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Abstract: We use the extended Huygens–Fresnel integral to analyze the propagation properties of a
class of partially coherent beams with Laguerre non-uniform coherence properties (called Laguerre
non-uniformly correlated beams) in free space and in a turbulent atmosphere. We focus on how
different initial beam orders and coherence lengths affect the propagation behavior of the beams,
such as the evolution of intensity, degree of coherence, propagation factor, and beam wander. Our
results show that non-uniform coherence properties play a role in resisting the degrading effects of
turbulence. Furthermore, adjusting the initial beam parameter of the non-uniform coherence structure,
i.e., increasing the beam order and decreasing the coherence, can further improve the turbulence
resistance of the beams. Our results have potential applications in free-space optical communications.

Keywords: non-uniformly correlated beam; propagation; turbulence

1. Introduction

Light beams modulated by spatial characteristics have been described as spatially
structured beams, which exhibit some innovative optical features due to some special
spatial structures [1]. In addition to amplitude, polarization, and phase, spatial coher-
ence is another important spatial fundamental nature of light beams, which describes the
degree of correlation of fields at two different positions in a spatial field and plays an
important role in understanding the interaction between light and matter [2–4]. Partially
coherent beams (PCBs) with reduced spatial coherence can not only maintain the prop-
agation characteristics of their original coherent beams but also have weaker diffraction
or interference effects due to their low coherence; furthermore, the coherence structure of
PCBs can induce some novel physics features [5–9], which means that PCBs have important
potential applications in many fields [3–5]. As a branch of microwave communication,
free-space optical (FSO) communication is usually referred to as the use of laser as the
carrier of communication technology [10]. Choosing the coherence structure of PCBs as
an effective strategy for encoding and transmitting information has important application
potential in FSO communication [11,12]. However, when the laser beams pass through a
turbulent atmosphere, the beam dynamics are largely impacted by the turbulence, leading
to a series of negative effects such as beam expansion, beam wander, and scintillation,
thereby reducing the effectiveness of FSO communication systems [13–15]. Therefore, the
propagation features of PCBs in a turbulent atmosphere and the research on decreasing the
adverse impact of turbulence have become a research hotspot.

A large class of PCBs has spatially variable coherence structure functions, labeled as
non-uniformly correlated beams [16–20]. This coherence feature differentiates these beams
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from conventional uniformly correlated beams in terms of their propagation traits. The
research on non-uniformly correlated beams can be traced back to the beginning of the
21st century. However, since then, few papers have been on non-uniformly correlated
beams due to mathematical difficulties. In 2007, F. Gori et al. introduced the necessary and
sufficient conditions for constructing partially coherent sources [21]. Afterward, Lajunen
et al. constructed conventional non-uniformly correlated beams [17]. These beams have
the propagation characteristics of lateral shift of intensity and self-focusing on propagation.
Subsequently, Y. Gu and G. Gbur investigated the propagation features of such beams in a
turbulent atmosphere, which have lower intensity scintillation and higher intensity on-axis.
These results are significant because uniformly correlated PCBs often have disadvantages
such as large divergence angles and serious energy dissipation when propagating in
turbulence [22]. In 2018, J. Yu et al. constructed more general non-uniformly correlated
beams, added configurable non-uniform correlation structure parameters, and studied the
intensity and correlation structure of Hermitian non-uniformly correlated beams under
a turbulent atmosphere [18,19]. In 2020, J. Yu et al. introduced non-uniform polarization
structures into non-uniformly correlated beams, exhibiting self-healing properties of the
intensity and polarization in a turbulent atmosphere [20,23]. Although the above results
obtained some new propagation properties, only a few studies exist on beam quality
indicators, such as propagation factor and beam wander, which are considered global
parameters for determining beam quality.

In this report, we selected a class of non-uniform correlated beams with Laguerre
non-uniform correlation structure as the research object and studied their evolution of
the intensity and degree of coherence (DOC) in free space and turbulence. Moreover,
the second-order moments of such beams in turbulence are estimated, as well as the
propagation factor and beam wander of the proposed beams. The findings will facilitate
the application of non-uniform correlation structure manipulation in FSO communications.
In Section 2, the analytical expressions of cross-spectral density (CSD), propagation factor
and beam wander of Laguerre non-uniformly correlated (LNUC) beams in turbulence are
derived based on the extended Huygens–Fresnel principle and the Wigner distribution
function. In Section 3, the numerical calculation and results are presented and discussed.
In Section 4, the conclusion and discussion are presented.

2. Analytical Formulas of the Laguerre Non-Uniformly Correlated Beams
in Turbulence

The paraxial propagation of a PCB under turbulence can be described by the extended
Huygens–Fresnel integral [10]:

W(ρ1,ρ2) =
1

λ2z2

s
W0(r1, r2) exp

[
− ik

2z (r1 − ρ1)
2 + ik

2z (r2 − ρ2)
2
]

×〈exp[Ψ∗(r1,ρ1) + Ψ(r2,ρ2)]〉d2r1d2r2,
(1)

where r ≡ (x, y) and ρ ≡
(
ρx, ρy

)
are the transverse position vector in the source and

target plane, respectively. W0(r1, r2) and W(ρ1, ρ2) are the CSD of the selected beam in the
source and target plane, respectively. k = 2π/λ is the wavenumber, where λ denotes the
wavelength. Ψ(r, ρ) is the complex phase disturbance induced by the turbulent medium.
The ensemble average over the turbulence of the last term can be expressed as [10]

〈exp[Ψ∗(r1,ρ1) + Ψ(r2,ρ2)]〉
= exp

{
−
(

π2k2zT
3

)[
(ρ1 − ρ2)

2 + (ρ1 − ρ2) · (r1 − r2) + (r1 − r2)
2
]}

,
(2)

with T =
∫ ∞

0 κ3Φn(κ)d2κ, in which Φn(κ) represents the spatial power spectrum of
the turbulence.

Now, we focused on a particular example of spatially structured sources whose
correlation function is an inhomogeneous function of Laguerre form; here, we named it
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LNUC sources. Such sources can be expressed in terms of the Cartesian coordinate system,
which is as follows [24]:

W0(r1, r2) = exp

(
−

r2
1 + r2

2
2w2

0

)
µ(r1, r2), (3)

where w0 refers to the beam width. The correlation function µ(r1, r2) is given by [24]

µ(r1, r2) = L0
n

[(
r2

1 − r2
2
)2

δ4

]
exp

[
−
(
r2

1 − r2
2
)2

δ4

]
. (4)

where L0
n represents the Laguerre polynomial of modes n and 0, δ refers to the coher-

ence length.
While Equations (3) and (4) are substituted into Equation (1) for direct integral opera-

tion, the operation process is extremely complicated, and high-order terms will appear in
the process, making it difficult to obtain the final analytical solution. In order to avoid com-
plex calculations, we reset the beam model to achieve the purpose of reducing the power.
According to the construction of partially coherent sources, their CSD can be represented
via the integral as [21]

W(r1, r2) =
∫

p(v)h∗(r1, v)h(r2, v)d2v, (5)

where p(v) is a non-negative function for any one-dimensional variable v, and h(r, v) can be
taken as any kernel function. In practical cases, h(r, v) is the response function of an optical
system, which can be expressed as follows [24]:

h(r, v) = exp

(
− r2

2w2
0

)
exp

[
−ik

(
vx + vy

)
r2
]
, (6)

p(v) =
(

αn+1

πn!

)
v2n exp

(
−αv2

)
, (7)

with α = k2δ4/2.
Considering the necessary and sufficient condition shown in Equation (5) as discretiza-

tion, the PCBs can be regarded as an incoherent superposition of coherent modes. Therefore,
the propagation behavior of each coherent mode in turbulence can be considered first, and
then they are superposed incoherently. Substituting Equation (5) into Equation (1), we have
the following form:

W(ρ1,ρ2) =
∫

p(v)H(ρ1,ρ2, v)d2v, (8)

where H(ρ1, ρ2, v) denotes the results of the coherent modes after propagation,

H(ρ1,ρ2, v) = w2
0w−2

z exp
[
−iχw−1

0
(
ρ2

1 − ρ2
2
)
/2
]

exp
[
−
(
χ2/4 + Ω

)
(ρ1 − ρ2)

2
]

× exp
[
w0w−1

z χ
[
1−

(
vx + vy

)
z− 2Ω

]
(ρ1 − ρ2) + iw−1

z (ρ1 + ρ2)
]
,

(9)

where

χ = w0kz−1; Ω = π2kz2T/3; w2
z = w2

0
[
1− 2

(
vx + vy

)
z
]2

+ χ−2 + 4w0χ−1Ω. (10)

We now have the intensity and DOC of LNUC beams

S(ρ) = W(ρ,ρ) =
∫ w2

0
w2

z
p(v) exp

(
− ρ2

w2
z

)
d2v, (11)
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and

µ(ρ1,ρ2) =
W(ρ1,ρ2)√
S(ρ1)S(ρ2)

. (12)

To further study the propagation features of PCBs, we have two global parameters:
propagation factor and beam wander. Both of them are related to the second-order moments
of the beams. The second-order moments of PCBs in turbulence can be obtained from the
following expressions [25]:〈

ρ2
〉
=
〈

r2
〉

0
+ 2〈r · θ〉0z +

〈
θ2
〉

0
z2 +

4π2Tz3

3
, (13)

〈
θ2
〉
=
〈

θ2
〉

0
+ 4π2Tz, (14)

〈ρ · θ〉 = 〈r · θ〉0 +
〈

θ2
〉

0
z + 2π2Tz2, (15)

where θ = (θx, θy), r = |r|, ρ = |ρ| and θ = |θ|. The quantities 〈r2〉0, 〈r·θ〉0 and 〈θ2〉0
denote the second-order moments of a PCB in the source plane, and the integrals can
obtain them [26] 〈

r2
〉

0
=

1
I

∫ 2π

0

∫ ∞

0
r3W0(r, θ, r, θ)drdθ, (16)

〈
θ2
〉

0
=

1
k2 I

∫ 2π

0

∫ ∞

0

{
∂2W0(r1, θ1, r2, θ2)

∂r1∂r2

∣∣∣∣r1=r2=r

θ1=θ2=θ

+
1
r2

∂2W0(r1, θ1, r2, θ2)

∂θ1∂θ2

∣∣∣∣r1=r2=r

θ1=θ2=θ

}
rdrdθ, (17)

〈r · θ〉0 =
1

ikI

∫ 2π

0

∫ ∞

0

{
r1

∂W0(r1, θ1, r2, θ2)

∂r1
− r2

∂W0(r1, θ1, r2, θ2)

∂r2

}∣∣∣∣r1=r2=r

θ1=θ2=θ

rdrdθ, (18)

where I is the average energy for the beam in the target plane

I =
∫ 2π

0

∫ ∞

0
W(r, θ, r, θ)rdrdθ. (19)

Therefore, by substituting the CSD of LNUC source, i.e., Equation (3), into the above
formulas, the second-order moments of LNUC beams in turbulence can be obtained〈

ρ2
〉
= w2

0/2 + 2χ−2 + 4w4
0χ−2δ−4

(
L1

n−1(0) + 1
)
+ 4π2Tz3/3, (20)

〈
θ2
〉
= 2χ−2z−2 + 4w2

0k−2δ−4
(

L1
n−1(0) + 1

)
+ 4π2Tz, (21)

〈ρ · θ〉 = 2χ−2z−1 + 4w2
0k−2δ−4z

(
L1

n−1(0) + 1
)
+ 2π2Tz2. (22)

Gori et al. defined the propagation factor as the following form, which is related to the
second-order moments [27]:

M2(z) =
√
〈ρ2〉〈θ2〉 − 〈ρ · θ〉2. (23)

Beam wander describes the variance of the instantaneous center displacement in
turbulence, is defined by Andrews and Phillips as [28]

〈
r2

c

〉
= 4πk2W2

FS

∫ L

0

∫ ∞

0
κΦn(κ) exp

(
−κ2W2

LT

){
1− exp

[
−2L2κ2(1− z/L)2

k2W2
FS

]}
dκdz. (24)
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Here, we model the turbulence using the von Karman power spectrum [29]

Φn(κ) = A(α)C2
n

(
κ2 + κ2

0

)−α/2
exp

(
−κ2/κ2

m

)
, (25)

where A(α)= Γ(α − 1)cos(απ/2)/(4π2) with Γ denotes the Gamma function, κ0 = 2π/L0
and κm = [2πA(α)Γ(5 − α/2)]1/(α−5)/l0 with L0 and l0 being the outer and inner scale
of turbulence.

Substituting Equation (25) into Equation (24), the expression for the beam wander in
turbulence is obtained by geometrical optics approximation〈

r2
c
〉
= 4π2C2

n A(α)L2

(α−2) κ−α
0
∫ L

0

(
1− z

L
)2
{
−2κ4

0 + κα
0 κ2

m
(
W2

LT + κ−2
m
)α/2(1 + κ2

mW2
LT
)−2

[
2κ2

0
(
1 + κ2

mW2
LT
)
+ (α− 2)κ2

m
]

exp
[(

κ0
κm

)2
+ κ2

0W2
LT

]
Γ
[

2− α
2 ,
(

κ0
κm

)2
+ κ2

0W2
LT

]}
dz.

(26)

Notably, the source parameters determine the beam wander. WLT, the mean-square
beam width of the beams in turbulence, can only be controlled, i.e., W2

LT =
〈
ρ2〉.

3. Statistical Properties of LNUC Beams

The statistical properties of LUNC beams can be calculated using the above-mentioned
analysis. Unless otherwise stated, we set the initial beam and turbulence parameters as
follows: λ = 632.8 nm, w0 = 5 cm, L0 = 1 m, l0 = 1 mm, α = 11/3, and Cn

2 = 10−15 m−2/3. For
convenience, the wavelength was taken to be that of common HeNe-type laser diodes; the
results presented here are qualitatively similar for optical communications wavelengths.

3.1. In the Source Plane

Figure 1a,b depict the absolute value distribution of the DOC of LNUC sources in
the x1–x2 plane with y1 = y2 = 0 and in the x1–y1 plane with x2 = y2 = 0, respectively. We
found that such sources exhibit high coherence with an “X” distribution in the x1–x2 plane
and show circular symmetry and highly coherence regions in the x1–y1 plane. Comparing
the subgraphs in Figure 1a,b, we found that the number of side lobes increases with the
increase in beam order values.
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3.2. Propagation in Free Space

Figure 2 depicts the evolution of the normalized intensity of the LNUC beams prop-
agating in free space. The intensity is normalized by setting the on-axis intensity of the
source to unity. Figure 2a shows a prominent intensity peak in propagation, which indicates
that the LNUC beam exhibits self-focusing properties. According to Figure 2b,c, the on-axis
intensity depends on the initial beam order and coherence length, respectively. Based on
the numerical results, the on-axis intensity increases to a maximum and then gradually
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decreases, indicating that the beam exhibits self-focusing features during propagation. This
conclusion matches with the results obtained from Figure 2a. Furthermore, we ensured
that the intensity peak of the beam increases with increasing beam order and decreasing
coherence and that the intensity peak of the beam increases with increasing beam order and
decreasing coherence, which is similar to the behavior of Hermite non-uniformly correlated
beams discussed in [20,21].
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Figure 2. Normalized (a) intensity distribution and (b,c) intensity on-axis of the LNUC beams
propagating in free space for (b) different beam orders and (c) coherence lengths.

The evolution of the DOC distribution of the LNUC beams on propagation is depicted
in Figure 3. The evolving distribution of coherence exhibits peculiar effects. According to
Figures 3a and 1a, the high coherence zone of such a beam is limited to the center of the
beams and the two diagonals at the source plane. During propagation in free space, the
central part of the high-coherence region decreases, and the two diagonal high-coherence
regions increase. With a further increase in propagation, the highly coherence region of
DOC gradually expands. Figure 3b,c show the cross-line (x2 = 0) of the DOC at a fitting
propagation distance of z = 1000 m for different beam orders and coherence lengths. It is
clear from Figure 3b,c that when the LNUC beams with different beam orders and coherence
lengths propagate to 1000 m, the reduction in the high-coherence region is different. The
increase in beam order and the decrease in coherence will promote the rapid shrinkage of
the central high-coherence region, indicating that the propagation characteristics of such
beams will be more obvious.

3.3. Propagation in Turbulence

Figures 4 and 5 compare the intensity and DOC of the LNUC beams in a turbulent
atmosphere. Figure 4 depicts the density plot of the intensity of the beams with different
beam orders and coherence lengths, exhibiting self-focusing propagation features in tur-
bulence and the self-focusing characteristics with large beam order and low coherence.
The results shown in Figure 4b,c confirm the conclusions initially drawn in Figure 4a.
The high-coherence region of the LNUC beams gradually decreases along the diagonal
(x1 = x2) as the propagation distance increases, as shown in Figure 5; with further increase
in propagation, the distribution of the DOC along the diagonal in space becomes quasi-
homogeneous. Furthermore, Figure 5b,c show the cross-line (ρ2x = 0) of the DOC at a fitting
propagation distance of z = 1000 m for different beam orders and coherence lengths. The
results confirm that the sidelobe distribution of the DOC can be better maintained in low
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coherence, suggesting that increasing beam order and decreasing coherence can increase
turbulence resistance.

Finally, we focussed on the global parameters of the LNUC beams in turbulence.
Figures 6 and 7 depict the plot of the normalized propagation factor and beam wander
of the LUNC beams, respectively. Figure 6 confirms that the variation in propagation
factor during turbulence increases more slowly with large beam order and low coherence,
indicating less impact by turbulence. Figure 7 presents the beam wander of the LNUC
beams on propagation during turbulence. Beam wander is reduced in the LNUC beams
with high beam order and low coherence.
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Figure 7. Beam wander in turbulence for (a) different beam orders and (b) coherence lengths.

4. Discussion and Conclusions

In this research, the LNUC beams were considered to be a superposition of coherent
Gaussian modes with quadratic phase factors. In order to lessen disturbance-based fluctua-
tions and average out turbulent fluctuations, each mode simultaneously travels through
a different non-disturbing channel. We could design partially coherent beams with other
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novel propagation features based on the present analysis by setting and modifying differ-
ent coherence modes and weight distributions. This will allow us to determine the best
coherence mode and weight distribution to efficiently reduce the detrimental effect caused
by turbulence. Future applications of our findings in FSO communication are feasible.

We explored the propagation behavior of LNUC beams in free space and a turbulent
atmosphere, exhibiting self-focusing propagation features for both cases. The existence of
turbulence negatively impacts the beams, as evidenced by the degenerate evolution of the
intensity and DOC. Furthermore, when comparing the evolution of the intensity, correlation
structure, propagation factor, and beam wander with different initial beam orders and
coherent lengths in turbulence, we found that large beam order and low coherence are less
affected by turbulence, implying that increasing the initial beam order and decreasing the
initial coherence of the beams can improve their turbulence resistance.
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