P2)2 00
00 0 0 0 0 2 0 0 0 0}
0 0 0 0 0 0 0 0
Vidtsink 0 0 0 pi+pr 0 0 0
F__ P |=VlI=sink 0 0 0f 1 [—(p—p2) 0 0 0
V1 +cosk 0 0 0 0 V2 0 0 0 0f
0 0 0 0 0 0 0 O
3.10. Linear Diattenuater at ¢ = 135°
¢ = 135°.
1 0 — COsK 0 p%-i—r?% 0 _(P%_P%) 0
0 sinx 0 0 1 0 2p1p2 0 0
M =M, =5 ‘
Ol _cosx 0 1 0 2| =(p3 - rd) 0 pitps 0
0 0 0 sink 0 0 0 2p1p2
1+sink 0 —cosx O (pr+p2)* 0 —(p3—p3) O
0 0 0 0 1 0 0 0 0
C=M =3 g
W1 _cosk 0 1—sink 0 2| =(pt-p3) O (p—p2)* O
0 0 0 0 0 0 0 0
Vi+sink 0 0 0 pi+pr 0 0 O
F . mn 0 0 0 of 1 0 0 0 O
" V1+cosk| —vV1I=sink 0 0 0 V2| =(p1—p2) 0 0 0
0 0 0 0 0 0 0 O

3.11. Circular Diattenuater

Ref. [1], Equation (4.90). Moy = (p? + p3)/2 = p3/(1 + cosx).
Right, y = 45°.

i 0 sink 0 0
"1+ cosk 0 0 sink 0

1+sink 0 O COS K
i 0O 00 0
"1+ cosk 0 0 0 0 ’
COS K 0 0 1-sink
vV1+sink 0 0 O pi+p2 0 0 O
_ P1 0 0 0 0] 1 0 0 0O
- V1+cosk 0 000l 2l o o000
VvV1—sink 0 0 O pi—p2 0 0 O
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Left, x = —45°.
1 0 0 — COS K
_ P% 0 sink 0 0
14 cosx 0 0 sinx 0 !
— COS K 0 0 1
1+sink 0 0 —cosk
_ p2 0 0 0 0
1+ cosx 0 0 0 0 !
—cosxk 0 0 1-sink
V14+sink 0 0 O p1+p2 0 0 O
B P1 0 0 0O _L 0 0 0O
1+ cosk 0 0 0O V2 0 0 0O
—v/1—sink 0 0 O —(p1—p2) 0 0 O

3.12. Elliptic Polarizer

A polarizer is the special case of a diattenuater when D = 1, p, = 0, ¥ = 0. Phase
shift, A = 0. The ratio between the strengths of components of the electric field = tan x,
ellipticity angle = x. Oriented at an angle ¢. Moy = p?/2.

1 cos 2 cos 2¢ cos 2 sin2¢ sin2x
pi | cos2x cos2¢ cos? 2 cos? 2¢ cos? 2y sin2¢ cos2¢  sin 2y cos 2 cos 2¢

M==
2 | cos2ysin2¢ cos® 2y sin2¢ cos2¢ cos? 2 sin? 2¢ sin 2y cos 2 sin 2¢
sin2y sin2y cos2x cos2¢  sin2x cos2y sin2¢ sin? 2
1 cos 2 cos 2¢ cos 2x sin 2¢ sin2x

Cc— P1 | cos2x cos2¢p cos? 2 cos? 2¢ cos? 2 sin2¢ cos2¢  sin 2y cos 2 cos 2¢
"2 | cos2xsin2p cos?2xsin2¢cos2p  cos®2ysin2¢ sin 2 cos 2 sin 2¢
sin2x sin2y cos2xcos2¢  sin2xcos2y sin2¢ sin? 2y
1 0 0O

F_PL cos2xcos2¢ 0 0 O
/2| cos2xsin2¢ 0 0 0
sin2y 0 0 0

For polarizers, M = C.

3.13. Elliptic Polarizer at ¢ = 0°
¢ = 0°. Ref. [1], Equation (4.89).

1 cos2) 0 sin2x
M _ 1| cos2x cos?2x 0 sin2ycos2y
2 0 0 0 0 !
sin2x sin2xycos2xy 0 sin? 2y
1 cos2x 0 sin2y
C 7;77% cos2x cos?2x 0 sin2ycos2yx
2 0 0 0 0 !
sin2x sin2ycos2xy 0 sin? 2x
1 0 00
F _n cos2y 0 0 O
V2 0 0 00
sin2y 0 0 O
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3.14. Elliptic Polarizer at ¢ = 45°

¢ = 45°.

1

|l o
2 | cos2x
sin2x

1

|l o
2 | cos2x
sin2x

1
_pm| 0
V2 | cos2x
sin2x

3.15. Elliptic Polarizer at ¢ = 90°

¢ = 90°.

1
—Ccos2)
0
sin2x
1
—cos2x
0
sin2x

1

0 cos2x

0 0

0 cos? 2x

0 sin2xcos2x
0 cos2x

0 0

0 cos? 2x

0 sin2xcos2yx

0 0

0
0
0

o O O

—cos2x
cos? 2x
0
—sin2y cos2x
—Ccos2x
cos?2x
0
—sin2y cos2x

0 00

OO OO OO oo

F:ﬂ —cos2xy 0 0 O

V2

0
sin2x

3.16. Elliptic Polarizer at ¢ = 135°

¢ = 135°.

P1
F="=
V2

1
0
—Ccos2x
sin2x
1
0
—Ccos2x
sin2x
1
0
—Ccos2x
sin2x

0 00
0 00

0 —cos2)

0 0

0 cos? 2x

0 —sin2xcos2x
0 —cos2)

0 0

0 cos? 2x

0 —sin2xcos2x
0 0

0
0
0
0

o o o

0
0
0

sin2x
0
sin2x cos 2x
sin? 2x

~

sin2y
0
sin2x cos 2x
sin? 2x

sin2
—sin2y cos2x
0 ,

sin? 2y

sin2x
—sin2y cos2y)
0 ,
sin? 2y

sin2x
0
—sin2y cos2x
sin? 2x
sin2x
0
—sin2y cos2x
sin? 2x
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3.17. Linear Polarizer

Ref. [1], Equation (4.93). p1 = 1, p, = 0. Phase shift, A = 0. Ellipticity angle x = 0.
Oriented at an angle ¢. Mgy = p?/2.

1 cos 2¢ sin 2¢ 0
M—l cos2¢ cos? 2¢ sin2¢cos2¢ 0
~ 2| sin2¢ sin2¢cos2¢ sin? 2¢ 0l
0 0 0 0
1 cos 2¢ sin 2¢ 0
C—l cos2¢ cos? 2¢ sin2¢cos2¢ 0
~ 2| sin2¢ sin2¢cos2¢ sin? 2¢ 0l
0 0 0 0
1 0 00
F—L cos2¢ 0 0 O
V2 |sin2¢ 0 0 0
0 0 00
3.18. Linear Polarizer at ¢ = 0°
¢ = 0°. Ref. [1], Equation (4.94).
1100 1100 1000
1111 0 0 111 1 0 0 1 (1 000
M_Eoooo’c_ioooo’F_ﬁoooo
0 0 0O 0 0 0O 0 0 0O
3.19. Linear Polarizer at ¢ = 45°
¢ = 45°.
1010 1 010 1000
0 00O 110 0 0 0 110 0 00
M_*1010’C_§1010’F_ﬁ1000
0 00O 0 00O 0 00O
3.20. Linear Polarizer at ¢ = 90°
¢ =90°.
1 -1 00 1 =100 1 000
11-1 1 00 11-1 1 00 11-1 000
M_EOOOO’C_EOOOO’F_ﬁoooo
0 0 00 0 0 00O 0 00O
3.21. Linear Polarizer at ¢ = 135°
¢ = 135°.
1 0 -1 0 1 0 -1 0 1 000
110 0 0 0 110 0 0 0 110 000
M_§—101o’C_§—1010’F_\ﬁ—1000
0 0 0 O 0 0 0 O 0 000
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3.22. Circular Polarizer

Ref. [1], Equation (4.91). py =1,p2 =0, x = 0°.

Right, x = 45°.
1 0 01 1 0 01 1000
110 0 0 O 110 0 0 O 1 ({0 0 00
M_Eoooo’c_ioooo’F_ﬁoooo
10 01 1 001 1000
Left, y = —45°
1 0 0 -1 1 0 0 -1 1 0 0 0
0 00 O 110 00 O 1 0 0 00
M=210 00 o] € 2|0 00 o ’F_\ﬁ 0 000
-1 0 0 1 -1 0 0 1 -1 0 0 O
4. Table for Retarders
4.1. Elliptic Retarder
Phase shift A. Ellipticity angle = x. Oriented at an angle ¢.
1 0 0 0
0 cos A sin? ACos 2x sin4¢ sin? As1n4)(c052<p
+(1 — cos A) cos? 2 cos? 2¢ +sin Asin2y —sin A cos 2 sin 2¢
M=]0 s1n2%c0522)(sin44> cos A sinZ%sinAL)(sinZ(p ,
—sin Asin2y +(1 — cos A) cos? 2 sin>2¢  + sin A cos 2 cos 2¢
0 sin? % sin4y cos2¢ sin? % sin4y sin 2¢ sin? 2x
+ sin A cos 2 sin 2¢ —sin A cos 2 cos 2¢ + cos A cos? 2y
2 cos? % —isinAcos2ycos2¢  —isinAcos2ysin2¢ —isinAsinZ)(
isin A cos2ycos2¢ 2sin’ 2C0522)(C0522(P 51n2§cos22xsin4cp sin? sin4)(c0524)
isinAcos2xsin2¢  sin ZACOSZZXSII’I4(P 2 sin? cosZZ)(siHZZ(p smzAsm4XS1n2(])
isin Asin2y sin? sm4)(c052¢ sinz%sin4;(sin2¢ 2 sin? sm 2x
cos% 0 00
.. A
isin% cos2ycos2¢ 0 0 O
F=v2 Z
V2 isin%cosZ)csinZQD 0 00
zsmAsm2x 0 00

The elements of M can be written in various different equivalent forms using the identities

A A
sin? 2x +cosA cos? 2x = cos? 5 sin? 5 cos 4x,
2 B PSRN B\ S B\
cos” 2x + cos Asin“ 2y =cos 0l + sin 5 cos4y,
A
sin? 3 sindx =(1 — cos A) sin2) cos 2y,
A 1 1. ,A 1
sin’ 5 cos? 2y = 5(1 — cos A) cos? 2y == sm E(l + cosdy) = Zl(l —cosA)(1 + cos4y).
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4.2. Elliptic Retarder at ¢ = 0°
Ref. [1], Equation (4.38).

1 0 0 0
0 cos?2y +cosAsin?2y  sinAsin2y (1 —cosA)sin2y cos2x
M: . . . 7
0 —sinAsin2y cos A sin A cos2x
0 (1—cosA)sin2ycos2y —sinAcos2y sin?2yx + cosAcos?2y
2 cos? 2 —isinAcosZ)( 0 —isinAsin2y
Cc— isinAcos2y 2sin? 2c0322)( 0 sinZ%sinél)(
0 0 0 O ’
isin Asin2y sin2%51n4)( 0 2sin? sm 2x
cos% 0 00
. A
_ isinycos2y 0 0 O
F=v2 0 0 00
isin§sin2y 0 0 0

4.3. Elliptic Retarder at ¢ = 45°

¢ = 45°.
1 0 0 0
M — 0 cos A sin Asin2x —sinAcos2x
10 —sinAsin2y cos?2x + cos Asin? 2y sin? % sindy ’
0 sinAcos2y sin? A sin4yx sin 2 + cos A cos? 2
2c052% 0 —isinAcosZX —isin Asin2y
C— 0 0 O 0
“|isinAcos2y 0 2sin*£cos?2y sin?§ s1n4)(
isinAsin2y 0 sin?% 2 7 sindy 2sin? sm 2x
cos% 0 00
0 0 00
F=v2|..
V2 isin % cos2y 0 0 O
isin§sin2y 0 0 0
4.4. Elliptic Retarder at ¢ = 90°
¢ =90°.
1 0 0 0
M — 0 cos?2y +cosAsin?2y sin Asin2y — sin? A sin4y
10 —sinAsin2y cos A —sinAcosZX !
0 — sin? A sin4yx sinAcos2y sin®2x + cos A cos?2x
ZCOSZ% zsmAcost 0 —isinAsin2y
Cc— —isinAcos2y 2sin? 5 5cos?2xy 0 —sin? % sin4yx
N 0 0 0 0 ’
isinAsin2y  —sin? sm4)( 0 2sin® sm 2x
Cos% 0 00
LA
. —isinycos2xy 0 0 0
F=v2 0 0 00
isin4sin2y 0 0 0
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4.5. Elliptic Retarder at ¢ = 135°
¢ = 135°.

1 0

0 cos A

0 —sinAsin2y
0 —sinAcos2y

2cos2% 0 isinAcos2y  —isinAsin2y
Cc— 0 0 0 0
| —isinAcos2y 0 2sin? % cos?2x —sin? % sindy |’
isinAsin2y 0 —sin? % sindy 2sin? % sin? 2y
cos % 0 00
0 0 0O
F=v2| ..
V2 *ZSIH%COSZX 0 00
isin$sin2y 0 0 0
4.6. Quarter-Wave Elliptic Retarder
A =90°.
1 0 0 0
. 0 cos? 2 cos? 2¢ cos? 2 sin2¢ cos 2¢p +sin2)y  cos 2x(sin 2 cos 2¢ — sin 2¢)
cos?2xsin?2¢  cos? 2) sin 2¢ cos 2¢ — sin 2 cos? 2 sin? 2¢ cos 2 (sin 2)x sin 2¢ + cos 2¢)
0 cos2x(sin2) cos2¢ + sin2¢) cos2x(sin2y sin2¢ — cos 2¢) sin? 2
1 —1icos 2) cos 2¢ —icos 2 sin2¢ —isin2y
icos 2 cos2¢ cos? 2 cos? 2¢ cos? 2 sin2¢ cos2¢  sin2) cos 2y cos 2¢
" | icos2xsin2¢ cos?2xsin2¢cos2p  cos? 2y sin’ 24 sin 2) cos 2) sin 2¢
isin2y sin2y cos2x cos2¢  sin2x cos2y sin2¢ sin® 2
1 000
_|icos2xcos2¢ 0 0 O
| icos2xsin2¢ 0 0 0O
isin2y 0 0 0
4.7. Half-Wave Elliptic Retarder
A =180°.
1 0 0 0
M — 0 cos?2xcosd¢p —sin?2y cos? 2 sin 4¢ sin 4y cos 2¢
|0 cos? 2 sin 4¢ — cos? 2 cos4¢ — sin® 2y sin 4y sin2¢
0 sin4y cos 2¢ sin4y sin 2¢ —cos4yx
0 0 0 0
C 0 2cos?2xcos’2¢ cos’>2ysind¢  sindycos2¢
|0 cos?2xsindd  2cos?2xsin®2¢p sindysin2¢ |’
0 sin4xcos2¢ sin4y sin 2¢ 2sin? 2y
0 0 0O
sz cos2xcos2¢ 0O O O
F =i cos2xsin2p 0 0 0
sin2y 0 0O

0 0
sin Asin2x sin Acos2)
cos? 2 + cos Asin® 2y — sin? % sin4dy

— sin? % sin4y sin® 2 + cos A cos? 2

’
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4.8. Linear Retarder

Ref. [1], Equation (4.40). x = 0°.

1 0 0 0
M — 0 cos?2¢ + cos Asin® 2¢ sinZ%sinékp —sin A sin 2¢
10 sin? & sin4¢ sin?2¢ + cos Acos?2¢  sin A cos2¢
0 sin A sin2¢ — sin A cos 2¢ cos A
2(:052% —isinAcos2¢ —isinAsin2¢ 0
C— isin A cos2¢ 2sin2%cosz2<p sinZ%sinélgb 0 )
isin Asin2¢ sinZ%sinékp Zsinz%sin2 2¢ 0
0 0 0 0
cos% 0 0O
isinscos2¢ 0 0 O
F=v2 2
V2 isingsin2¢ 0 0 0
0 0 00
4.9. Linear Retarder at ¢ = 0°
¢ =0°.
10 0 0 2cos’4  —isinA 0 0
Mo|0 1 0 0 | c_ | isinA 2sin*3 0 0
0 0 cosA sinA |’ 0 0 0 0}’
0 0 —sinA cosA 0 0 00
cos% 0 00
. A
isin 0 0 0
F=v2 2
V2 0 0 00
0 0 00
4.10. Linear Retarder at ¢ = 45°
¢ = 45°.
1 0 0 0 2cos?4 0 —isinA 0
0 cosA 0 —sinA 0 0 0 0
M: ,C— .. . 7
0 0 1 0 isinA 0 Zsmz% 0
0 sinA 0 cosA 0 0 0 0
cos% 0 00
0 0 00
F=v2
v2 isind 0 0 0
0 0 00
4.11. Linear Retarder at ¢ = 90°
¢ =90°.
10 0 0 2cos’5  isinA 0 0
Mo|01 0 0 | c_[—isina 2sin®3 0 0
0 0 cosA —sinA|’ 0 0 0 0]’
0 0 sinA cosA 0 0 0 0
cos% 0 00
NN
—isins 0 0 O
F=v2 2
v2 0 0 00
0 00
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4.12. Linear Retarder at ¢ = 135°

¢ = 135°.
1 0 0 0 2cos’4 0 isinA 0
M — 0 cosA 0 sinA Cc— 0 0 ~02A 0 ,
0 0 1 0 —isinA 0 2sin“35 0
0 —sinA 0 cosA 0 0 0 0
cos % 0 0O
0 0 00
F=v2
Vﬁ—mmgo 00
0 0 00
4.13. Quarter-Wave Linear Retarder
A =90°.
1 0 0 0
M — 0 cos? 2¢ sin2¢cos2¢p —sin2¢
| 0 sin2¢cos2¢ sin® 2¢ cos2¢ |’
0 sin 2¢ —cos2¢ 0
1 —1icos2¢ —isin2¢ 0
Cc— icos2¢ cos? 2¢ sin2¢cos2¢ 0
| isin2¢ sin2¢cos2¢ sin® 2¢ ol
0 0 0 0
1 0 00
F— icos2¢ 0 0 O
~|isin2¢ 0 0 0O
0 0 00

4.14. Quarter-Wave Linear Retarder at ¢ = 0°

¢ =0°.
10 0 O 1 —i 0 0 10 00
01 0 O i 1 00 i 000
M= 00 0 1 €= 0 0 00 F= 0 00O
00 -1 0 0 0 00O 0 00O
4.15. Quarter-Wave Linear Retarder at ¢ = 45°
¢ = 45°.
100 O 1 0 —i 0 10 00
000 -1 00 0 O 0 00O
M= 001 0 €= i 01 0 = i 000
010 O 00 0 O 0 00O
4.16. Quarter-Wave Linear Retarder at ¢ = 90°
¢ =90°.
100 O 1 i 00 1 000
010 0 —i 1 0 0 —i 0 0 0
M= 0 00 -1 €= 0 000 F= 0 000
001 0 0 000 0 000
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4.17. Quarter-Wave Linear Retarder at ¢ = 135°

¢ = 135°,
1 0 00 1 0 1 O 1 0 0 0
0 0 01 0 0 00 0 00O
M= 0 0 10 C=1 2 010 F=12 0 00
0 -1 0 0 0 0 0O 0 0 0O
4.18. Half-Wave Linear Retarder (Pseudorotator)
Ref. [1], Equation (4.42). A = 180°.
1 0 0 0 0 0 0 0
M — 0 cos4¢ sin4d¢ 0 C 0 2cos’2¢p sindp O
|0 sindp —cosdp O |’ |0 sindp 2sin?2¢ 0]
0 0 0 -1 0 0 0 0
0 0 00
/=] cos2¢ 0 0 O
F=2i sin2¢ 0 0 0
0 0 00
4.19. Half-Wave Linear Retarder at ¢ = 0°
¢ =0°.
10 0 O 0 0 0O 0 0 0O
01 0 O 0100 41 0 0 0
M=1g00 -1 0]€=2[0 00 ofF=V%0 0 0 0
00 0 -1 0 0 0O 0 00O
4.20. Half-Wave Linear Retarder at ¢ = 45°
¢ = 45°.
1 0 0 O 0 0 0O 0 0 0O
0 -1 0 0 0 0 0O 0 0 0 0
M=l 0 1 o[ S=20 01 ofF=Y%|1 00 0
0 0 0 -1 0 0 0O 0 00O
4.21. Half-Wave Linear Retarder at ¢ = 90°
M, C are the same as for ¢ = 0°.
1 0 O 0 0 0 0O 00 0O
01 O 0 01 00 1 0 0 O
M=lg 0 -1 0 |['S=20 00 ofF="%0 0 0 0
00 0 -1 0 00O 0 00O
4.22. Half-Wave Linear Retarder at ¢ = 135°
M, C are the same as for ¢ = 45°.
1 0 0 O 0 0 0O 0 0 0O
0 -1 0 0 0 00O {0 0 0 0
M=lg 0 1 0]C=loo1 ofF="V¥1 00 0
0 0 0 -1 0 0 0O 0 0 0O
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4.23. Circular Retarder (Rotator, with 260 = A)
Ref. [1], Equation (4.30). x = £45°, for right or left.

1 0 0 0 2cos’5 0 0 FisinA
M — 0 cosA Z£sinA 0 Cc— 0 00 0
{0 FEsinA cosA 0| 0 00 0 !
0 0 0o 1 +isinA 0 0 2sin’*%
cos% 0 00
0 0 00
F=v2 0 0 00
+ising 0 0 0
4.24. Quarter-Wave Circular Retarder, Right
X =45°, A =90°.
1 0 00 100 —i 1000
0 0 10 000 O 0 00O
M_0—100’C_0000’F_0000
0 0 01 i 00 1 i 000
4.25. Quarter-Wave Circular Retarder, Left
X = —45°, A =90°.
10 0 O 1 00 i 1 000
00 -1 0 0 000 0 0 0 O
M_0100’C_ OOOO’F_\[ZOOOO
00 0 1 —i 0 0 1 —i 0 0 0
4.26. Half-Wave Circular Retarder
A =180°,6 = 90°.
1 0 0 O 0 00O 0 0 0O
0 -1 0 O 0 00O . 0 00O
M=o o —1 0]€=2[0 0 0 o F=*V2|g 0 0 0
0 0 o0 1 0 0 01 1000

5. Table for Other Systems
5.1. Elliptic Homogeneous Retarding Diattenuater

If a device exhibits both retardance and diattenuation, it could be called either a
retarding diattenuater or a diattenuating retarder. The special case of a homogeneous
retarding diattenuater can result from an aligned series combination of a retarder and a
diattenuater. If these two elements are not aligned, the overall device is inhomogeneous.
See Section 8 for further discussion. As the expressions for M, C are lengthy, the elements
are presented. There is a singularity if A = 180°, x = 90°, where the absolute phase of F
is undefined.
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Mo1,10 =Moo cos k cos 2 cos 2¢,
Mo2,20 =Moo cos k cos 2 sin 2¢,
Moz 30 =Mop cos k sin 2y,

My =My -cos Asink + (1 — cos Asink) cos? 2x cos? 24)} ,
My =My [cos Asinx + (1 — cos Asin k) cos? 2 sin? 24)} ,
M3z =Moo(sin® 2 + cos Asin k cos? 2)),

M1 =Moo [+ sin A sin k sin 2x + (1 — cos Asin k) cos® 2) sin 2¢ cos 24)} ,
Mi331 =Moo|F sin Asink cos 2 sin2¢ + (1 — cos Asink) sin 2 cos 2x cos 2¢],
Mp3 30 =M% sin Asink sin 2y cos 2¢ + (1 — cos Asin k) sin 2 cos 2 sin 2¢],
Coo =Moo (1 + cos Asink),
Co1,10 =Moo (cos k F isin Asin k) cos 2 cos 2¢,
Co,20 =Moo (cos k F i sin A sin k) cos 2 sin 2¢,
Coz30 =Moo (cos k F isin Asink) sin 2y,

C11 =My (1 — cos Asink) cos? 2x cos? 2¢,
Cs3 =Mpy(1 — cos Asink sin? 2X,

(
(
(
(
Cop =M (1 — cos Asinx cos? 2 sin? 2¢,
(
(
Ci13.31 =Mpo(1 — cos Asin k) sin 2 cos 2x cos 2¢,
(

)
)
Ci221 =Moo(1 — cos Asink) cos? 2 sin 2¢) cos 2¢,
)
)

Ca332 =Moo (1 — cos Asin k) sin2) cos 2x sin2¢,

1+ cos Asink
Moo (cosk + isin Asink) cos 2) cos 2¢

1+ cosAsink | (cosk +isinAsink) cos 2y sin2¢

(cosx +isin Asink)sin2y

o O O O
o O O O
o O O O

5.2. Circular Retarding Diattenuater
See Section 8. x = 45°. There is a singularity if A = 180°, x = 90°, where the absolute

phase of F is undefined.

1 0 0 COS K

0 cosAsink  sinAsink 0
M =Moo 0 —sinAsink cosAsink 0 |’
COS K 0 0 1
1+ cos Asink 0 0 cosxk—isinAsink
0 0 0 0
€ =Moo 0 0 0 0 ’
cosk +isinAsink 0 O 1 —cosAsink

1+ cosAsink 0 0 0
Moo 0 0 0 O
V14 cos Asink 0 0 00
cosk+isinAsink 0 0 O



Photonics 2022, 9, 394 19 of 35

x = —45°.

0 0 0 —Cosk

0 cosAsink —sinAsink 0
M =Moo 0 sinAsinxk  cosAsink 0 !
— COS K 0 0 1
(14 cosAsink) 0 0 —(cosk—isinAsink)
0 0 0 0
€ =Moo 0 0 0 0 ’
—(cosk +isinAsink) 0 0 (1 —cosAsink)

1+ cos Asink 0 0 O

Moo 0 0 0 O
V14 cos Asink 0 0 0O
0 0 0

—(cosk +isin Asink)

5.3. Linear Homogeneous Retarding Diattenuater

Terminology as in Ref. [1], Equation (4.98). Ellipticity angle, x = 0°. Phase shift, A.
Oriented at an azimuthal angle ¢. There is a singularity if A = 180°,x = 90°, where the
absolute phase of F is undefined.

1 COS k cOSs 2¢ cos k sin 2¢ 0
coskcos2p cos?2p + cos Asinksin?2¢ (1 — cos Asink)sin2¢cos2¢ — sin A sin k sin2¢

M =Moo cosksin2¢ (1 — cosAsink)sin2¢cos2¢ sin?2¢p + cosAsinkcos?2¢p  sinAsink cos2¢
0 sin A sin x sin 2¢ — sin A sin k cos 2¢ cos Asink
1+ cosAsink (cosk —isinAsink)cos2¢  (cosk —isinAsink)sin2¢ 0
C =My, (cosk + isin Asink) cos 2¢ (1 — cos Asink) cos? 2¢ (1 —cosAsink)sin2¢cos2¢p 0
(cosx +isinAsink)sin2¢ (1 — cos Asink) sin2¢ cos2¢ (1 — cos Asinx) sin® 2¢ 0}’
0 0 0 0
1+ cos Asink 0 0O
Moo (cosk +isinAsink)cos2¢ 0 0 0
~ V1+cosAsink | (cosk+isinAsink)sin2¢ 0 0 0
0 0 00

5.4. Linear Homogeneous Retarding Diattenuater at ¢ = 0° (Horizontal)
¢ = 0°. Ref. [1], Equation (4.99). There is a singularity if A = 180°, x = 90°, where the
absolute phase of F is undefined.

1 COS K 0 0
COS K 1 0 0
M =Moo 0 0 cosAsink  sinAsinx |’
0 0 —sinAsink cosAsink
1+ cosAsink (cosk —isinAsink) 0 0
C M (cosk +isin Asink) (1 —cosAsink) 00
0 0 0 0 0]
0 0 0 0
1+ cos Asink

Moo (cosk +isin Asink)

1+ cosAsinxk 0
0

o O O O
o O O O
o O O O



Photonics 2022, 9, 394 20 of 35

5.5. Linear Homogeneous Retarding Diattenuater at ¢ = 45°
¢ = 45°. There is a singularity if A = 180°,x = 90°, where the absolute phase of F is

undefined.
1 0 COS K 0
0 cos Asink 0 —sin Asink
M =Moo COS K 0 1 0 !
0 sin Asink 0 cos Asink
1+ cosAsink 0 (cosx—isinAsink) 0
0 0 0 0
€ =Moo (cosk +isinAsink) 0 (1 —cosAsink) 0]’
0 0 0 0
1+ cosAsink 0 0 0
Mo 0 0 00
1+ cosAsink | (cosk+isinAsink) 0 0 0
0 0 0O

5.6. Linear Homogeneous Retarding Diattenuater at ¢ = 90°
¢ = 90°. There is a singularity if A = 180°, x = 90°, where the absolute phase of F is

undefined.
1 — COoS kK 0 0
— COS K 1 0 0
M =Moo 0 0 cosAsink —sinAsink |’
0 0 sinAsink  cosAsink
1+ cosAsinx —(cosk —isinAsink) 0 0
C-M —(cosx + isin Asink) (1 —cosAsink) 0 0
o 0 0 0 0f
0 0 00
1+ cosAsink 0 0 0
Moo —(cosk +isinAsink) 0 0 0
V1 + cosAsink 0 0 00
0 0 00

5.7. Linear Homogeneous Retarding Diattenuater at ¢ = 135°
¢ = 135° . There is a singularity if A = 180°, x = 90°, where the absolute phase of F is

undefined.
1 0 — COS K 0
0 cos Asink 0 sin A sin k
M =Moo | _ cos K 0 1 0 ¢
0 —sinAsink 0 cos Asink
1+ cosAsinx 0 —(cosk—isinAsink) 0
0 0 0 0
€ =Moo —(cosx +isinAsink) 0 (1 —cosAsink) 0]’
0 0 0 0
1+ cosAsink 0 0 0
Moo 0 0 0 0
1+ cosAsink | —(cosk+isinAsink) 0 0 0
0 0 0O
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5.8. Quarter-Wave Elliptic Homogeneous Retarding Diattenuater
A =90°.

Mo1,10 =Moo cos k cos 2y cos 2¢,
Mop,20 =Moo cos k cos 2 sin 2¢,
Mo3,30 =Moo cos x sin 2y,

M1 =My cos? 2 cos? 2¢,

My =My cos? 2 sin? 2¢,

M3z =My sin? 2x,
Miz21 =Moo (£ sinksin2y + cos? 2) sin 2¢ cos 2¢),
Mi331 =Moo cos 2x (F sink sin 2¢ + sin 2y cos 2¢),
Map337 =M sin 2 (% sin k cos 2¢ + cos 2 sin 2¢),

1 e~ cos 2 cos 2¢ e~ cos 2 sin 2¢ e~ sin2y
C =Moy e"." COs 2) cos 2¢ cos? 2) cos? 2¢ cos? 2y sin2¢ cos2¢  sin2) cos 2 cos 2¢
e cos2ysin2¢  cos? 2y sin 2¢ cos 2¢ cos? 2) sin? 2¢ sin2x cos 2y sin2¢ |’
e sin 2y sin2) cos2x cos2¢  sin2x cos2x sin2¢ sin? 2x
1 0 00
e cos2xcos2¢ 0 0 0
F= Moo i .
e cos2xsin2¢p 0 0 O
e sin 2y 0 0O

5.9. Half-Wawve Elliptic Homogeneous Retarding Diattenuater
A = 180°. There is a singularity if x = 90°, so the absolute phase of F is undefined and
does not agree with that given for a pure retarder in Sections 4.7 and 4.18.
Mo1,10 =Mop cos k cos 2 cos 2¢,
Mop,20 =Moo cos k cos 2x sin2¢,
Mo3,30 =Moo cos x sin 2y,

My =My | (1 + sin ) cos? 2 cos® 2¢ — sin K} ,

My =My —(1 + sin k) cos? 2 sin? 2¢ — sin K} ,
M3z =My [(1 + sin k) sin? 2y — sin K} ,
( )

Mi221 =My

(1 + sin«) cos? 2x sin 2¢ cos 247] ,
Mi331 =Mo[(1 + sink) sin 2y cos 2 cos 2¢],
Mp330 =M [(1 + sin«) sin 2 cos 2 sin 2¢)],
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Coo =Mo(1 —sink),

Co1,10 =Moo cos k cos 2)x cos 2¢,

Co2,20 =Moo cos k cos 2y sin 2¢,

Cos,30 =Moo cos k sin 2,
C11 =Moo(1 + sinx) cos? 2 cos? 24,
Co =Mo(1 + sinx cos? 2x sin? 2¢,
Cs3 =Moo (1 + sinx sin? 2x,

( )

( )

Ci221 =Moo (1 + sin k) cos® 2 sin 2¢) cos 2¢,

Ci13.31 =Moo (1 + sin k) sin 2 cos 2x cos 2¢,
( )

Ca332 =Moo(1 + sin«) sin 2 cos 2 sin 2¢,

V1 —sink 0 00

| v1+sinkcos2xcos2¢ 0 0 0
F=vMo VI+sinkcos2ysin2p 0 0 0
v1+sinksin2y 0 00

5.10. Inhomogeneous Right Circular Polarizer

An inhomogeneous circular polarizer constructed from a horizontal linear polarizer,
followed by a quarter-wave linear retarder at 45° [2].

110 0 1 1 —i 1 100 0
1{o 0 0 0 111 =i 1 1{1 0 0 0
M_Eoooo’c_liz1z'F_’iooo
1100 11 —i 1 100 0

It is seen that the phase of the components z1, z, z3 are not all equal, so the system
is inhomogeneous.

5.11. Normal Reflection from a Dielectric

Apart from multiplying factors, M, C, F are the same as for a half-wave linear retarder
at ¢ = 0°,90°, as in Sections 4.19 and 4.21. Refractive index n. The negative sign in F
accounts for a phase change on reflection, and cancels on calculating C [25].

10 0 0 0000
<n—1) 01 0 0 C_2< 1)20100
n+1) |0 0 -1 0 +1) |0 0 0 o

00 0 -1 0000

0000

Fe_ nl(lOOO
n+1){0 0 0 0
0000
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5.12. Aligned Linear Retarding Diattenuater: ABCD Matrix

Ref. [14]
A B 0 0 A4+C B—iD 0 0
|B A 0 O B+iD A-C 0 O
M= 0O 0 C D €= 0 0 0 0}’
0 0 -D C 0 0 0 0
(R+C)y/(R-C)(A+R) —(R-C)y/(R+C)(A—-R) 0 ©
1 [ V(AFR)/ R+C)(B+iD) VA=R)/(R=C)(B—iD) 0 0
V2R 0 0 0}
0 0 0

A > R,R = vB% + C? + D2. There are two homogeneous deterministic components
in general, reducing to one if A = R.

5.13. Medium of Scattering Particles Obeying Reciprocity and with a Plane of Symmetry

This is the most common form used in the literature on scattering by nonspherical
particles. Refs. [6,26].

Ap+By C 0 0 Ag+A C—iD 0 0
M_| € A+B 0 0 c_|CH+iD Bo+B 0 0

0 0 A-B D | 0 0 B-B o0 |

0 0 -D Ay By 0 0 0 Ap—A

Ap > A >0,Byp > B > 0. There are, in general, four deterministic components.

5.14. Rotationally Symmetric Medium of Asymmetric Scatterers in the Direct Forward
Scattering Direction

Refs. [6,26].

Ap+By 0 0 F+I Ag+A 0 0 I—i]
| o A ] 0 B 0 By iF 0
M= -] A o |'¢7 0 —iF By 0 |
I-F 0 0 Ap-Bp I+i] 0 0 Ag—A
(R+A)+/(R—A)(Ao+R) (R—A)y/(R+A)(Ao—R) 0 0
R - R
oLl 0 0 VBo+E By—F
2 0 0 —iVBo+F ivBo—F |’

Vedgem I+ \/RenU+i) 0 0

Ay>R>0,Bg>F,R= A2+ 12+ ]2

5.15. Medium of Asymmetric Scatterers in the Exact Backscattering Direction
Refs. [26-28].

Ag+B C L I Ag+A C—iD 0 I—i]
mM_| ¢ A+B ] K c_|c+iD 2 0 K-iL
L -] A-B D | 0 o o o0 |

I K -D Ap-B I[+i] K+4iL 0 Ag—A

Ag > A > 0,B > 0. Maximum of three deterministic components.
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5.16. Medium of Asymmetric Scatterers in the Non-Exact Backscattering Direction,
with Rotational Symmetry of the Medium

Refs. [6,26].

Ai+B 0 0 I
0O B 0 0
0 0 -B 0
I 0 0 A -B

A+ Ay 0 0 21
C_l 0 4B+ A1 — Ay 0 0
0 0 Ay — Ay 0 ’
21 0 0 A1+ Ay
VAT F A +21 A+ A, 20 0 0
Fol 0 0 —/2(4B+ A1 — Aj) 0
0 0 0 2(A1 — Ay)
VAT A, +21 —JA T+ Ay 21 0 0

A1 > Ay >0,A1+ Ay > |21|,B > 4(Ax — Aq).

5.17. Medium of Asymmetric Scatterers in the Exact Backscattering Direction, with Rotational
Symmetry of the Medium

Refs. [6,14,25-29]. A; = Ay = Ag.

Ay+B 0 0 I Ay 0 0 I
0 B 0 0 0 2B 0 0
M=l 0 0o 3 o |'“T|lo 00 0]
I 0 0 Ay-B I 0 0 A
VA+T VA -1 0 0
P L 0 0 —2vB 0
V2 0 0 U
VA +T —/Ag—1 0 0

Ap > 0,Ap > |I|, B> 0. Maximum of three deterministic components.

5.18. G-Antisymmetric Mueller Matrix
With equal diagonal elements. Ref. [30].

d p P2 p3 2d  pr—ips p2—ips p3—ipe
M—|P 4 pe —ps|o_[Pitipa O 0 0
P —pe d ps |’ p2+ips 0 0 0 !
ps  ps —ps d p3 +ips 0 0 0
(d+r)%? (d+r)%? 00
po| Vdtr(pp+ips) vd—r(pr+ips) 0 0
Vd+r(py+ips) Vd—r(pa+ips) 0 0]
0 0

Vd+r(ps+ips) Vd—r(ps+ipe)
r= @+t pi R <
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5.19. G-Symmetric Mueller Matrix

Diagonal elements may be different.

do p1 p2 p3
M=| Pt 4 P p5|
—p2 Pe d2 pa
—p3 ps ps d3
do+d1+dy+ds 0 0 0
C :1 0 di1+dy—ds—d, 2(p6+ip3) 2(p5 —ip3)
2 0 2(pe—ip3)  do—di+dya—ds  2(ps+ipr)
0 2(ps +ip2) 2(ps—ip1)  do—di—dy+ds

5.20. Symmetric Mueller Matrix

Diagonal elements may be different.

do p1 P2 p3
M=|PL 4 P ps |
P2 Pe d2 pa

Ps Ps pa ds
do+di+dy+ds P p2 p3
c_t P do+dy —dy —ds Pe Ps
2 p2 Pe do—dy+dy —ds P4
p3 Ps Pa do—dy —dy +ds
5.21. Canonical Mueller Matrix, Type-1
Ref. [31].
dy 0 0 0O
M_|0 4@ 0 0 ,
0 0 dy 0
0 0 0 ds
dy+di+dr+ds 0 0 0
C_l 0 do+dy —dy—ds 0 0
2 0 0 dy—dy+dy—ds 0 !
0 0 0 dy—dy —dp +d3
Vidy+di+dy +ds 0 0 0
0 do+dy —dy—ds 0 0
F=v2
V2 0 0 Vdyg—dy+dy —ds 0

0 0 0 Vdyg—dy —dp+ds
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5.22. Canonical Mueller Matrix, Type-1I (Bolshakov)
Refs. [32-34].

2dy dy—d; 0 0

1| —(do—dy) 244 0 0
M=3 0 0 d 0]
0 0 0 dy
do+di+dy 0 0 0
C :1 0 do+dy —dp 0 0
2 0 0 do —dq i(dy—dq)
0 0 —i(dy—dy) do—d
Vdo+di+dp 0 0 0
F 7L 0 doy+d; —dy 0 0
V2 0 0 ivdy—d; O
0 0 do—dy O
5.23. Canonical Mueller Matrix, Type-1I (Ossikovski 1)
Ref. [35].
2dg dop 0 0 do+dy 0 0 0
1{dy 0 0 O 1 0 do—dy O 0
M=210 0 a o] 2| o 0 dy —idg |’
0 0 0 d 0 0 idg  dy
Vdo+do 0 0 0
¥ _ 1 0 do —da 0 0
V2 0 0 —iy/dy 0
0 0 Vdy 0
5.24. Canonical Mueller matrix, Type-1I (Ossikovski 2)
Ref. [36].
do —dq 0 O doy—dy+dp 0 0 0
_|dy do—2d; 0 O _ 0 do—dy—dy O 0
M=lo 0 4 o|°" 0 0 d —idy
0 0 0 dp 0 0 idy dq
Vo —di+d 0 0 0
F— 0 dp—di—dp, 0 0
n 0 0 —iy/dy 0
0 0 Vdi 0

6. Parameterized Deterministic Mueller Matrix
6.1. Parameterized Deterministic Mueller Matrix

Following Ref. [21], I, m, n are direction cosines in Poincaré space; I = cos 2) cos 2¢,
m = cos2xsin2¢, n = sin2y; 24+ m?+n? =1 sin ¢ determines the strength of the
polarization transformation. 6; determine the balance between retardance and diattenuation.
A6; = (0;_1 — 0;11) in cyclic order, so that Af; + Af, + Af3 = 0.
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M =Muo m sin § cos 0 —nsini sin 63 cos ¢ + m?(1 — cos I'sin ¢ sin 64 !
2 2 2 2 ¥
—nl(1 — cos ) sin A6 +Im(1 — cosp) +mn(1 — cos )
nsin cos 03 msin ¢ sin 6, —Isin sin 6; cos P + n%(1 — cos )
—Im(1 — cos ¢) sin Af; +nl(1—cos ) +mn(1 — cos )
(1+cosy) I'sin e~ %1 m sin e~ nsin e~ %
Copm| Isin et 12(1 - cos ¢) Im(1 —cosyp)e 2% nl(1— cosp)e'rP2
00N msinget®  Im(1 — cos p)eit m?(1 — cos ) mn(1 — cosp)e 20 |’
nsin e nl(1—cos)e %2  mn(1 — cos)er®s n%(1 — cos )
COS% 0 0O
Isin¥e® 0 0 0
F =+/2M 2"
N msinde® 0 0 0
nsin¥e® 0 0 0
6.2. Parameterized Homogeneous Deterministic Mueller Matrix
2 +m?+n? =1.6; = 0, Ad; = 0. The expressions are much simpler than in Section 5.1.
1 I'siny cosf msin cos nsin cos 6
Isiny cos @ cos P +1%(1 — cos ) nsinysinf + Im(1 —cosyp) —msinysind + nl(1 — cosp)
M =My . . . 2 . .
msinycosf —nsinsind + Im(1— cosy) cos P + m=(1 — cos ) Isinysin® + mn(1 — cos P)
nsingcos® msinysin® +nl(l —cosyp) —Isinysind + mn(1l— cosy) cos P+ n?(1 — cos )
(1+cosyp)  Isinype ™ m sin e~ nsin e~
C-M lsinlpel? (1 —cosy) Im(1—cosyp) nl(1—cosy)
TN msinge®  Im(1—cosyp) m2(1—cosy) mn(l—cosyp) |’
nsinge®  nl(1—cosy) mn(l—cosyp) n*(1—cosy)
COS% 0 0O
Isinfe® 0 0 0
F=+/2M 2"
1l msinde® 0 0 0
nsinfe® 0 0 0

1 I'sin ¢ cos 6,
+mn(1 — cos ) sin Ab;
I'sin ¢ cos 6, cos P + I%(1 — cos )

—mn(1 — cos ) sin A,

m sin 1P cos 6
+nl(1 — cos ) sin Ab,
nsin sin 63

+Im(1 — cosp)

nsiny cos 63
+Im(1 — cos ) sin Ab3
—msiny sin 6,

+nl(1—cos )

Putting F = cos ¢, D = sin cos 0, R = sin§ sin §, where D? 4+ RZ =1 — 2, we then

obtain even simpler expressions,

1 ID mD
M =M | 1P 24+ (m?>+n?)F  nR+Im(1—F)
TV wD  —nR+Im(1—F) m?+ (n? +12)F
nD  mR+mnl(1—F) —IR+mn(l—F)
(1+F) I(D—iR) m(D—iR)
C—M I(D+iR) [1*(1—F) Im(1—F)
"0 m(D+iR) Im(1—F) m2(1—F)
n(D+iR) nl(1—F) mn(1—F)

nD
—mR +nl(1—F)
IR+mn(1—F) [’
n? + (1> + m?)F

n(D —iR)
nl(1—F)
mn(l—F) |’
n*(1—F)
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M =My

1

V1+F
l\/l — Fel?
F= \% PelG

n\/l Fet®

I, m, n are direction cosines in Poincaré space, and F, D, R are also direction cosines in
generalized retardation space (see Section 8).

o O O O
o O O O
o O O O

6.3. Parameterized Linear Homogeneous Deterministic Mueller Matrix
n=0,1=cos2p, m=sin2¢; > +m?>=1.60; =6, A6; = 0.

sin ¢ cos € cos 2¢ sin ¢ cos 6 sin 2¢ 0

singcosfcos2¢p cos?2p + cossin?2p (1 —cosyp)sin2¢pcos2p — sinsinfsin2¢

sincosfsin2¢ (1 —cosy)sin2¢cos2¢p sin?2¢ 4 cosPcos>2¢p  sin P sin f cos 2¢

0

7

sin ¢ sin 0 sin 2¢ — siny sin 6 cos 2¢ cos
1 ID mD 0
M =Moo ;711% zl;(+1 njzzf) ln"fz( 14:12? 71T<R /
0 mR —IR (> +m?)F
(1+cosyp) sin ¢ cos 2¢pe 0 sin i sin 2¢pe 10 0

sin ¢ cos 2¢e’? (1 — cos ) cos? 2¢ (1—cosy)sin2¢cos2¢ 0

C=M .
001 sinsin2¢e® (1 — cos ) sin 2¢) cos 2¢ (1 — cos ) sin® 2¢ 0l
0 0 0 0
cos g} 0 00
sin & cos 2<pe 0 00
F =\/2M 2
sm sin2¢e® 0 0 0
0 0 00

7. Uniform Deterministic Medium

By ‘uniform medium’ we mean one where the polarization properties are constant
throughout space, in both the transverse directions and the direction of propagation. Some
works call such a medium “homogeneous’, but we prefer to call it ‘uniform’, reserving

‘homogeneous’ to describe a medium where the Mueller matrix is homogeneous [37], so

that §; = 0, sometimes called a ‘normal’ medium. A homogeneous deterministic medium
or system has a coherency vector in which the phase of the elements z1, z, z3 are equal,
so that the diattenuation and polarizance vectors are equal. On the other hand, for an
inhomogeneous system, the values of §; are not equal.

We follow the notation of Refs. [22,23]. L = LB —iLD, L' = IB' —iLD' and C =
CB — iCD are the elementary generalized retardances of the medium, where the linear
diattenuation in the x-y and 45° directions are LD and LD’, respectively, and the circular
diattenuation is CD; the corresponding retardances are LB, LB/, CB, all real [m’l] ; the am-
plitude absorption parameter is (a/2)[m~!]. Then the total generalized retardance vector
isT = (L,L/,—C)T, where T means transpose, and T T* = |L|? + |L/|? + |C|? = t* (real
nonnegative scalar), T = (Te T)!/2 = (L2 + L + Cz)l/2 = TB —iTD (complex scalar).

The solution for a medium of thickness Z is then that of Section 6.1, with an effective
1 equal to TZ. In general the component zj of z is complex. For the inverse problem for a
given Mueller matrix, we introduce a complex parameter p,

pz _ <z262i91 + m2edif2 4 n2621‘93). @)
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|p| is the homogeneity, defined for the thickness z, so for an homogeneous medium,
when 0; = 6, = 03, |p| = 1. Then for general p [38,39],

5 ik 1 1 s
Moo (Cos2 % + p* sin? lé]) = ¢ 0Ep 2k (cos2 STz + sin? 2Tz> ()

where £ is the phase of cos(TZ/2), so that

i 1+ p? tan? L4
= %arg (1 + p2 tan? l'b), e = Moow, Tz = 2arctan(p tan 4)). 9)
2 1 + tan? % 2
Putting [11]
tan 1Tz
z = 1 2 7 (10)
5Tz
so that forz = Z,
tan 1Tz tan ¥

b = an;Tz ptan % , (1)

%TZ B arctan(p tan %)

the elementary generalized retardances, in terms of the parameters of the Mueller matrix,
are [11]
2il ; 2i ; 2i ;
Lz = L tan %6191,‘ L'z =" tan%e’ez; Cz = M an %6163, (12)

z z z

where f; is approximately unity for small values of . Then for a medium of general
thickness z,

71+%t222|tz|2 —az
1+ $T22282
—Q(Lty) £ 13(L'CH)|)?
Mo1,10(z) = (L) oo Nl “,
|1+1T ya tz|
—Q(L'ty) F AS(LCH)|)*
Mupo20(z) = (L't:) 122 s Itz e ",
|1+1T ya tz|

3(Cty) £ 1S(L'L¥) |tz|ze_az

Moz 30(z) = ,
|1+ 17122212
M (Z) 71+ %(|L|2 - |L/|2 - |C|2)Z2|t2|26—az
e 1+ 1122222 ’
Mo (2) 14 3 (ILP— L) - ICIZ)ZZItzIZe_,,(Z
S 1+ 1122222 ’
M (Z)JJr%(I(?IZ—\LIZ—!L’Iz)zzltzlze_,,(Z
e 1+ 1122222 ’
+R(Ct,) + AR(L'LY)|t,|?
Mi221(z) = (Ctz) + 3R It e "%,

|1+ §T22282

M ( ) _:t%(L/tz) - %%(LC*)“ZF —az
183112) = 11+ 17122212 ©

_ZF%(LfZ) - %%(L/C*)“ZF —az

M3 3(z) = T iT222t§| e,
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1 iL*zt:/2 iL™*zt: /2 —iC*zt: /2
2% —ilzt,/2  |LI?Z?|t,|?/4  LL"*Z*|t.|*/4 —LC*Z|t,|*/4

Clz) =———| . ,
(2) ‘1+}1T222t§‘ —il'zt, /2  L'L*2?|t,|>/4  |L'|?Z%|t.|?/4 —L'C*Z%|t,)?/4

iCzt,/2  —CL*Z2|t,|2/4 —CL"*Z2|t;|?/4  |C|*Z?|t.|*/4

1 000
F(z) V2e=4z/2 —ilzt;/2 0 0 0
- —il'zt;/2 0 0 0

(1 + 1T222t2>1/2
4 z iCzt;/2 0 0 O

The expression for M(z) is lengthy, and has been presented before [22,23]. The phase of
the premultiplying factor of F cancels out on calculating C, but the generalized retardances
are multiplied by the complex quantity ¢, thus altering the relative values of their real and
imaginary parts, and so also the effective retardances and diattentuations [11].

8. Discussion

For diattenuaters, F is real, C is real and symmetric, and M is also symmetric. Thus
the diattenuation vector and the polarizance vector are equal, so that the polarizance
P = (M3, + M3, + M2,)!/? is equal to the diattenuation D = (M2, + M2, + M2,)'/2.
For retarders, F has a real top left element, the remaining elements being imaginary, C
is G-symmetric and Hermitian, and Mgy = 1, the other elements of the leading row and
column of M being zero. The half-wave retarder is a special case, as F is then imaginary,
with a zero in the top left element, C is real and symmetric with zeros in the leading row
and column, and M is symmetric.

The homogeneous linear retarding diattenuater in Section 5.3, can be considered to
be made up of (i.e. decomposed into) a series combination of a retarder, with retardance
A, and a diattenuater, with diattenuation cos x. The diattenuation and polarizance vectors
are not in general equal, but the diattenuation and polarizance are equal, as they are even
for the inhomogeneous case. The Mueller matrices for the homogeneous case commute,
so the overall matrix can also be decomposed into a diattenuator and a retarder, in this
order. Even for this comparatively simple case (which is both homogeneous and linearly
polarized), where the two Mueller matrices for the components commute, we observe
that the retardance terms of the Mueller matrix M3, Ms1, Mp3, M3y are of magnitude
sinx sin A, i.e., they are scaled by a function of the diattenuation. In addition, there are
artifact terms My, M1 of magnitude (1 — cos Asin k), corresponding to circular retardance,
caused by cross-products between the linear retardance and linear diattenuation. However,
the coherency vector z, given by the first column of the coherency matrix factor F, is of
comparatively simple form compared with the Mueller matrix.

A general Mueller matrix is much more complicated, even for the deterministic
case of Section 6.1, which has artifact cross-product diattenuation and retardance terms.
The deterministic Mueller matrix contains first-order terms that are G-antisymmetric,
and second-order cross-product terms that are G-symmetric. In the coherency matrix,
the first-order terms are confined to the leading row and column, while the second-order
terms are in other locations. For the homogeneous deterministic case, as in Section 6.2,
the artifact diattenuation terms disappear, but the artifact retardance terms remain. Note
that these latter terms are independent of the value of 6. In Section 6.3, we consider a
parameterized linear homogeneous Mueller matrix. This can then be compared with the
homogeneous linear retarding diattenuater in Section 5.3. Equating the elements of the
coherency matrix factor, we find that

F =cosy = cos Asink,
D =sincosf = cosx, (13)
R =sinysin® = sin Asink,

where we have put the three equations equal to F, D, R, respectively, as the second equation
gives the strength of the diattenuation, and the third equation gives the strength of the
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retardation with the right-hand side again scaled by a function of the diattenuation. For
A =0, 8 = 0, corresponding to pure diattenuation, ¢ + « = 71/2. For pure retardance,
0 =mn/2,and x = t/2,and so ¢ = A.

It is interesting to note that these equations are analogous to those connecting the
angles in the Stokes parameters, I, U, V, Q, for a fully polarized beam:

U/I =cos2)xsin2¢ = sin2x cosd,
V/I =sin2y = sin2asinJ, (14)
Q/I =cos2)cos2¢ = cos2u,

where x is the ellipticity angle, ¢ is the orientation angle, « is the auxiliary angle
(tana = Eo,/Eoy) and ¢ is the phase delay of the y component. In this case, these angles
represent two systems of spherical polar coordinates on the Poincaré sphere, with different
polar axes, along V and Q, respectively. Collett calls the 2a, J sphere the ‘observable polar-
ization sphere’ to distinguish it from the Poincaré sphere 2y, 2¢ [3], but we prefer to think
of only a single sphere with two different spherical polar coordinate systems. Further, we
consider a polarization transformation to be represented by a path on the sphere, rather
than by a rotation of the sphere.

We conclude that for a linear Mueller matrix, the pairs of coordinates ¢, 6 and x, A
can also be represented on an analogy of the Poincaré sphere, of radius unity, as shown
in Figure 1, which we call the generalized retardation sphere. Note that a point on the
generalized retardation sphere represents a polarization transformation, whereas a point
on the Poincaré sphere represents a polarization state, rather than a change of state. As,
by convention, 0 <A <mand0<x <7/2,then0<D<1,0<R<1,-1<F<1,5s0
we require a quarter of the complete sphere, whereas only an octant is shown in Figure 1.
Then the artifact circular retardance term is of the form (1 —sinx cos A) = 1 — F. Note that
this is maximized for a half-wave retarder, A = 7r, when F = —1.

For a pure elliptic retarder, as in Section 4.1, we see that this expression is consistent
with the parametric form in Section 6.2 if # = /2 and A = ¢, i.e., the point P lies in the
plane D = 0, so x = 7t/2. The plane D = 0 includes the point F = —1for A = ¢ = 7,
corresponding to a pure half-wave retarder. For the plane R = 0, sin A = 0, corresponding
to the case of a pure diattenuater, and taking 0 < ¢ < 77, then § = 0 and D = cosx = sin .
Then A = 0, F = cosy = sink, and ¢ = /2 —x; or A = 7, F = cosyp = —sink,
and ¢ = 71/2+x. The point F = —1 is excluded from this plane. A quarter-wave
retarding diattenuater has A = 71/2, so P is in the plane F = 0. Then ¢ = 7r/2 and 6 = «.
As introducing the coordinates F, D, R, simplifies the expressions significantly, we have
also presented this form for M, C and F in Section 6.2 for the parameterized homogeneous
deterministic case.

The case of a linear homogeneous retarding diattenuater can be generalized to the
elliptic case, using the identities

\@sinfem: sin o0 = /T~ Fo? cosk +isinAsink

; TT,
2 V1+cosy V1+ cosAsink V7

giving M, C, F, in terms of A, x and x, as shown in Section 5.1. The special case of a circular
retarding diattenuater is presented in Section 5.2. We stress that Section 6.1 applies for any
deterministic Mueller matrix, even for the inhomogeneous case.

(15)
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Moo

M=———
1+u?+02

Figure 1. The representation of the transformation given by an homogeneous retarding diattenuater
on the generalized retardation sphere, a portion of an analogy to the Poincaré sphere. (a) Polar
coordinates ¢, 0 aligned on the F-axis; (b) polar coordinates «, A aligned on the D- axis The Cartesian
coordinates D = cosk and R = sin Asin « are the diattenuation and the retardation, 0 < (D,R) < 1.
The coordinate F = cosAsink, —1 < F < 1, is a measure of the strength of the polarization
transformation, with the point F = 1 corresponding to no change, and the circle F = 0, D? + R = 1
to a quarter-wave retarding diattenuater. The point F = —1, D = R = 0 (not shown) corresponds to a
half-wave retarder.

In addition to giving simpler expressions for some general cases, the spherical polar
coordinates ¢, 0 have the advantage over the x, A coordinates that they correctly determine
the behaviour at the half-wave condition, F = —1, where there is a singularity that coincides
with the pole of the coordinate system at ¢ = 7r. However, the physical system only exhibits
a single singularity, whereas the coordinate system ¢, § has two singular points. There is
some advantage, therefore, in introducing a set of coordinates based on a stereographic
projection, related to the Riemann sphere, which exhibits a single singular point. We
introduce the coordinates u, v, defined as

D COS K R sin Asinx > o 1-—F

= 1+F - 1+cosAsinK'U: 1+F - 1+cosAsinK;u tU= 1+ F’

(16)

so that lines of constant u, v are orthogonal sets of circles on the generalized retardation
sphere, passing through the point F = —1, and inclined at angles arctan u, arctan v, respec-
tively, to the F axis, as illustrated in Figure 2. We have

1—u?— o2 2u 20
= —F 5, D - 5 R = 5. 17
1+u?+02 1+u?+02 1+u?+02 17)
The relationships between the different coordinates is illustrated in Figure 3.
Then v D+ iR
— i6 = ! = 1
tan > e 15T u -4 1o, (18)

and for a deterministic elliptical homogeneous retarding diattenuater, we obtain the
simple expressions

1+ u? + o2 2lu 2mu 2nu

2lu 1+ QP -1)(u?+v%)  2nv+Im(u?+0%)]  2[-mo+ nl(u?+0?)]
2mu 2[—no+Im(u? +0*)] 1+ @2m?> —1)(u?+0%) 2[v+mn(u®+0?)] |’
2nu 2[mo +nl(u? +0?)]  2[~lv+mn(u?®+v*)] 1+ 2n?—1)(u?+0?)
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1 l(u —iv) m

_ 2Mpy Hu+iv) P?+9?) Im@u?+0%)  nl(u?+0?)
14+ w2+ 02 | mu+iv) Im(u?+0?) m?(u?+0%) mn(u?+0%) |’
n(u+iv) nl(u?+02) mn(u?+0?) n*u?+0?)
1 0 00
[ 2Mg | Iu+iv) 0 0 0
F= 14+u24+v2|mu+iv) 0 0 0 (19)
n(u+iv) 0 0 0

The point F = 1,u = v = 0 corresponds to free space, F = 0,u> +v> = 1to a
quarter-wave elliptic retarding diattenuater, and F = —1,u? + v> — oo, to a half-wave
elliptic retarder.

Figure 2. Lines of constant value of u, v on the surface of the generalized retardation sphere, two

orthogonal sets of circles all passing through the point F = —1 (hidden from view).
08[ 06|04 07
1501, 2 H 150}, 150(f ///”— _
2 \ S
AC) ’ AC) AC) AT
- =1 11 D;
100}] w=l N 0 1004 100 1 09 (0.8 [o.6 f04 j02 [
8 9 |
04| 06 R ~|__|
s0llrg \ < ]
50 1 50 f ] R0 NPT
0.8/ I~ | ]
o o > ‘ 0.6/ 0.4 07\@_
0 i i i Q. ! i 60 4‘5 30%] - 1 0 — : 2
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Figure 3. The variation of the parameters (a) u,v and S, (b) ¢ and 6, and (c) D, R and F, with x and A.

Summing up, an homogeneous deterministic system can be specified by five parame-
ters (neglecting absolute phase), a scalar (the gain, M), and two unit vectors each with
two independent parameters. The unit vectors can be taken as an orientation in Stokes
space, described by angles x, ¢ or direction cosines [, 1, n; and an orientation in generalized
retardation space, described by angles A, x or ¢, 6, direction cosines F, D, R, or stereographic
coordinates u, v. For an inhomogeneous deterministic system, there are seven parameters,
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again a scalar My and a unit vector in Stokes space, together with a further four parameters,
which can conveniently be taken as S = (42 +02)1/2 = [(1 - F)/(1+ F)]V/2 = tan(¢/2),
specifying the (amplitude) strength of the polarization interaction, together with 61,65, 63,
corresponding to a rotation in a 4D space. Then, for the homogeneous case, S represents a
radius in the stereographic projection of the generalized retardance sphere, in which
u,v are Cartesian coordinates, with the circle S = 1 corresponding to quarter-wave
retarding diattenuaters.

Finally, the expressions in Sections 6.1, 6.2 and 7, and others, can be generalized to
nondeterministic systems by including additional columns in the corresponding coherency
matrix factor. However, for this to give a valid F, the columns must satisfy orthogonal-
ity conditions. For the general nondeterministic case, there are 16 parameters, with 7,
5, 3 and 1 parameters, respectively, for the component deterministic coherency vectors.
There is also the special case of a nondeterministic system, with up to four homogeneous
deterministic components.

Funding: This research received no external funding.

Conflicts of Interest: The author declare no conflict of interest.

References

1. Gil, J.J.; Ossikovski, R. Polarized Light and the Mueller Matrix Approach; CRC Press: Boca Raton, FL, USA, 2016.

2. Shurcliff, W.A. Polarized Light: Production and Use; Harvard University Press: Cambridge, MA, USA, 1962.

3. Collett, E. Field Guide to Polarization; SPIE Press: Bellingham, WA, USA, 2005.

4. Cloude, S.R. Group theory and polarization algebra. Optik 1986, 75, 26-36.

5. Cloude, S.R. Conditions for the physical realisability of matrix operators in polarimetry. Proc. SPIE 1989, 116, 177-185.

6. Cloude, S.R.; Pottier, E. A review of target decomposition theorems in radar polarimetry. IEEE Trans. Geosci. Remote Sens. 1996, 34,
498-518. [CrossRef]

7. Cloude, S.R. Depolarization by aerosols: Entropy of the Amsterdam light scattering database. J. Quant. Spectrosc. Radiat. Transf.
2009, 110, 1665-1676. [CrossRef]

8.  Cloude, S.R. Polarization: Applications in Remote Sensing; Oxford University Press: Oxford, UK, 2009.

9.  Ortega-Quijano, N.; Marvdashti, T.; Ellerbee, A.K. Enhanced depolarization contrast in polarization- sensitive optical coherence
tomography. Opt. Lett. 2016, 41, 2350-2353. [CrossRef]

10.  Van Eeckout, A.; Lizana, A.; Garcia-Caurel, E.; Gil, ].]J.; Ossikovski, R.; Campos, J. Synthesis and characterization of depolarizing
samples based on the indices of polarimetric purity. Opt. Lett. 2017, 42, 4155-4158. [CrossRef]

11.  Sheppard, C.J.R.; Bendandi, A.; Le Gratiet, A.; Diaspro, A. Coherency and differential Mueller matrices for polarizing media. J.
Opt. Soc. Am. A 2018, 35, 2058-2069. [CrossRef]

12.  Le Gratiet, A.; Bendandi, A.; Sheppard, C.J.R.; Diaspro, A. Polarimetric optical scanning microscopy of zebrafish embryonic
development using the coherency matrix. J. Biophoton. 2021, 14, e202000494. [CrossRef]

13.  Simon, R. Nondepolarizing systems and degree of polarization. Opt. Commun. 1990, 77, 349-354. [CrossRef]

14. Sheppard, C.J.R.; Le Gratiet, A.; Diaspro, A. Factorization of the coherency matrix of polarization optics. J. Opt. Soc. Am. A 2018,
35, 586-590. [CrossRef]

15. Chipman, R.A. Polarization Aberrations, Ph.D. Thesis, University of Arizona, Tucson, AZ, USA, 1987.

16. Kuntman, E.; Kuntman, M.A.; Arteaga, O. Vector and matrix states for Mueller matrices of nondepolarizing optical media. J. Opt.
Soc. Am. A 2017, 34, 80-86. [CrossRef] [PubMed]

17.  Sheppard, C.J.R.; Castello, M.; Diaspro, A. Expressions for parallel decomposition of the Mueller matrix. J. Opt. Soc. Am. A 2016,
33,741-751. [CrossRef]

18. Parke, N.G., III. Matrix Optics. Ph.D. Thesis, Massachusetts Institute of Technology, Cambridge, MA, USA, 1948.

19. Simon, R. The connection between Mueller and Jones matrices of polarization optics. Opt. Commun. 1982, 42, 293-297. [CrossRef]

20. Jones, R. C. A new calculus for the treatment of optical systems. I. Description and discussions of the calculus. ]. Opt. Soc. Am.
1941, 31, 488-493. [CrossRef]

21. Sheppard, C.J.R. Parameterization of the Mueller matrix. J. Opt. Soc. Am. A 2016, 33, 2323-2332. [CrossRef] [PubMed]

22. Jensen, H.P; Schellman, J.A.; Troxell, T. Modulation techniques in polarization spectroscopy. Appl. Spectrosc. 1978, 32, 192-200.
[CrossRef]

23.  Schellman, J.A.; Jensen, H.P. Optical spectroscopy of oriented molecules. Chem. Rev. 1987, 87, 1359-1399-200. [CrossRef]

24.  Schonhofer, A.; Kuball, H.-G.; Puebla, C. Optical activity of oriented molecules. IX. Phenomenological Mueller matrix description
of thick samples and of optical elements. Chem. Phys. 1983, 76, 453-467. [CrossRef]

25. Sheppard, C.J.R.; Bendandi, A.; Le Gratiet, A.; Diaspro, A. Eigenvectors of polarization coherency matrices. J. Opt. Soc. Am. A

2020, 37, 1143-1154. [CrossRef]


http://doi.org/10.1109/36.485127
http://dx.doi.org/10.1016/j.jqsrt.2009.01.030
http://dx.doi.org/10.1364/OL.41.002350
http://dx.doi.org/10.1364/OL.42.004155
http://dx.doi.org/10.1364/JOSAA.35.002058
http://dx.doi.org/10.1002/jbio.202000494
http://dx.doi.org/10.1016/0030-4018(90)90123-B
http://dx.doi.org/10.1364/JOSAA.35.000586
http://dx.doi.org/10.1364/JOSAA.34.000080
http://www.ncbi.nlm.nih.gov/pubmed/28059227
http://dx.doi.org/10.1364/JOSAA.33.000741
http://dx.doi.org/10.1016/0030-4018(82)90234-6
http://dx.doi.org/10.1364/JOSA.31.000488
http://dx.doi.org/10.1364/JOSAA.33.002323
http://www.ncbi.nlm.nih.gov/pubmed/27906260
http://dx.doi.org/10.1366/000370278774331567
http://dx.doi.org/10.1021/cr00082a004
http://dx.doi.org/10.1016/0301-0104(83)85227-6
http://dx.doi.org/10.1364/JOSAA.391902

Photonics 2022, 9, 394 35 of 35

26.
27.

28.

29.

30.

31.

32.

33.

34.

35.
36.

37.

38.

39.

Van de Hulst, H. Light Scattering by Small Particles; Wiley: New York, USA, 1957.

Mishchenko, ML.I. Enhanced backscattering of polarized light from discrete random media: In exactly the backscattering direction.
J. Opt. Soc. Am. A 1992, 9,978-982. [CrossRef]

Mishchenko, M.I.; Hovenier, ].W. Depolarization of light backscattered by randomly oriented nonspherical particles. Opt. Lett.
1995, 20,1356-1358. [CrossRef] [PubMed]

Sheppard, C.J.R.; Bendandi, A.; Le Gratiet, A.; Diaspro, A. Eigenvalues of the coherency matrix for exact backscattering. J. Opt.
Soc. Am. A 2019, 36, 1540-1550. [CrossRef] [PubMed]

Ossikovski, R. Differential and product Mueller matrix decompositions: A formal comparison. Opt. Lett. 2012, 37, 220-222.
[CrossRef]

Sridar, R.; Simon, R. Normal form for Mueller matrices in polarization optics. . Mod. Opt. 1994, 41, 1903-1915. [CrossRef]
Bolshakov, Y.; van der Mee, C.V.M.; Ran, A.C.M.; Reichstein, B.; Rodman, L. Polar decompositions in finite dimensional indefinite
scalar product spaces: Special cases and applications. Oper. Theory Adv. Appl. 1996, 87, 61-94. Errata in Integr. Eq. Oper. Theory
1997, 27, 497-501. [CrossRef]

Gopala Rao, A.V.; Mallesh, K.S.; Sudha. On the algebraic characterization of a Mueller matrix in polarization optics, I. Identifying
a Mueller matrix from its N matrix. J. Mod. Opt. 1998, 45, 955-987.

Gopala Rao, A.V.; Mallesh, K.S.; Sudha. On the algebraic characterization of a Mueller matrix in polarization optics, II. Necessary
and sufficient conditions for Jones-derived Mueller matrices. |. Mod. Opt. 1998, 45, 989-999.

Ossikovski, R. Canonical forms of depolarizing Mueller matrices. J. Opt. Soc. Am. A 2010, 27, 123-130. [CrossRef]

Ossikovski, R.; Vizet, J. Eigenvalue-based depolarization metric spaces for Mueller matrices. J. Opt. Soc. Am. A 2019, 36, 1173-1186.
[CrossRef]

Lu, S.-Y.; Chipman, R.A. Interpretation of Mueller matrices based on polar decomposition. J. Opt. Soc. Am. A 1996, 13, 1106-1113.
[CrossRef]

Arteaga, O.; Canillas, A. Analytic inversion of the Mueller-Jones polarization matrices for homogeneous media. Opt. Lett. 2010,
35, 559-561. [CrossRef] [PubMed]

Sheppard, C.J.R. Parameterization of the deterministic Mueller matrix: Application to a uniform medium. J. Opt. Soc. Am. A 2017,
34, 602-608. [CrossRef] [PubMed]


http://dx.doi.org/10.1364/JOSAA.9.000978
http://dx.doi.org/10.1364/OL.20.001356
http://www.ncbi.nlm.nih.gov/pubmed/19862013
http://dx.doi.org/10.1364/JOSAA.36.001540
http://www.ncbi.nlm.nih.gov/pubmed/31503848
http://dx.doi.org/10.1364/OL.37.000220
http://dx.doi.org/10.1080/09500349414551811
http://dx.doi.org/10.1007/BF01192129
http://dx.doi.org/10.1364/JOSAA.27.000123
http://dx.doi.org/10.1364/JOSAA.36.001173
http://dx.doi.org/10.1364/JOSAA.13.001106
http://dx.doi.org/10.1364/OL.35.000559
http://www.ncbi.nlm.nih.gov/pubmed/20160817
http://dx.doi.org/10.1364/JOSAA.34.000602
http://www.ncbi.nlm.nih.gov/pubmed/28375330

	Introduction
	Two Simple Special Cases
	Free Space 
	Perfect Depolarizer

	Table for Diattenuaters
	Elliptic Diattenuater
	Elliptic Diattenuater at =0
	Elliptic Diattenuater at =45
	Elliptic Diattenuater at =90
	Elliptic Diattenuater at =135
	Linear Diattenuater
	Linear Diattenuater at =0
	Linear Diattenuater at =45
	Linear Diattenuater at =90
	Linear Diattenuater at =135
	Circular Diattenuater
	Elliptic Polarizer
	Elliptic Polarizer at =0
	Elliptic Polarizer at =45
	Elliptic Polarizer at =90
	Elliptic Polarizer at =135
	Linear Polarizer
	Linear Polarizer at =0
	Linear Polarizer at =45
	Linear Polarizer at =90
	Linear Polarizer at =135
	Circular Polarizer

	Table for Retarders
	Elliptic Retarder
	Elliptic Retarder at =0
	Elliptic Retarder at =45
	Elliptic Retarder at =90
	Elliptic Retarder at =135
	Quarter-Wave Elliptic Retarder
	Half-Wave Elliptic Retarder
	Linear Retarder
	Linear Retarder at =0
	Linear Retarder at =45
	Linear Retarder at =90
	Linear Retarder at =135
	Quarter-Wave Linear Retarder
	Quarter-Wave Linear Retarder at =0
	Quarter-Wave Linear Retarder at =45
	Quarter-Wave Linear Retarder at =90
	Quarter-Wave Linear Retarder at =135
	Half-Wave Linear Retarder (Pseudorotator)
	Half-Wave Linear Retarder at =0
	Half-Wave Linear Retarder at =45
	Half-Wave Linear Retarder at =90
	Half-Wave Linear Retarder at =135
	Circular Retarder (Rotator, with 2=)
	Quarter-Wave Circular Retarder, Right
	Quarter-Wave Circular Retarder, Left
	Half-Wave Circular Retarder

	Table for Other Systems
	Elliptic Homogeneous Retarding Diattenuater
	Circular Retarding Diattenuater 
	Linear Homogeneous Retarding Diattenuater 
	Linear Homogeneous Retarding Diattenuater at =0 (Horizontal)
	Linear Homogeneous Retarding Diattenuater at =45 
	Linear Homogeneous Retarding Diattenuater at =90 
	Linear Homogeneous Retarding Diattenuater at =135 
	Quarter-Wave Elliptic Homogeneous Retarding Diattenuater
	Half-Wave Elliptic Homogeneous Retarding Diattenuater
	Inhomogeneous Right Circular Polarizer
	Normal Reflection from a Dielectric
	Aligned Linear Retarding Diattenuater: ABCD Matrix
	Medium of Scattering Particles Obeying Reciprocity and with a Plane of Symmetry
	Rotationally Symmetric Medium of Asymmetric Scatterers in the Direct Forward Scattering Direction
	Medium of Asymmetric Scatterers in the Exact Backscattering Direction
	Medium of Asymmetric Scatterers in the Non-Exact Backscattering Direction, with Rotational Symmetry of the Medium
	Medium of Asymmetric Scatterers in the Exact Backscattering Direction, with Rotational Symmetry of the Medium
	G-Antisymmetric Mueller Matrix
	G-Symmetric Mueller Matrix
	Symmetric Mueller Matrix
	Canonical Mueller Matrix, Type-I
	Canonical Mueller Matrix, Type-II (Bolshakov)
	Canonical Mueller Matrix, Type-II (Ossikovski 1)
	Canonical Mueller matrix, Type-II (Ossikovski 2)

	Parameterized Deterministic Mueller Matrix
	Parameterized Deterministic Mueller Matrix
	Parameterized Homogeneous Deterministic Mueller Matrix
	Parameterized Linear Homogeneous Deterministic Mueller Matrix

	Uniform Deterministic Medium
	Discussion
	References

