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Abstract: In this work, we theoretically and numerically show that in the superposition of optical
Gaussian vortices with a symmetric OAM spectrum, the normalized orbital angular momentum
(OAM) carried by the beam and the topological charge (TC) equal TC of the middle constituent vortex.
We also show that after passing a sector-shaped aperture, the symmetric superposition preserves the
OAM carried, with the TC becoming fractional and proportional to the angle of the sector aperture.
As it further propagates in free space after the sector aperture, the TC of the superposition becomes an
integer, albeit indefinite, thanks to the aperture edges generating a multitude of extra optical vortices
with positive and negative unit TC, irregularly arranged across the beam.
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1. Introduction

Orbital angular momentum (OAM) and topological charge (TC) are key parameters
that characterize optical vortex laser beams [1]. In Laguerre–Gaussian (LG) vortex beams,
the normalized-to-power OAM is known to equal the TC, denoted as l [2]. LG beams,
as well as some other familiar vortex beams, including Bessel–Gaussian [3], Hypergeo-
metric [3,4], Hypergeometric–Gaussian [5,6], and circular [7] beams are characterized by
homogeneous OAM density. Therefore, for such beams, whose complex amplitude is
expressed as A(r,z)exp(ilϕ) through the cylindrical coordinates (r, ϕ, z), the normalized
OAM equals TC = l at any point of their cross-section. It stands to reason that after passing
through an arbitrary-shaped aperture, the density of the normalized OAM carried by
such beams remains unchanged and equals l, and so does the total normalized OAM = l.
Hence, we conclude that, irrespective of the shape of the aperture through which the beam
A(r,z)exp(ilϕ) passes, the normalized OAM is carries remains unchanged. It has been
demonstrated [8] that when passing an on-axis superposition of vortex beams through a
sector-shaped aperture, the OAM preserved just at certain values of angles of the sector
aperture. Superposition of optical vortices with symmetric OAM spectrum has been shown
to carry the normalized OAM equal to the TC of the middle constituent optical vortex [9].
Hence, vortex beams with symmetric OAM spectrum feature the homogeneous density
of the OAM which is equal to the TC of the middle (central) constituent optical vortex.
We may conjecture that given a vortex beam with symmetric OAM spectrum, no sector
aperture will change the OAM value.

In this work, we show that after passing through an arbitrary-angle sector aperture,
the normalized OAM carried by superposition of optical vortices with symmetric OAM
spectrum remains unchanged. As a follow-up to work [9], we also show that in the
on-axis superposition of optical vortices with symmetric OAM spectrum, the TC equals
that of the middle constituent beam. Hence, we may infer that all optical vortices with
a symmetric OAM spectrum that have the same TC of the middle constituent vortex
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carry the same OAM and have the same TC, with both being equal to the TC of the
middle constituent vortex. When passed through a sector aperture, such superposition
of laser optical vortices can be utilized as specially encoded beams providing stable data
transmission (thanks to wide OAM spectrum) through a turbulent medium, while boasting
high-density data transmission (owing to mutual orthogonality) and enhanced security
(owing to sector-aperture-aided encoding). Improving techniques for noise reduction upon
optical signal transmission through turbulent media, including atmosphere [10,11], under
water [12], turbulent plasma [13,14], ultrasound turbulence [15], has been a highly relevant
task [16–19].

2. Orbital Angular Momentum of Superposition of Vortices with Symmetric Spectrum

The complex amplitude of a source light field generated by superposition of Gaussian
optical vortices may be given by

E(r, ϕ) = exp
(
− r2

w2 + in0 ϕ
) N

∑
n=−N

Cn exp(inϕ),

Cn = |Cn| exp(iϕn), ϕ0 = 0.
(1)

In (1), w is the radius of the Gaussian beam waist, Cn are complex weight coefficients,
n0 is the middle TC, and (r, ϕ) are the polar coordinates. Assume the OAM spectrum of the
superposition to be symmetric, i.e., C−n = C∗n. Then, we can find the normalized-to-power
OAM carried by the beam of Equation (1) using familiar formulae for a linearly polarized
paraxial beam that define the OAM Jz and power W of the beam [20]:

Jz = −i
∞∫
0

2π∫
0

E∗(r, ϕ) ∂
∂ϕ E(r, ϕ)rdrdϕ,

W =
∞∫
0

2π∫
0

E∗(r, ϕ)E(r, ϕ)rdrdϕ.
(2)

Substituting (1) into (2) yields:

Jz =
∞∫
0

exp
(
− 2r2

w2

)
rdr

2π∫
0

N
∑

n=−N

N
∑

m=−N
C∗nCm(n0 + m) exp[i(m− n)ϕ]dϕ =

2πW0
N
∑

n=−N
(n0 + n)|Cn|2 = n0W+2πW0

N
∑

n=−N
n|Cn|2 = n0W,

W = 2π
∞∫
0

exp
(
− 2r2

w2

)
rdr

N
∑

n=−N
|Cn|2 = 2πW0

N
∑

n=−N
|Cn|2.

(3)

In (3), the last equality in the relationship for Jz follows from the symmetry condition
for the OAM spectrum:

N

∑
n=−N

n|Cn|2 =
N

∑
n=1

n
(
|Cn|2 − |C−n|2

)
= 0. (4)

Thus, from (3) it follows that the normalized OAM carried by superposition (1) equals
the TC of the middle constituent beam:

Jz

W
= n0. (5)

3. Topological Charge of Superposition of Vortices with Symmetric OAM Spectrum

The simple form of the relationship (5) for the normalized OAM suggests an idea
that the TC of superposition (1) would also be equal to that of the middle beam, i.e., n0.
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Let us prove this conjecture. Using the symmetry condition, C−n = C∗n, Equation (1) is
rearranged into:

E(r, ϕ) = exp
(
− r2

w2 + in0 ϕ
)(

C0 + 2
N
∑

n=1
|Cn| cos(nϕ + ϕn)

)
=

A(r, ϕ) exp(in0 ϕ), Im(A(r, ϕ)) = 0.
(6)

Equation (6) suggests that superposition (1) can be represented as an angular harmonic
exp(in0 ϕ), whose TC equals the middle TC, multiplied by a real function A(r, ϕ). Let us
demonstrate that the TC of such a light field equals n0. The TC can be calculated using M.
Berry’s formula [21]:

TC =
1

2π
lim
r→∞

Im
2π∫
0

dϕ
∂E(r, ϕ)/∂ϕ

E(r, ϕ)
. (7)

In (7), ‘lim’ stands for the limit when tending the radial variable to infinity and Im is
the imaginary part of the number. Substituting (6) into (7) yields:

TC = 1
2π lim

r→∞
Im

2π∫
0

dϕ
(∂A(r,ϕ)/∂ϕ+in0 A(r,ϕ)) exp(in0 ϕ)

A(r,ϕ) exp(in0 ϕ)
=

n0 +
1

2π lim
r→∞

Im
2π∫
0

dϕ
(∂A(r,ϕ)/∂ϕ)

A(r,ϕ) = n0.
(8)

The last equality in (8) follows from the fact that the imaginary part of the integral
equals zero because the integrand is a real function. Hence, we have proven that the TC of
superposition of optical vortices with symmetric OAM spectrum in Equation (1) equals
that of the middle constituent beam:

TC = n0. (9)

4. Conservation of the OAM Carried by a Field with Symmetric OAM Spectrum after
Passing through a Sector Aperture

Similar to Equation (3), it is possible to derive an expression to describe the normalized
OAM carried by field (1) having passed through a sector aperture with the angle 2α, located
symmetrically relative to the x-axis. Unlike Equation (3), the integration with respect to
the polar angle needs to be performed over a sector with angle 2α, and not over the closed
circle. Another requirement is that the weight coefficients in the superposition Im Cn = 0
should be real. Thus, substituting (1) into (2) yields:

Jz,α =
∞∫
0

exp
(
− 2r2

w2

)
rdr

N
∑

n=−N

N
∑

m=−N
CnCm(n0 + m)

α∫
−α

exp[i(m− n)ϕ]dϕ =

4απW0
N
∑

n=−N

N
∑

m=−N
CnCm(n0 + m)sinc[(n−m)α],

W = 4απW0
N
∑

n=−N

N
∑

m=−N
CnCmsinc[(n−m)α].

(10)

In (10), sinc(x) = sin(x)/x. The normalized OAM will be given by

Jz,α
W =

N
∑

n=−N

N
∑

m=−N
CnCm(n0+m)sinc[(n−m)α]

N
∑

n=−N

N
∑

m=−N
CnCmsinc[(n−m)α]

=

n0 +

N
∑

n=−N

N
∑

m=−N
CnCmmsinc[(n−m)α]

N
∑

n=−N

N
∑

m=−N
CnCmsinc[(n−m)α]

= n0.

(11)
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The last equality in (11) results from the symmetry condition for the OAM spectrum
and the fact that the sinc-function is even:

N
∑

m=1
mCm

N
∑

n=−N
Cn{sinc[(n−m)α]− sinc[(n + m)α]} =

N
∑

m=1
mCm

N
∑

n=1
Cn{sinc[(n−m)α]− sinc[(n + m)α]+

sinc[(n + m)α]− sinc[(n−m)α]} = 0.

(12)

Thus, Equation (11) suggests that given that ImCn = 0, the normalized OAM carried
by field (1) is preserved after passing through a sector aperture with an arbitrary angle 2α.

5. Topological Charge of Superposition with Symmetric OAM Spectrum after Passing
through a Sector Aperture

Here, we demonstrate that immediately after a sector aperture with angle 2α, field (1)
has the fractional TC = αn0/π. Substituting (1) into (7) yields:

TC = Re
2π

α∫
−α

N
∑

n=−N
(n0+n)Cn exp(inϕ)

N
∑

n=−N
Cn exp(inϕ)

dϕ =

α
π n0 +

Re
2π

α∫
−α

2i
N
∑

n=1
n|Cn | sin(nϕ+ϕn)

C0+2
N
∑

n=1
|Cn | cos(nϕ+ϕn)

dϕ = α
π n0.

(13)

The last equality in (13) results from the fact that the integration produces a pure
imaginary number, whereas there is a real-number sign in front of the integral, meaning
that the entire second term is zero. Hence, it follows from (13) that immediately behind the
sector aperture, the TC of superposition (1) becomes a real number. In the meantime, owing
to the property of the complex amplitude being continuous upon free-space propagation,
the TC needs to be integer.

Below, we demonstrate that upon free-space propagation, field (1) has an integer,
albeit indefinite, TC. For simplicity, the source field is taken in the form of a single-ring
Laguerre-Gaussian beam with its complex amplitude given by

E(r, ϕ) = exp
(
− r2

w2 + imϕ

)( r
w

)m
. (14)

The transmission of a symmetric sector aperture with the open-sector polar angle
found in the interval −α < ϕ < α can be given as an expansion into a Fourier series in
terms of even harmonics:

sect(ϕ, α) =
∞

∑
n=−∞

sin(αn)
πn

exp(inϕ) =
2α

π

(
1
2
+

∞

∑
n=1

(
sin(αn)

αn

)
cos(nϕ)

)
. (15)

Then, after passing through the sector aperture of Equation (15), the source field of
Equation (14) produces at the focus of a spherical lens the amplitude given by

E f (ρ, θ) =

(
−ik
2π f

)∫ ∞

0

∫ 2π

0
E(r, ϕ)sect(ϕ, α) exp

(
−i

krρ

f
cos(ϕ− θ)

)
rdrdϕ, (16)
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where f is the focal length of the spherical lens, k is the wavenumber, (ρ,θ) are the polar
coordinates at the focus of the spherical lens. The integrals in (16) can be calculated using
Kummer’s function:

E f (ρ, θ) = (−i)m+1m!
(

αz0
π f

)
ym exp

(
−y2 + imθ

)
×[

1 +
∞
∑

n=1

sin(αn)
αn

{
(−i)nyneinθ(m+1+n/2)

m!(m+n)! M( n
2 , m + n + 1, y2)+

iny−ne−inθ(m+1−n/2)
m!(m−n)! M(− n

2 , m− n + 1, y2)
}]

,

(17)

where y = kwρ/(2 f ), z0 = kw2/2 is the Rayleigh range, Γ(x) is the gamma-function,
M(a,b,c) is Kummer’s function. According to Equation (7), for the TC of field (17) to
be derived, it would suffice to know an asymptotic relation for the complex amplitude
at ρ→ ∞. The asymptotic relation can be found using an approximate expression for
Kummer’s function at large values of the argument [22]:

M(a, b, z >> 1) ≈ (b)
(a)

za−b exp(z). (18)

Then, at ρ >> 1, Equation (17) is rearranged to

E f (ρ >> 1, θ) ≈ (−i)m+1m!
(

αz0
π f

){
ym exp

(
−y2 + imθ

)
+

eimϕ

m!ym+2

[
∞
∑

n=1

sin(αn)
αn

(
einθ(m+1+n/2)

(n/2) + e−inθ(m+1−n/2)
(−n/2)

)]}
,

(19)

where θ = θ − π/2 is the polar angle with due regard for the 90-degree rotation of the
entire intensity pattern in the far field. In (19), at large y, the first term in the curly
brackets tends to zero faster thanks to the presence of decaying exponent when compared
with the second term in the square brackets, which decays as y−(m + 2). So, it can be
neglected in Equation (19). The ratio of Gamma functions in (19) can be replaced by
Pochhammer symbols:

E f (ρ >> 1, θ) ≈ (−i)m!
(

αz0
π f

)
eimθ

m!ym+2×[
∞
∑

n=1

sin(αn)
αn

(
einθ
( n

2
)

m+1 + e−inθ
(
− n

2
)

m+1

)]}
.

(20)

From Equation (20), the Pochhammer symbol (−n/2)m + 1 [22] is seen to equal zero
at even numbers n = 2p, p = 1,2,3, etc., and at p < (m + 1), meaning that in superposition
of optical vortices, several first angular harmonics with negative numbers will be missing.
Moreover, in (20) all coefficients (n/2)m + 1 by the positive harmonics exp(inθ) are larger in
the absolute value than the coefficients (−n/2)m + 1 by the negative harmonics exp(−inθ).
Because of this, with superposition of vortices in (20) being infinite, the TC of field (20)
will also be infinite when calculated along an infinite-radius circle based on Equation (7).
However, when calculated along various finite-radius circles (as is the case in practice),
the TC will take different values at different radii, thus being indefinite. It is worth noting
that the number of vortices with a positive TC = +1 is larger than those with the negative
TC = −1. We also note that in the vicinity of the optical axis, where the intensity is not too
low, there are m optical vortices with TC = +1. The remaining optical vortices with opposite
signs will be found at the beam periphery, where the intensity is near zero. Such peripheral
vortices are impossible to detect experimentally, but can be visualized using the numerical
modeling, as we demonstrate in the next section.
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6. Simulation
6.1. Preservation of OAM after Diaphragm

Here, we demonstrate how a Gaussian beam with a symmetric OAM spectrum
changes its shape when spectrum is changed by increasing the sidelobes and by widening.
Figure 1a,b show the intensity distribution in the initial plane and at the Rayleigh range
for a narrow three-component OAM spectrum, consisting mainly of a single component:
C−1 = 0.05i, C0 = 1, C1 = −0.05i. Other computation parameters are the following: wave-
length λ = 532 nm, waist radius of the Gaussian envelope w0 = 0.5 mm, central topological
charge of the optical vortices n0 = 5. When the sidelobes in the OAM spectrum increase
(C−1 = 0.1i, C0 = 1, C1 = −0.1i), the light ring becomes asymmetric, with one side being
bright and the other side being pale (Figure 1c,d). The asymmetry further increases and
the light ring transforms into a crescent (Figure 1e,f) with growing sidelobes in the OAM
spectrum (C−1 = 0.3i, C0 = 1, C1 = −0.3i). When the OAM spectrum widens and includes
five vortices instead of three (C−2 = 0.1eiπ/4, C−1 = 0.3i, C0 = 1, C1 = −0.3i, C2 = −0.1e−iπ/4),
the initial intensity distribution is rotated (Figure 1g), although it does not significantly
change the intensity pattern at the Rayleigh range (Figure 1h). When the beam passes
through a sector aperture with the half-angle α = 2π/3 (Figure 1i,j) and α = π/3 (Figure 1k,l),
the intensity pattern at the Rayleigh range becomes initially a light arc (Figure 1j) and a
light spot (Figure 1l).
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Figure 1. Intensity distributions of the beam (1) in the initial plane (columns 1 and 3) and at the
Rayleigh distance from it (columns 2 and 4), when the side components in the OAM spectrum
increase (a–f), when the OAM spectrum widens (g,h), and when the initial beam is truncated by a
sector aperture (i–l). The length of the horizontal line segment is 1 mm.

As seen in Figure 1, both changes in the OAM spectrum and applying the sector
aperture lead to significant changes in the intensity pattern. However, numerical com-
putation of the normalized OAM Jz/W by Equation (2) yields nearly the same values:
5.0006 (Figure 1a–d), 5.0463 (Figure 1e,f), 5.0375 (Figure 1g,h), 4.9742 (Figure 1i,j), 4.9579
(Figure 1k,l). Thus, in all cases we numerically obtained the values nearly equal to 5.

In the above example, we considered a case when the OAM spectrum decays fast
from the central component. Now we consider an opposite case, when the OAM spectrum
consists of five components and has a nearly flat shape.

Figure 2 illustrates the intensity (columns 1 and 3) and phase (columns 2 and 4)
distributions of the beam (1) in the initial plane (columns 1 and 2) and at the Rayleigh
distance from it (columns 3 and 4), when the beam (1) is not truncated (row 1) or truncated
by a sector aperture with the half-angle α = 2π/3 (row 2) and α = π/3 (row 3). Other
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computation parameters are the following: wavelength λ = 532 nm, waist radius of the
Gaussian envelope w0 = 0.5 mm, central topological charge of the optical vortices n0 = 5,
number of vortices in the superposition N = 5, weight coefficients in the superposition
C−2 = 0.8eiπ/4, C−1 = 0.9eiπ/2, C0 = 1, C1 = 0.9eiπ/2, C2 = 0.8eiπ/4. The patterns in the initial
plane were computed directly by Equation (1), whereas the patterns at the Rayleigh distance
were computed by the numerical Fresnel transform, implemented as the convolution with
using fast Fourier transforms.
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Figure 2. Intensity (columns 1 and 3) and phase (columns 2 and 4) distributions of the beam (1) in the
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(1) is not truncated (a–d) or truncated by two different sector apertures (e–l).

As seen in Figure 2, sector aperture significantly affects the intensity distribution gener-
ated after free-space propagation. However, according to the theory, the normalized OAM
Jz/W should be equal to 5 in all three cases. Numerical computation by Equation (2) yields
the following values: 4.9854 (Figure 2a,b), 4.9514 (Figure 2c,d), 4.9759 (Figure 2e,f), 4.8730
(Figure 2g,h), 4.9840 (Figure 2i,j), 4.8711 (Figure 2k,l). Thus, in all cases we numerically
obtained the values nearly equal to 5.

6.2. Integer TC of the Beam after Passing through a Sector Aperture

In this sub-section, we analyze changes in the arrangement of optical vortices that are
generated both by the original vortex beam (Equation (14)) and by the sector aperture the
beam is passing through. The numerical modeling was conducted for the waist radius of
w = 1 µm, the wavelength of λ = 532 nm, the size of the entire source field of 20 × 20 µm,
and the original TC of m = 5, using a nonparaxial Rayleigh-Sommerfeld integral. The
field was bounded by a sector with the half-angle α = 150◦, with the entire aperture being
open at α = 180◦ (so that a sector with the half-angle 30◦ is cut out). Figure 3 depicts the
above-described source field at α = 150◦.
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Figure 4 presents simulation results for the amplitude and phase at a distance of
z = λ = 0.532 µm. The Rayleigh range is about z0 = 6 µm. From the phase pattern in
Figure 4 it is seen that in the near field there are three optical vortices with TC +1 located in
the vicinity of the optical axis, with an extra vortex with TC +1 found nearby, in the shadow
zone. In addition, at some distance, above and below the optical axis, where the intensity
is near zero, there are many optical vortices (intensity nulls) that have a positive TC (+1)
below and a negative TC (−1) above the optical axis.

Photonics 2022, 9, 734  8  of  13 
 

 

 

(a)    (b)   

Figure 3. An amplitude (a) and phase (b) of the incident field at α = 150°, 20 × 20 μm, TC m = 5. 

Figure 4 presents simulation results for the amplitude and phase at a distance of z = 

λ = 0.532 μm. The Rayleigh range is about z0 = 6 μm. From the phase pattern in Figure 4 

it is seen that in the near field there are three optical vortices with TC +1 located in the 

vicinity of the optical axis, with an extra vortex with TC +1 found nearby, in the shadow 

zone. In addition, at some distance, above and below the optical axis, where the intensity 

is near zero, there are many optical vortices (intensity nulls) that have a positive TC (+1) 

below and a negative TC (−1) above the optical axis. 

 

Figure 4. Amplitude (inset) and phase of the light field of Equation (14) having passed the sector 

aperture of Equation (15) with the angle α = 150° at a distance of z = λ behind the aperture. Positive 

dislocations are purple shaded circles and negative ones are within cyan shaded circles. Both am‐

plitude and phase field sizes are 48 × 48 μm. 

For comparison, Figure 5 depicts the phase of a complex‐conjugated field relative to 

field (14) after passing through the aperture in (15) with the angle α = 150°, as in Figure 

4. From a comparison of the phases in Figure 4 and Figure 5, the left edge of the sector 

aperture  (the  left  edge dislocation)  is  seen  to predominantly  generate  optical vortices 

with TC −1  (upper purple circles  in Figures 4 and 5), with  the right edge of  the sector 

aperture (the right edge dislocation) predominantly generating optical vortices with TC 

+1 (lower cyan circles in Figures 4 and 5). It is interesting that this effect is independent 

of the sign of the TC of the incident optical vortex. 

Figure 4. Amplitude (inset) and phase of the light field of Equation (14) having passed the sector
aperture of Equation (15) with the angle α = 150◦ at a distance of z = λ behind the aperture. Positive
dislocations are purple shaded circles and negative ones are within cyan shaded circles. Both
amplitude and phase field sizes are 48 × 48 µm.

For comparison, Figure 5 depicts the phase of a complex-conjugated field relative to
field (14) after passing through the aperture in (15) with the angle α = 150◦, as in Figure 4.
From a comparison of the phases in Figures 4 and 5, the left edge of the sector aperture (the
left edge dislocation) is seen to predominantly generate optical vortices with TC −1 (upper
purple circles in Figures 4 and 5), with the right edge of the sector aperture (the right edge
dislocation) predominantly generating optical vortices with TC +1 (lower cyan circles in
Figures 4 and 5). It is interesting that this effect is independent of the sign of the TC of the
incident optical vortex.

Figure 6 also shows the intensity and phase of the above-discussed light field, though
not in the near field (z < z0), as is the case in Figure 4, but in the far field (z > z0) at a distance
of z = 20 µm.

From Figure 6, the intensity and phase patterns are seen to rotate by about 90 degrees,
also changing their form. While at the center, in the optical axis vicinity four optical vortices
with TC +1 can be found as before, below the optical axis new optical vortices, namely, the
fifth, sixth, and seventh, with TC +1 are seen to be born. In the meantime, above the optical
axis, negative optical vortices with TC −1 are located. Altogether, in the phase pattern in
Figure 6 there are seven positive vortices and eight negative vortices. However, this does
not imply that the resulting TC of the entire field in Equation (16) equals 7 − 8 = −1. If the
computation domain is increased, new optical vortices will be detected.
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shaded circles and negative ones are within cyan shaded circles. The field size is 48 × 48 µm.
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Figure 6. Amplitude (inset) and phase of light field (14) after passing through aperture (15) with the
angle α = 150◦ at a distance of z = 20 µm. Positive dislocations are purple shaded circles and negative
ones are within cyan shaded circles. Both amplitude and phase field sizes are 48 × 48 µm.

Figure 7 depicts intensity and phase patterns in the far field (z >> z0) at a distance
of z = 200 µm. Considering that upon free-space propagation an optical Gaussian vortex
diverges near linearly, practically the same optical vortices are found in Figure 7b as are in
Figure 6, the only difference being the field size of 288 × 288 µm. One can see five positive
vortices (m = 5) closest to the optical axis, with the sixth positive vortex being found below,
at a significant distance from the center. Above the axis, six negative vortices are arranged
in a semi-circle. The remaining optical vortices have not entirely vanished but have failed
to be captured as they are at a large distance from the optical axis.
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Figure 7. An amplitude (inset), phase at a distance of z = 200 µm. Positive dislocations are purple
shaded circles and negative ones are within cyan shaded circles. Both amplitude and phase field
sizes are 288 × 288 µm.

Thus, we can infer that closest to the optical axis are four positive vortices with TC +1,
with their number being equal to the number of 2π-phase jumps (Figure 3b) that have made
it through the aperture. With the fifth phase jump being cut-off by the aperture, the fifth
vortex with positive TC +1 becomes visible in Figures 5 and 6 at a larger distance from the
optical axis compared with the main four vortices. In addition to the above-mentioned 4 + 1
vortices, aperture edges generate a multitude of extra positive and negative vortices, which
are located still further away from the optical axis, in the region of near-zero intensity.

In addition, Figure 8 illustrates central areas of the phase distribution, similar to
Figure 6, but for the following topological charges of the initial field (14): m = 3 (a),
m = 4 (b), m = 6 (c). Other parameters are the same as in Figure 6 (m = 5). According to
Figure 8, the number of phase singularities is equal to the initial TC of the light field (14).
Thus, near the optical axis and at a distance from the initial plane (z = 20 µm), the TC of a
light field after the aperture with the angle α = 150◦ is conserved.
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7. Conclusions

To summarize, based on a theoretical and numerical analysis, we have demonstrated
that the normalized OAM and the TC of superposition of Gaussian optical vortices with
symmetric OAM spectrum are equal to the TC of the middle (central) constituent optical
vortex. We have also shown that immediately after passing through a sector aperture, the
OAM carried by symmetric superposition is conserved, with the TC becoming fractional
and proportional to the angle of the sector aperture. As the beam further propagates in free
space behind the sector aperture, the TC becomes integer albeit indefinite owing to aperture
edges generating a multitude of extra optical vortices with positive and negative unit TC,
which are arranged irregularly across the beam. Such laser beam superposition bounded by
a sector-shaped aperture can be specially encoded for the stable data transmission through
a turbulent medium, enabling high-density data transmission and enhanced security owing
to the aperture disturbing (encoding) the beam in a designed manner. Using an aperture
for encoding a data transmission channel in wireless telecommunications can be carried
out not only in the optical wavelength range [19], but in the radio range as well [23].

In conclusion, we consider the following issue: why after a Laguerre–Gaussian beam
passes through a sector aperture, its OAM is conserved, but the TC is indefinite. The
OAM is conserved after the aperture since the Laguerre–Gaussian beam [2] and a beam
with a symmetric OAM spectrum have the OAM density distributed uniformly in the
beam cross-section, i.e., the OAM density is the same in each point of the beam section (of
each photon). Therefore, when such a beam passes through an arbitrary-shape aperture,
including a sector one, with the area size S, the full OAM is equal to nWs, where n is the
beam TC and Ws is the beam energy passed through the aperture. Thus, the beam OAM,
normalized to the beam energy, is equal to Jz/Ws = n.

The situation is different with the TC. The aperture edge can be treated as an edge
dislocation, since the intensity is zero to the one side from the edge and nonzero to the
other side from the aperture edge. In addition, there is an optical vortex inside the aperture.
As demonstrated in several works [24–26], when the beam propagates in space, the edge
dislocation and the optical vortex (screw dislocation) interact with each other, and this
interaction generates a set of screw dislocations instead of the edge dislocation. Since the
aperture edges extend from zero to infinity, the number of screw dislocations of both signs,
born due to splitting the two edge dislocations (two aperture edges), is infinite. However,
in the area near to the optical axis, where the intensity can be measured, there is a finite
number of screw dislocations (isolated intensity nulls). Therefore, the TC of the light field
after the aperture is indefinite, since its value depends on how many screw dislocations
from the infinite number appears in the finite are of computation (or measurement).

We note that the OAM conservation after a Laguerre-Gaussian beam passes through
an aperture does not contradict with the uncertainty principle between the two quantities—
angular position ϕ and angular momentum (in this case the angular momentum is equal to
the OAM density and to the topological charge n) [27]. On the one hand, it is shown in [27]
that a decrease in the propagation angle ∆ϕ of a beam leads to an increase in the width of
the angular momentum density ∆Jz. However, on the other hand, it is also demonstrated
in [27], that a sector aperture, limiting a beam with a specific topological charge exp(inϕ),
whose center coincides with the aperture vertex, generates a light field with a symmetrically
widened OAM spectrum. In the current work, we show that the normalized OAM and TC
of a light field with a symmetric OAM spectrum is equal to the average (central) TC n. Thus,
despite the aperture widens the beam OAM spectrum ∆Jz, it is widened symmetrically,
relative to the initial TC, and, therefore, the normalized OAM of the beam after the aperture
remains unchanged Jz/Ws = n. It was proven experimentally in [28].
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