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Abstract: Using the Richards–Wolf diffraction integral, the longitudinal energy evolution on the focal
plane of the fractional order vector vortex (FOVV) beams was studied. These beams possessed a
vortex topological charge n and a polarization topological charge m, and were subjected to tight
focusing through a larger numerical aperture. Our investigation revealed the existence of backflow
energy when the binary topological charges n and m satisfied the conditions of n + m = 2 or n−m =−2.

The component circularly polarized vortex beams of e−i2φ ˆ
e+ (i.e., the minus second-order vortex

right circularly polarized beam) and ei2φ ˆ
e− (i.e., the second-order vortex left circularly polarized

beam) played significant roles in the generation of reverse energy flux at the focal region. For
FOVV beams with binary topological charges n and m, whose sum and difference were integers, the
longitudinal energy on the focal plane exhibited axial symmetry. If the sum or the difference of the
topological charges n and m was not an integer, the axisymmetric longitudinal energy on the focal
plane was disrupted.

Keywords: fractional-order vector vortex; energy backflow; reverse energy flux; poynting vector

1. Introduction

When vector vortex beams with inhomogeneous polarized fields are tightly focused
by a high numerical aperture (NA) lens, the state of polarization (SOP) and the phase
can be rearranged. In particular, the strong longitudinal field was initially discovered by
Youngworth and Brown [1], when a radially polarized beam passed through a high NA. In
2007, A. V. Novitsky and D. V. Novitsky demonstrated the negative propagation of vector
beams by superimposing TE- and TM-polarized electromagnetic Bessel beams [2]. Then, the
properties of a tightly focused circularly polarized optical vortex with topological charges
of 2 and 3 were investigated in Ref. [3]. In the meantime, using theoretical analysis and
numerical simulation, Khonina et. al. found that when the second-order radial polarized
vector beam was tightly focused, the negative energy flux density was maximum [4].
Subsequently, Kotlyar et. al. found that if a non-zero E-field intensity was found in the
focus of a circularly polarized optical vortex with phase singularity or a higher-order
azimuthally polarized beam with polarization singularity, the energy backflow would
occur at the center of the focal plane [5]. Then, further investigation of vector vortex fields
passing through a high NA yielded valuable results, enabling the control of the negative
energy flow [6–8].

Energy backflow was observed experimentally within super oscillatory optical fields [9].
Kotlyar and Nalimov found that a strongly focused, linearly polarized optical vortex with
a topological charge of 2 not only exhibited a reverse energy flow, but also induced the
right-handed circular polarization of light in the near-focus region [10], which led to
the spin-orbital angular momentum conversion. These significant findings open up the
probability of capturing and manipulating an absorbing spherical microparticle positioned
at the optical axis within the focal region. Focusing the vector vortex beams is a widely used
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technique in optical data storage [11,12], optical communication [13–16], detection and
imaging [17,18], and optical micromanipulation [19]. Because the focusing characteristics
rely closely on the polarization of the light, the vector and the vortex natures of the focused
beam are of vital importance. By utilizing a spatial light modulator (SLM) in conjunction
with a common path interferometric arrangement, factional vector vortex beams with
arbitrary topological charges could be generated [20]. However, the characteristics of the
longitudinal energy flow within tightly focused factional order vector vortex (FOVV) beams
remain unclear.

Using the Richards–Wolf diffraction integral [21], the focusing characteristics of the
FOVV beams were examined. For those FOVV beams, the axisymmetric longitudinal
backflow energy appeared within the focal region when the vortex topological charge n
and the polarization topological charge m satisfied n + m = 2 or n − m = −2. Considering
that the fractional vortices can be expressed as a superposition of the vortex circularly
polarized beams, the contributions of the vortex circularly polarized laser fields to the
negative energy flux within the focal region of a high NA were investigated. We found
that the incident minus second-order vortex right circularly polarized beam described by

e−i2φ ˆ
e+ and the second-order vortex left circularly polarized beam described by ei2φ ˆ

e−
played significant roles in the generation of reverse energy flow at the focal region. The

case of the beam of ei2φ ˆ
e− agreed well with the research results in Ref. [3]. Moreover, the

property of the longitudinal energy of the vortex right circularly polarized laser fields with
integer vortex order were same as that of the vortex left circularly polarized laser fields
with the corresponding opposite negative integer vortex order. The cases of the vortex left
circularly polarized laser fields with integer vortex order and the vortex right circularly
polarized laser fields with the corresponding opposite negative integer vortex order were
identical, too. For FOVV beams with binary topological charges n and m, whose sum and
the difference are integers, the longitudinal energy on the focal plane will exhibit axial
symmetry. If the sum or the difference of the topological charges n and m is not an integer,
the axisymmetric longitudinal energy on the focal plane will be disrupted.

2. Theory and Methods

According to the Richards–Wolf diffraction theory, the electric field of the laser beam
at the position q

(
rq, ϕq, zq

)
near the focus of an aplanatic system could be obtained by the

following diffraction integral formula [5,21]: Ex
Ey
Ez

 = − i f
λ

∫ θm
0 A(θ) sin θ

√
cos θ · exp

(
ikzq cos θ

)
×
∫ 2π

0 exp
(
ikrq sin θ cos

(
φ− ϕq

))
×

 1 + cos2φ(cos θ − 1) sin φ · cos φ(cos θ − 1)
sin φ · cos φ(cos θ − 1) 1 + sin2 φ(cos θ − 1)
− sin θ cos φ − sin θ sin φ

[ Ein,x
Ein,y

]dφ · dθ,

(1)

where Ein,x and Ein,y are the components of the transverse electric field in the incident
pupil of the high-aperture system along the x and y axes, respectively. A(θ) denotes the
amplitude of the incident electric field. θ and φ are the polar and azimuthal angles of the
incident pupil’s coordinates. θm is the angular semi-aperture. f is the focal length of the
aperture, and λ is the wavelength of the laser.

The time-averaged energy flux density (Poynting vector) is
⇀
S = c/(8π)Re(

⇀
E ×

⇀
H
∗
),

where the magnetic field
⇀
H could be obtained by curling the electric field as

⇀
H = −i

k ∇ ×
⇀
E ,

and k is the wavenumber. The longitudinal component of the Poynting vector is
Sz = Re(Ex H∗y − Ey H∗x ). The incident light beam with vortexes travels along the z
axis, and the electric field is confined in the xoy plane, taking the form [22]:

→
Ein = Ein,x

ˆ
ex + Ein,y

ˆ
ey = einφ

(
cos(mφ)

ˆ
ex + sin(mφ)

ˆ
ey

)
, (2)
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where n and m denote the vortex and the polarization topological charges, respectively,
which provide binary vortices phases manipulation.

3. Results

The Richards–Wolf diffraction theory can be utilized to simulate the sharp focusing
FOVV beams. The longitudinal energy flow and the intensities of the transvers electric
fields of FOVV beams on the focal plane were investigated in detail. In our calculations, the
incident light possessed a Gaussian intensity distribution with a wavelength of λ = 532 nm,
and the NA = 0.98, corresponding to a focal length of f = 8λ.

The focusing fields on the focal plane of FOVV beams with n = 1.5 and m = 0.2, 0.5,
and 0.8, respectively, are shown in Figure 1. The first column displays the intensity of
the transverse electric field, while the second and third columns depict the longitudinal
energy flow. From Figure 1(c3), we can observe that there was no negative energy flow
for the case of n = 1.5 and m = 0.8. Additionally, the longitudinal energy distribution lost
axial symmetry about the optical axis. For the FOVV beam with n = 1.5 and m = 0.2 in
Figure 1(a1–a3), although the axial symmetry was disrupted, there was a presence of the
negative energy flow around the optical axis on the focal plane. For the FOVV beams with
topological charges of n = 1.5 and m = 0.5 in Figure 1(b1–b3), the axisymmetric negative
energy flow appeared. Now, the question arises: Will axial symmetrical negative energy
flows occur when the topological charges n and m are half integers?
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Figure 2 depicts the cases of FOVV beams with half-integer topological charges. It 
can be observed that for n = 0.5, m = 1.5 in Figure 2(a1–a3), and n = 2.5, m = −0.5 in Figure 
2(b1–b3), axisymmetric backflow energy appears on the center of the focal plane. However, 

Figure 1. The intensity distributions of transverse light fields for tightly-focused beams at the focal
plane, along with the corresponding longitudinal energy fluxes of vector vortex fields carrying
fractional topological charges of (a1–a3) n = 1.5, m = 0.2, (b1–b3) n = 1.5, m = 0.5, and (c1–c3) n = 1.5,
m = 0.8.

Figure 2 depicts the cases of FOVV beams with half-integer topological charges. It
can be observed that for n = 0.5, m = 1.5 in Figure 2(a1–a3), and n = 2.5, m = −0.5 in
Figure 2(b1–b3), axisymmetric backflow energy appears on the center of the focal plane.
However, for n = 2.5, m = 1.5 in Figure 2(c1–c3), there was no backflow energy. Comparing
the FOVV beams in Figure 2a,b, a common relationship existed in n + m = 2. When
n + m = 2 was fulfilled, the distributions of the transverse light field intensity shown in
Figure 2(a1,b1) were almost annular, with no transverse electric field in the center of the
focal plane. For the cases of the FOVV beam with topological charges n = 2.5 and m = 1.5,
depicted in Figure 2(c1–c3), the annular structure of the transverse light field energy was
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broken, with no backward energy on the focal plane, although the longitudinal energy flow
was axisymmetric too.
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Figure 2. The intensity distributions of transverse light fields for tightly-focused beams at the focal
plane, along with the corresponding longitudinal energy fluxes of vector vortex fields carrying
fractional topological charges of (a1–a3) n = 0.5, m = 1.5, (b1–b3) n = 2.5, m = −0.5, and (c1–c3) n = 2.5,
m = 1.5, respectively.

The focusing cases of the FOVV beams with non-half integer topological charges
are shown in Figure 3. For n = 1.6 and m = 3.1 in Figure 3(c1–c3), there was almost no
backflow energy, and the axial symmetry of the longitudinal energy was completely broken.
The backflow energy appeared on the focal plane of the tightly focused FOVV beams
with topological charges of n = 1.2, m = 3.2 in Figure 3(a1–a3) and n = 1.6, m = 3.6 in
Figure 3(b1–b3). Comparing these two beams, we can find that there is a relationship
between the topological charges of n − m = −2. From Figures 2 and 3, we can draw an
important conclusion: that the axisymmetric backflow energy appears when the vortex
topological charge n and the polarization topological charge m of a FOVV beam satisfy the
condition of n + m = 2 or n − m = −2. Reviewing Figure 1(a3,c3), one can find that if the
sum of the binary topological charges deviates from 2, or the difference of them deviates
from −2, the axisymmetric longitudinal energy on the focal plane is disrupted, and as the
deviation value increases the reverse energy becomes smaller (as shown in Figure 1(a3)), or
even zero (as shown in Figure 1(c3)).

The underlying physics of the phenomena were further explored by considering that
a FOVV beam could be superposed by two vortex circularly polarized beams, which could
be expressed as follows:

→
Ei = einφ

[
cos(mφ)

ˆ
ex + sin(mφ)

ˆ
ey

]
∼ ei(n+m)φ

(
ˆ
ex − i

ˆ
ey

)
+ ei(n−m)φ

(
ˆ
ex + i

ˆ
ey

)
∼ ei(n+m)φ ˆ

e− + ei(n−m)φ ˆ
e+.

(3)
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fractional topological charges of (a1–a3) n = 1.2, m = 3.2, (b1–b3) n = 1.6, m = 3.6, and (c1–c3) n = 1.6,
m = 3.1.

The contributions of the component vortex circular polarization beams of the FOVV
beams within Figures 2 and 3 to the reverse energy flow were re-examined in detail, and the
results are demonstrated in Figure 4. It is evident from the solid red curves in Figure 4a–e
that the axisymmetric reverse energy flow was mainly caused by the second-order vortex

left circularly polarized beam, as ei2φ ˆ
e− = ei2φ

(
ˆ
ex − i

ˆ
ey

)
, and the minus second-order

right circularly polarized beam, as e−i2φ ˆ
e+ = e−i2φ

(
ˆ
ex + i

ˆ
ey

)
. Regardless of the magnitude

of the fractional orders of the FOVV beams, the reverse energy flow will occur near the
focal region as long as the fractional topological charge satisfies n + m = 2 or n − m = −2.
For the case of n = 0 and m = 2 in Equation (2), both component vortex circularly polarized

beams were just ei2φ ˆ
e− and e−i2φ ˆ

e+. Consequently, the negative energy of the tightly
focused incident vortex-free second-order (n = 0, m = 2) radial polarization laser field
was maximized, which provides the reason behind the observed result in Ref. [4]. From
Figure 4a–c, it is obvious that the longitudinal energy on the focal plane of the tightly
focused integer order vortex circularly polarized beam was axisymmetric with respect to
the optical axis. However, for the vortex circularly polarized beams with non-integer order
marked by the black solid or the black dotted lines in Figure 4d–f, the axial symmetry of
the longitudinal energy was broken.
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To clarify the contributions of the component vortex circularly polarized beams in
FOVV laser fields to the output axisymmetric longitudinal energy on the focal plane, we
examined the focusing properties of the incident circularly polarized beams with various
integer vortex orders, and the results are presented in Figure 5. Comparing Figure 5a
with Figure 5d, one can find that the longitudinal energy of the vortex right circularly
polarized laser fields with integer vortex order was the same as that of the vortex left
circularly polarized laser fields with the corresponding opposite negative integer vortex
order. Similarly, by comparing Figure 5b with Figure 5c, it is obvious that the cases of
the vortex left circularly polarized laser fields with integer vortex order and the vortex
right circularly polarized laser fields with the corresponding opposite negative integer
vortex order were identical too. Further calculations revealed that for an arbitrary integer
s the distributions of the electric vector on the cross-section of the laser beams of the pair

components of e±isφ ˆ
e− and e∓isφ ˆ

e+ were exactly identical, so after being tightly focused
the property of the energy flow near the focal region was just the same. In Figure 5a,d,
there was a region in the center of the beam around the optical axis where the longitudinal
energy was negligible or almost nonexistent. As the absolute value of the vortex order
increased, the non-longitudinal energy region widened, resulting in energy hollow beams
on the focal plane. Comparing Figure 5b with Figure 5c, it can be observed that backflow

energy appeared for the vortex left circular beams as ei2φ ˆ
e−, ei3φ ˆ

e−, and ei4φ ˆ
e− in Figure 5b,

and for the vortex right circularly polarized beams as e−i2φ ˆ
e+, e−i3φ ˆ

e+, and e−i4φ ˆ
e+, in

Figure 5c. For the circularly polarized beams of ei3φ ˆ
e−, ei4φ ˆ

e− in Figure 5b, and e−i3φ ˆ
e+,

e−i4φ ˆ
e+ in Figure 5c, there was no longitudinal energy along the optical axis. Increasing

the distance from the axis, a reverse energy flow ring emerged around the optical axis on
the focal plane, followed by a higher positive longitudinal energy flow ring. Comparing

the cases of ei3φ ˆ
e− and ei4φ ˆ

e− in Figure 5b, one could find that as the absolute value of the
vortex order increased, the non-longitudinal energy region became wider and that caused
the reverse longitudinal energy rings on the focal plane to slightly shift away from the axis.
If the vortex order was large enough, there was no longitudinal energy within a wider axis
symmetrical region around the optical axis.
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Figure 5. Output longitudinal energy flow on the focal plane of the incident integer order vortex
circularly polarized beams focused by a high NA. The cases of incident left-circularly polarized
beams are shown in (a,b), while (c,d) depicted the cases of incident right-circularly polarized beams.

4. Discussion

Different from the homogeneous polarized laser fields with uniform SOP, the vector
vortex beams exhibited diverse SOP characteristics at different spatial positions, accompa-
nied by spiral wavefronts and phase singularities. Because of the vector nature, the SOP
will be rearranged after being focused by a high NA, which leads to the variation in the
energy flow direction of the laser field, even appearing as the reverse energy flow. Based on
the vortex nature, each photon of the vortex light field carried a specific amount of orbital
angular momentum, which served as both an information carrier and a means of particles
manipulating. Different focusing characteristics of FOVV beams are mainly caused by
the transverse electric vector distributions on the cross-section of the incident laser fields.
By taking a FOVV beam as a superposition of two circularly polarized vortex beams, the
focusing properties could be demonstrated directly with the focusing cases of the compo-
nent vortex circularly polarized beams. The tightly focusing property of the FOVV beam
broadened the means of microparticle manipulation. By matching the binary topological
charges of the required FOVV beams, one can anticipate and even design the energy flow
distribution on the focal plane for the better manipulation of microscopic particles.

5. Conclusions

For the tightly focused FOVV beams with binary topological charges, the reverse
energy flow appeared near the focal region when the fractional topological charge m
and the vortex topological charge n satisfied the condition of n + m = 2 or n − m = −2.
Our research reveals that the minus second-order vortex right circularly polarized beam,

described by e−i2φ ˆ
e+, and the second-order vortex left circularly polarized beam, described

by ei2φ ˆ
e−, played significant roles in generating the reverse energy flow at the focal region.

This finding provides a comprehensive explanation for the observed maximum negative
energy flux density of the tightly focused incident vortex-free second-order (n = 0, m = 2)
radial polarization laser field [4]. Moreover, if the algebraic sum and the difference in the
two topological charges m and n of a FOVV beam are integers, the longitudinal energy on
the focal plane exhibits axis symmetry. Adjusting the appropriate values of n and m, one can
obtain laser beams with a customized longitudinal energy distribution at the focal region.
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