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Abstract: In this paper, we study the propagation properties of twisted Hermite–Gaussian Schell-
model (THGSM) beams propagating in a uniaxial crystal orthogonal to the optical axis. We derive
the concrete analytical expression of the cross-spectral density (CSD) function in the crystal and
simulate the evolution characteristics of such beams, including normalized spectral intensity, the
spectral degree of coherence (DOC), and effective beam width. We find that the spectral intensity
distribution exhibits a non-circular symmetric self-splitting while rotating, and the distribution of the
spectral DOC is non-circular symmetric rotationally distorted, which is quite different from that in an
isotropic medium. The initial beam parameters and crystal parameters both affect the distribution of
spectral intensity and DOC. Furthermore, increasing the twist factor and adjusting the ratio of the
extraordinary light refractive index and the ordinary light refractive index ne/no of the uniaxial crystal
can suppress the beam expansion as propagating in the crystal. Our results show that the uniaxial
crystal can be used to determine whether light beams carry a twist phase or not, and to modulate the
characteristics of light beams.

Keywords: twisted Hermite–Gaussian Schell-model beams; uniaxial crystal; propagation

1. Introduction

As they have numerous practical merits respective to laser beams, partially coherent
beams have been widely studied in all areas of the optical field in recent decades, such as
remote sensing, imaging, free-space optical communications, encryption [1–5], etc. Origi-
nally, most of the studies mentioned above were concentrated on conventional Gaussian
Schell-model (GSM) beams. Until Gori and co-workers found the necessary conditions
for constructing genuine correlation functions of partially coherent beams with special
correlated structure [6,7], it garnered wide attention in the optical field, and a variety of spe-
cial correlation partially coherent beams have been introduced [8–11]. Especially in recent
years, various special correlation partially coherent beams have been studied in detail and
their distinctive transmission properties that are superior to those of conventional GSM
beams have been excavated out. For instance, the multi-Gaussian Schell model beams and
Laguerre–Gaussian correlated Schell-model beams can realize self-shape in the far field [8,9].
Hermite–Gaussian correlated Schell-model beams can realize self-splitting [10]. Since the
discovery of non-uniform correlated beams [11], their research has received widespread
attention, especially in recent years, and has shown that the non-uniformly correlated
beam can realize self-focusing and self-shifting [12], and the optical coherence lattices [13]
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which can be used to generate far-field arrays of structured random beams [14] can realize
the periodicity reciprocity [15]. Twisted Hermite–Gaussian Schell model (THGSM) beams
have been introduced [16] and generated experimentally [17], and it has been revealed that
THGSM beams have many superior properties relative to other partially coherent beams.
For example, it can realize the adjustment of the number of light spots at the source plane,
and the THGSM beams simultaneously possess self-splitting and rotation properties, and
it can also maintain these characteristics when it propagates in turbulence. In addition to
the above points, it also has several degrees of freedom that can be regulated to change
the orbital angular momentum and optimize diverse turbulent circumstances. Therefore,
THGSM beams are an outstanding expectant for use in physical applications in challenging
media. It is natural to study whether THGSM beams can maintain these characteristics
when they propagate in an anisotropic medium.

As an anisotropic medium, uniaxial crystals are widely used in optical systems and
optical devices such as laser resonators owing to their excellent optical and physical prop-
erties. In fact, with the wide applications of uniaxial crystals, up to now, the evolutionary
characteristics of many kinds of beams including coherent beams [18–22] and tradition-
ally correlated partially coherent beams [23–27] propagating in uniaxial crystals have been
widely studied. Right after, the evolution properties of scalar and vector Laguerre–Gaussian
correlated Schell-model beams propagating in uniaxial crystals were also reported [28,29].
The evolution properties of rectangular Hermite non-uniformly correlated beams propagat-
ing in uniaxial crystals were studied [30], and interestingly, it was found that the crystal
refractive index can be measured by using the self-focusing properties of such beams,
which opens the door to the application of partially coherent beams in the field of crystal
measurement. This further leads researchers to think about the propagation characteristics
of partially coherent beams in uniaxial crystals.

In this paper, we studied the propagation properties of THGSM beams propagating in
a uniaxial crystal and the beam propagation direction is orthogonal to that of the optical axis.
It finds that THGSM beams can also maintain self-splitting and rotating when propagating
in uniaxial crystals, and the spectral intensity distribution exhibits a non-circular symmetric
self-splitting while rotating, and the distribution of the spectral DOC is a non-circular
symmetric rotationally distorted, which is quite different from that in isotropic media. In
addition, the evolution of the effective beam width of THGSM beams is also studied, and it
finds the twist factor can reduce beam divergence.

2. The Cross-Spectral Density Function of THGSM Beams Propagating in Uniaxial
Crystals Orthogonal to the Optical Axis

Here, we begin to research the paraxial propagation characteristic of THGSM beams
propagating in a uniaxial crystal. Our discussions in this paper are all based on the
following conditions, that THGSM beams propagate along the z-axis direction in the crystal
and the optical axis of the crystal is along the x-axis. The dielectric tensor of the uniaxial
crystal can be shown as:

ε =

n2
e 0 0

0 n2
0 0

0 0 n2
0

 (1)

where ne and no are, respectively, the extraordinary refractive indices and ordinary refractive
indices. In the paraxial approximation, the transverse components of the electric field that
propagate in the uniaxial crystal can be calculated through the following expressions [31]:

Ex(ρx, ρy, z) = exp(iknez)
kno

2πiz

∫
exp

{
− k

2izne

[
n2

o(ρx − x)2 + n2
e
(
ρy − y

)2
]}

Ex(x, y, 0)dxdy, (2)

Ey(ρx, ρy, z) = exp(iknoz)
kno

2πiz

∫
exp

{
− kno

2iz

[
(ρx − x)2 +

(
ρy − y

)2
]}

Ey(x, y, 0)dxdy, (3)
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where Ex,y(ρx, ρy, z) and Ex,y(x,y,0) are the x and y component of the electric fields in the
output plane and the input plane, respectively, k = 2π/λ means the wave number, and λ
means the wavelength.

It can be obtained from Equations (2) and (3) that the expression of the y component
conforms to the Fresnel diffraction of paraxial transmission in an isotropic medium, but
the x component undergoes a diffraction-spreading asymmetry along and orthogonal
to the optical axis direction. Therefore, only the x linearly polarized THGSM beams
propagating in uniaxial crystals orthogonal to the optical axis are considered in our work,
and Ey(ρx, ρy) = 0

For partially coherent beams, in the space–frequency domain, the second-order co-
herence properties are usually characterized by the cross-spectral density (CSD) function
which is defined as a two-point correlation function:

W(r1, r2) = 〈E∗(r1)E(r2)〉, (4)

where E(r) denotes the field realization in a transverse plane that is perpendicular to the
z-axis, r1 = (x1,y1) and r2 = (x2,y2) are two arbitrary position vectors in the transverse plane,
the asterisk indicates the complex conjugate, and the angular brackets mean an average
over an ensemble of monochromatic field realizations.

For THGSM beams, the CSD in the source plane can be expressed as [10]:

W(r1, r2) = exp
(
− r2

1+r2
2

4ω2
0

)
exp

[
− (r1−r2)

2

2δ2
g

]
H2m

[
1

2
√

α
(x1 − x2) +

iu
√

α
2 (y1 + y2)

]
×H2m

[
1

2
√

α
(y1 − y2)− iu

√
α

2 (x1 + x2)
]

exp[−iu(x1y2 − x2y1)],
(5)

where ω0 = (4σ − 2αu2)−1/2 is the beam width parameters, δg =
√

2(1/α + αu2)−1/2 is trans-
verse coherence width, σ is a positive real constant characterizing the width of the kernel
function, α is a positive constant, u is the twist factor, H2m[ ] is the Hermite polynomial of
order, and m is the beam order.

This assumes that THGSM beams are incident on the uniaxial crystal in the z = 0 plane,
and through Equations (2)–(4), we can obtain the CSD of THGSM beams at the arbitrary
transmission distance z in a uniaxial crystal:

W(ρ1, ρ2) =
k2n2

o
4π2z2

s
W(r1, r2) exp

{
− ik

2zne

[
n2
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2
]}

× exp
{

ik
2zne

[
n2

o(x2 − ρ2x)
2 + n2

e (y2 − ρ2y)
2
]}

d2r1d2r2,
(6)

where W(r1,r2) and W(ρ1,ρ2) are the CSD of THGSM beams at the source plane and output
plane, respectively, and it can be calculated by using Formula (5), and the result is as follows:
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(7)

where the parameters in the formula are as follows:

J1 = α +
2z2n2

e σ

4z2n2
e σ2 + k2n4

o
− 2z2n2

e σα2u2
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o
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G2 = α +
2z2n2

e σ
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o
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,
(15)

The spectral intensity at any transmission plane in the crystal can be attained by
making ρ1 = ρ2 = ρ, that is [32]:

S(ρ) = W(ρ, ρ), (16)

Additionally, the DOC of THGSM beams at any two points is as follows [32]:

µ(ρ1, ρ2) =
W(ρ1, ρ2)√

W(ρ1, ρ1)W(ρ2, ρ2)
, (17)

3. The Propagation Characteristics of THGSM Beams Propagating in Uniaxial Crystal
Orthogonal to the Optical Axis

Next, the evolutionary characteristics of the spectral intensity and the coherent struc-
ture of THGSM beams propagating in a uniaxial crystal are simulated and analyzed ac-
cording to Equation (16) and Equation (17). In the following simulations, except for special
instructions, the parameters take the following values λ = 632.8 nm, σ = 5 × 10−3µm−2,
α = 80 µm2, and no = 2.616.

In order to study the effect of the parameters of crystal on the propagation properties
of THGSM beams, the evolutionary characteristics of the density diagram of the normalized
spectral intensity of THGSM beams propagating in different uniaxial crystals are given
in Figure 1. Without losing generality, the beam order and twist factor here are m = 1,
u = 0.5 × 10−2 µm−2, respectively. In order to compare the propagation characteristics with
those in isotropic media and free space, the normalized spectral intensity of THGSM beams
propagating in free space and in isotropic media has also been given in Figure 1.

From Figure 1, we know THGSM beams can realize rotation and splitting simultane-
ously when it propagates in uniaxial crystals as in the free space and in isotropic media.
However, the needed propagation distances that it splits into four spots are different in
different media. When it propagates in negative uniaxial crystals, the beam spot is elon-
gated along the y direction; it splits and rotates, as can be seen in Figure 1c1–c5. On the
contrary, the spot is elongated in the x direction when it propagates in a positive crystal,
and the bigger the ratio, ne/no, the greater the stretching degree, which can be seen by
comparing line 4 and line 5 in Figure 1. This is mainly because, for anisotropic uniaxial
crystals, the diffraction is anisotropic, and the diffraction characteristics have the largest
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difference between the x direction and the y direction. When the difference between the two
main refractive indexes ne and no is higher, the corresponding stretching degree is greater.
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From Figure 1, we know THGSM beams can realize rotation and splitting simultane-
ously when it propagates in uniaxial crystals as in the free space and in isotropic media. 

Figure 1. The evolutionary properties of the density diagram of the normalized spectral intensity of
THGSM beams propagating (a1)–(a5) in the free space, (b1)–(b5) in the isotropic media, (c1)–(c5) in
the uniaxial crystal, ne = 0.8no, (d1)–(d5) in the uniaxial crystal, ne = 1.2no, (e1)–(e5) in the uniaxial
crystal, ne = 1.5no, no = 2.616.

Figure 2 shows the effect of the twist factor on the evolutionary characteristic of
THGSM beams propagating in uniaxial crystals. For the sake of generality, the beam order
and crystal parameters in this figure are, respectively, m = 1, no = 2.616, and ne = 1.2no. It
shows that the beam spot rotates counterclockwise when the twist factor is negative, and
it rotates clockwise when the twist factor is positive with the increase in the transmission
distance. The pattern of the normalized spectral intensity splits more obviously and rotates
more quickly when the twist factor is bigger which can be obtained by comparing line 2
and line 3 in Figure 2.
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Figure 2. The evolutionary properties of the density diagram of the normalized spectral intensity of
THGSM beams with different twist factors propagating in uniaxial crystal, (a1)–(a5) the twist factor
u = −0.5 × 10−2µm−2, (b1)–(b5) the twist factor u = 0.5 × 10−2 µm−2, (c1)–(c5) the twist factor
u = 1 × 10−2 µm−2, (d1)–(d5) the twist factor u = 0.

Figure 3 shows the evolutionary characteristics of the normalized spectral intensity of
THGSM beams with different beam orders propagating in uniaxial crystals. For universality,
the beam twist factor and crystal parameter in this figure are u = 0.5× 10−2 µm−2, no = 2.616,
and ne = 1.2no, respectively. It can be seen easily that the larger the beam order, the more
obvious the spot splitting corresponding to the same transmission distance.
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4. The Distribution of the DOC of THGSM Beams Propagating in Uniaxial Crystals
Orthogonal to the Optical Axis

Then, we study the coherent structure of THGSM beams propagating in uniaxial crys-
tals. The density diagrams of the absolute value of the DOC of THGSM beams propagating
in uniaxial crystals are given in Figures 4–6. We choose the position vector ρ2(r2) = 0, so the
DOC is a function of ρ1(r1). In order to study the influence of crystal parameters on the
DOC, Figure 4 gives the density diagram distribution of the absolute value of the DOC of
THGSM beams propagating in different media.

In Figure 4, line 1 corresponds to the free space, and line 2 corresponds to the isotropic
media, and other lines correspond to uniaxial the crystal. It can be seen that the patterns of
the DOC of THGSM beams propagating in different media all rotate, and the central light
spot and the four light spots outside the central beam spot are all connected together to
form a whole with the increase in the propagation distance. With the continued increase,
it is not distributed in a wind fire wheel shape at the longer propagation distance when
THGSM beams propagate in the free space, which can be seen in Figure 4a1–a5, but it still
contains the wind fire wheel shape at the longer distance in other media. It can be seen
from Figure 4b1–b5 that the patterns of the DOC of THGSM beams are the same in both
the x direction and the y direction when THGSM beams propagate in isotropic media. By
comparing Figure 4c1–c5,d1–d5, we can know that the patterns of the DOC are stretched
in the y direction when THGSM beams propagate in a positive crystal, and the patterns
are stretched in the x direction when THGSM beams propagate in a negative crystal. It
can also be seen by comparing the last two lines in Figure 4 that the level of stretch of the
patterns of the DOC is greater when the refractive index ratio of extraordinary light and
ordinary light is bigger. Therefore, the evolution properties of the patterns of the DOC are
similar to that of the normalized intensity as a result of the diffraction being anisotropic in
uniaxial crystal.

Figure 5 shows the density diagram distribution of the absolute value of the DOC of
THGSM beams with different twist factors propagating in uniaxial crystal. For universality,
the beam order and crystal parameter in this figure are m = 1, no = 2.616, and ne = 1.2no. It
can be concluded that the twist factor causes the density map distribution of the absolute
value of the DOC to rotate during transmission. By comparing Figure 5a1–a5,b1–b5, it can
be seen that the density diagram of the absolute value of the DOC of THGSM beams consists
of five light spots when the twist factor is small. With the increase in the transmission
distance, the central light spot and the four surrounding light spots rotate simultaneously.
They rotate counterclockwise when the twist factor is negative, and they rotate clockwise
when the twist factor is positive. Eventually, the four light spots are all connected with the
central light spot to form a whole, and it is distributed in a wind fire wheel shape at the
longer transmission distance. By comparing Figure 5b1–b5,c1–c5, it can be seen that when
the twist factor is larger, four slightly bright spot lines appear outside the central bright
spot, which are connected together in a square distribution and form four small hollow
dark spots with the internal central bright spot. With the increasing of the transmission
distance, the central spot and the outer slightly bright square spot rotate simultaneously,
and the four small hollow dark spots are still clearly visible. For ease of comparison, the
evolution of the density diagram of the absolute value of the DOC of Hermite–Gaussian
Schell-mode beams propagating in the uniaxial crystal is shown in Figure 5d1–d5. It can
be seen from Figure 5d1–d5 that the density diagram is composed of nine light spots at
the input plane of the crystal, and then the external light spot gradually becomes blurred,
and, finally, it is connected with the central light spot with the increase in the transmission
distance, and the size of the light spot in the x direction is larger than that in the y direction
(for the positive crystal).
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Figure 5. The evolutionary properties of the density diagram of the absolute value of the DOC of
THGSM beams with different twist factors propagating in uniaxial crystal, (a1)–(a5) the twist factor
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u = 1 × 10−2 µm−2, (d1)–(d5) the twist factor u = 0.
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Figure 6. The evolutionary properties of the density diagram of the absolute value of the DOC of
THGSM beams with different beam orders propagating in uniaxial crystal, (a1)–(a5) the beam order
m = 1, (b1)–(b5) the beam order m = 2, (c1)–(c5) the beam order m = 3.

Figure 6 shows the density diagram distribution of the absolute value of the DOC
of THGSM beams with different beam orders propagating in a uniaxial crystal along the
direction vertical to the optical axis. Additionally, the twist factor and crystal parameter
are u = 0.5 × 10−2 µm−2, no = 2.616, and ne = 1.2no, respectively. It can be seen from
Figure 6 that the density diagram distributions of the absolute value of the DOC of THGSM
beams corresponding to different beam orders are different on the input plane of the
crystal, and the density diagram rotates with the increase in the transmission distance.
With the increase in the beam order, the number of side lobes outside the central beam
spot in the density diagram increases, the central beam spot becomes small, the side lobes
gradually connect together, and, finally, they all show a wind fire wheel distribution at a
long transmission distance.

5. The Effective Beam Width of THGSM Beams Propagating in Uniaxial Crystal

In this part, we study the evolutionary characteristics of the effective beam width of
THGSM beams propagating in uniaxial crystals. The effective beam width of the partially
coherent beams at any propagation plane is defined as [33]:

Ws =

√√√√2
∫ ∞
−∞

∫ ∞
−∞ s2 I(x, y, z)dxdy∫ ∞

−∞

∫ ∞
−∞ I(x, y, z)dxdy

(s = x, y), (18)

where Wx and Wy are the effective beam widths along the x direction and the y direction.
After a lengthy integration operation, the following quantities related to the effective beam
width were acquired:
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Fy =
∫ ∞
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∫ ∞
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y2 I(x, y, z)dxdy = C0

m

∑
l=0
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∑
f=0
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2
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d=0

f
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q=0
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Substituting Equations (19)–(21) into Equation (18), the effective spot widths in the
x direction and the y direction of THGSM beams propagating in uniaxial crystals can be
attained, respectively,

Wx =

√
2Fx

F0
, (22)

Wy =

√
2Fy

F0
, (23)

where the quantities in the formula are as follows:
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A3 =
k2n4

ouα
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e σ2 + k2n4

o
; B3 =

2zkn3
e σ

4z2n2
e σ2 + k2n4

e
, (37)

In the following, we simulate the evolutionary characteristics of the effective beam
width Wx and Wy of THGSM beams propagating in uniaxial crystals. Unless otherwise
specified, the crystal parameters and beam parameters take the following values without a
loss of generality: u = 0.5 × 10−2 µm−2, m = 1, no = 2.616, and ne = 1.2no.

Figure 7 shows the evolutionary properties of the effective beam width Wx and Wy of
THGSM beams propagating in uniaxial crystals, and the cases in free space and isotropic
media have also been given for ease of comparison. By comparing Figure 7a,b, we can
know that the value of the effective beam width Wx is always equal to Wy at the same
propagation distance in both free space and isotropic crystals. Nevertheless, for the uniaxial
crystals, the effective beam width in the two directions Wx and Wy according to the same
propagation distance is different. For the negative uniaxial crystal, Wx is smaller than Wy
according to the same propagation distance, which can be seen by comparing the blue
line in Figure 7a,b, and the opposite is the case for the positive uniaxial crystal. For the
positive uniaxial crystal, it can also be seen that the greater the ratio, ne/no, the bigger
the difference in Wx and Wy according to the same propagation distance. There is a big
difference in Figure 7a,b, that is with the increasing of the ratio of ne/no, the effective beam
width Wx enlarging, while Wy declines corresponding to the same transmission distance
for the positive uniaxial crystal (the green line and the magenta line in Figure 7a,b).
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In order to seek out the influence of the twist factor on the evolutionary properties of
the effective beam width Wx and Wy, we further studied the evolutionary characteristics of
the relative growth rate of the effective beam width, which is defined as follows:

∆Wx =
Wx −Wx0

Wx0
, ∆Wy =

Wy −Wy0

Wy0
, (38)

where Wx, Wy are the effective beam width at any transmission distance and Wx0, Wy0 are
the initial effective beam width along the x direction and the y direction.

As shown in Figure 8, the relative growth rate of ∆Wx and ∆Wy increase with the
increase in the propagation distance whether the twist factor exists or not, and the relative
growth rate of ∆Wx is bigger than that of ∆Wy at the same propagation distance corre-
sponding to the same twist factor for the positive uniaxial crystal. It can also be seen that
the relative growth rate of both ∆Wx and ∆Wy are lower when the twist factor is bigger,
corresponding to the same propagation distance. Therefore, increasing the twist factor can
further reduce the relative divergence rate of the beam radius.
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6. Discussion

It is worth discussing and explaining the phenomenon that appears above. Different
from the free space and isotropic media, the normalized spectral intensity of THGSM
beams propagating in uniaxial crystals present different degrees of stretching which can
be seen in Figure 1. As uniaxial crystals are anisotropic crystals, the propagation speed
of extraordinary light are different in various directions, while the propagation speed of
ordinary light is the same in each direction. The speed when e-light propagates along the
direction perpendicular to the crystal optical axis is recorded as ve, which is the maximum
speed for the negative uniaxial crystals and the minimum speed for the positive crystals.
For negative uniaxial crystals, ne/no < 1, the pattern of the normalized spectral intensity
and CSD are all stretched in the y-axis direction. It is stretched in the x-axis direction when
ne/no > 1, and the degrees of stretching increase in pace with the growth of the ratio.

Analogous to the changing rule of the normalized spectral intensity, the pattern of DOC
of the THGSM beams with different twist factors and different beam orders propagating in
uniaxial crystals also present different degrees of stretching with the different ratio of ne/no.
The beam order and the twist factor all affect the distribution of the pattern of the absolute
of the normalized spectral intensity and the DOC.

The effective beam width in two directions Wx and Wy of THGSM beams are all
affected by different media. When it propagates in uniaxial crystals, both Wx and Wy are
affected by the ratio ne/no. Additionally, the relative growth rate of the effective beam
width is lower when the twist is bigger, as the initial radius are bigger when the twist factor
is bigger.

7. Conclusions

In this paper, we deduced the concrete representation of the CSD function of THGSM
beams propagating in uniaxial crystals orthogonal to the optical axis. Then, we discussed
its propagation characteristics, which mainly contain the evolutional properties of the
normalized spectral intensity, the DOC, along with the effective beam width. The results
show that THGSM beams maintain rotation and self-splitting properties, the same as
when propagating in free space and in isotropic media. However, the normalized spectral
intensity and DOC present different degrees of stretching. The splitting of the normalized
spectral intensity is largely influenced by the twist factor and the beam order. The effective
beam width in two directions Wx and Wy are different in different media, and it was found
that increasing the twist factor can reduce the relative divergence rate of the beam radius.
Therefore, uniaxial crystal can be used to determine whether light beams carry a twist
phase or not, which provides one method to modulate the propagation characteristics of
THGSM beams, which will be applied in certain fields that require the special properties of
THGSM beams.
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