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Abstract: We theoretically investigated the properties of the ultraviolet secondary radiation generated
under the action of three-color ionizing pulses obtained from parametric light generators. We show
that the combination components in the spectrum of electron currents generated under the action of
such three-color pulses can form a strictly exponentially decreasing sequence. For moderately short
pump pulse durations (30 fs at 800 nm main field) with the use of this effect, it is possible to generate
a smooth broadband supercontinuum in the 800–100 nm range.
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1. Introduction

Gas ionization in strong optical laser fields can be accompanied by secondary radiation
generation in a variety of frequency ranges: terahertz and mid-IR [1–7]; generation of Brunel
harmonics (from the third to the ninth for a quasi-monochromatic field) [8–11]; and high
harmonic generation (up to the 50th and even higher) [12,13].

The control over the parameters of the generated radiation is possible by changing
the parameters of the laser pump [3–5]. When using multicolor ionizing pulses, the task
of controlling the output parameters, on the one hand, becomes more complicated, but at
the same time, it becomes possible to optimize the process, for example, to increase the
efficiency of secondary radiation [14,15].

One of the most well-studied problems of laser-plasma nonlinear optics is the genera-
tion of terahertz radiation under the action of two-color pulses. Such pulses usually consist
of a strong field with a small addition of its second harmonic [1–3], although other possibili-
ties, including utilizing three-color pulses, have been actively studied recently [4–7]. At the
same time, the generation of Brunel harmonics under the action of non-monochromatic
pulses has historically received less attention. However, in a recent experiment, it was
shown that when using few-cycle two-color pulses with the addition of a second harmonic,
the secondary radiation can become a dense sequence of spectral components, forming a
supercontinuum [10]. Radiation with such a broad ultraviolet (UV) spectrum is in demand
in many areas related to high-precision measurements, detection of the composition of
various media and tissues, and more [10,16–19].

In this work, we investigate the effect of alignment of the sequence of spectral com-
ponents of secondary radiation, which occurs under the action of three-color pulses. We
show that this alignment is not very sensitive to the intensity ratios in the ionizing pulse.
We also demonstrate that, at moderately short (up to 30 fs for a 800 nm pump) durations of
ionizing pulses, the generation of an aligned (smoothly decreasing) filled supercontinuum
in the range of 800–100 nm is possible.
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2. Equations

We studied the spectra of secondary radiation produced under the action of three-color
pulses with component parameters typical for optical parametric amplifiers (OPA) [4,10,12],

E(t) = x
(
E0 cos(ω0t) + E+ cos([ω0/2 + ∆ω]t + φ+)

+E− cos([ω0/2− ∆ω]t + φ−)
)

f (t), (1)

where E0,± =
√

8π I0,±/c, I0,± are peak intensities, c is the speed of light, f (t) is bell-shaped
envelope, and φ± are phase shifts between the main and additional waves carriers. We
use f (t) = cos2(πt/2T) for |t| ≤ T = πτp/4 cos−1(2−1/4), where τp is the full-width
intensity at half-maximum (FWHM) duration, and set E(t) = 0 for |t| > T. We also use
the notation ω± = ω0/2± ∆ω later in the article. Such a field as given by Equation (1)
can be obtained by passing a strong pulse with central frequency ω0 (main field) through
OPA, which generates two additional waves with frequencies ω± tunable near the half-
harmonic of the main field. We consider here He atoms as a nonlinear medium. Analysis
of secondary radiation is performed by solving the three-dimensional time-dependent
Schrödinger Equation (3D TDSE) in the single-active electron approximation

ih̄
∂

∂t
ψ(r, t) =

[
− h̄2

2m
∇2 − erE(t) + V(r)

]
ψ(r, t), (2)

where ψ(t, t) is the electron wavefunction, h̄ is the reduced Plank constant, e and m are the
electron charge and mass, respectively, and V(r) is the parent ion potential. The potential
V(r) for He atom is found based on the density functional theory [20], which has binding
energies in good agreement with the experimental data. The numerical 3D TDSE solution
was performed similarly to [20] using the expansion of the wavefunction in spherical
harmonics with maximum orbital momentum lmax = 256 and with radial boundary at
rmax = 200 atomic units. The generated radiation is characterized by Fourier spectrum
aω =

∫
a(t)eiωtdt of the atom dipole acceleration a(t), which determines the time derivative

of the electron current density, ∂j/∂t:

∂j
∂t

= eNga, a =
1
m
[eE− 〈ψ|∇V|ψ〉], (3)

where Ng is the initial gas density.

3. Results and Discussion

Figure 1 shows the spectra of dj/dt at various values of the frequency detuning ∆ω.
These spectra consist of sets of peaks, corresponding to different combinational frequencies
of the form

ωn = P0ω0 + P+ω+ + P−ω−, (4)

where P0,+,− are integers with Pn = |P0|+ |P+|+ |P−| being a small odd number (the larger
Pn, the less pronounced the corresponding peak) [6,9,11,21]. The amplitudes of combination
components can be approximately calculated using the mathematical approaches described
in the articles [9,11]. It is noticeable that the spectra on subplots (a) and (c) differ from cases
(b) and (d). This is due to the special values of frequency detuning ∆ω = ω0/k (where k
are specific even natural numbers), at which the set of frequencies in a three-color pulse
becomes a set of harmonics: (a) ω− = ω, ω+ = 2ω and ω0 = 3ω; (c) ω− = 2ω, ω+ = 3ω
and ω0 = 5ω. In these cases, almost every peak in the spectrum of dj/dt corresponds
to several sets of frequency combinations, for example, in case (c), the frequency 2ω0 is
obtained with (P−, P+, P0) = (1, 1, 1), (5, 0, 0) and (−1, 4, 0). In other words, such values of
∆ω correspond to the merging of several spectral peaks. And if, at random values of ∆ω,
such as presented on (b) and (d), the amplitudes of various peaks look disorganized, then
when the peaks merge, their amplitudes line up in a visible sequence.
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Figure 1. dj/dt squared spectrum from three-color ionizing pulses with ω0 corresponding to
λ0 = 800 nm, ω± = ω0/2± ∆ω with four different values of ∆ω = ω0/6 (a), 0.13ω0 (b), 0.1ω0

(c), and 0.06ω0 (d). Intensities I0 = 1015 W/cm2 and I− = 1014 W/cm2 are fixed, for blue lines
I+ = 2× 1014 W/cm2, for black lines I+ = 5× 1013 W/cm2 and for red lines I+ = 0. All the phases
are equal to 0, pulse duration τp = 50 fs. The inset to subplot (c) shows how the ratios between the
amplitudes of different peaks depend on I+: a2.8/a3 (solid line) and a3.2/a3 (dashed line), where an

is the amplitude of the dj/dt squared spectrum at ω = nω0. I0 and I− are fixed at the same values as
on the other curves.

This alignment looks unexpected, first of all, because the intensities of the ionizing
pulse components were not selected specially. What is more, from Figure 1 we see that
the effect weakly depends on the intensities of the components: when the intensity I+
changes by the factor of four (solid blue and dashed black lines), the alignment does not
break. More generally, it remains for any intensities I0,± if they differ by no more than
an order of magnitude. A specific example of the dependence of the ratios between the
amplitudes of two “satellite” peaks near the third harmonic and its amplitude is shown in
the inset to the subplot (c). The peak centered at 2.8ω0 is absent at I+ = 0 and the peak at
3.2ω0 is sufficiently smaller than at 3ω0. However, at I+ ≈ 4× 1012 W/cm2, the peak at
2.8 overtakes the one at 3.2 and the alignment stabilizes near I+ ≈ 5× 1013 W/cm2 = I−/2.

This behavior can be qualitatively explained using the standard semiclassical (photocur-
rent) model [9,11,22]. First, note that if electric field is a sum of harmonics |E|2 = ∑ Iseisωt,
where Is are slow complex amplitudes, then |E|4 = ∑[∑ Ik Is−k]eisωt and so on. In the
work [11], we showed that the ionization probability, which is the source of nonlinearity in
this system, can be approximated with a high order even polynomial. When a field mod-
ule is raised to a high power, its spectrum undergoes numerous convolutions with itself.
The same happens when summing up a set of random variables with given probability
distributions. So, the appearance of order here is of the same nature as the appearance
of the Gaussian envelope of the probability distribution of the sum of the set of random
variables (central limit theorem [23]). In sparse spectra, the convolution operation generates
new sum and difference frequencies, but if the spectrum is already a dense sequence of
harmonics (cases (a) and (c)), then the convolution operation only transforms the shape of
this sequence, ordering it.
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Smooth Supercontinuum Generation

When reducing the duration of the ionizing pulse to approximately 30 fs, the compo-
nents of the generated spectrum begin to merge (Figure 2), and for the case ∆ω = ω0/10,
in which the frequency interval between adjacent peaks is less, at a duration of 20 fs we
obtain a very smooth supercontinuum. With φ± = 0, subplots (a) and (b), the spectrum of
dj/dt can become almost a straight line. At the same time, by controlling the phases φ± of
the components, we can obtain quasi-step structures, each step of which is a more conven-
tional supercontinuum; examples are shown in Figure 2 (c, d). The relative phase of each
distinguished component (4) is given by φn = P−φ− + P+φ+, and when the peaks overlap,
only at φ± = 0 do they all add up efficiently and line up at the same time. In our opinion,
the case φ± = 0 is preferable for the usage of this supercontinuum for measurements,
for example, of absorption in a medium and solving other typical problems, due to the
best alignment [10,18,24,25]. We also note that in the two-color experiment [10], the correct
phase shift between the components was also carried out to obtain the best effect.
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Figure 2. dj/dt squared spectrum from three-color ionizing pulses with ω0 corresponding to
λ0 = 800 nm, ω± = ω0/2 ± ∆ω with two different values of ∆ω = ω0/6 (a,c) and ω0/10 (b,d)
and two different values of phases ϕ+ = ϕ− = 0 (a,b) and ϕ+ = ϕ− = π/3 (c,d). Intensities
I0 = 1015 W/cm2 and I+ = I− = 2 × 1014 W/cm2. Blue lines correspond to pulse duration
τp = 20 fs, dashed black lines to τp = 30 fs.

On the Figure 3, we compare the spectra from three-, two- and one-color fields. From
the result for the one-color field, one can obtain a visual representation of the spectrum
width of the field itself (the spectrum of the first harmonic repeats the spectrum of the
field of the ionizing pulse), the components in the two- and three-color fields have the
same spectral width. It is clearly seen here that the usual two-color field is not enough to
achieve a smooth supercontinuum even at 20 fs duration for a 800 nm main field. Here we
have the number of cycles of the main field nearly equal to the one in the experiment [10],
where there were pulses with 80 fs duration and 3.9 µm central wavelength. With further
shortening of the duration, it becomes difficult to efficiently generate additional fields of the
ionizing pulse (second or half harmonic). Thus, the three-color generation method seems
to be a very effective solution for the UV-supercontinuum generation. Additionally, since
both additional waves in the proposed three-color pulse can be generated in the same
OPA with the desired frequency detuning [4], the use of a three-color pulse, in fact, does
not require much complication of the circuit. Such table-top schemes for generating an
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ultrabroadband smooth supercontinuum may possibly find application in modern biology
and medicine [16,19].
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Figure 3. dj/dt squared spectrum from one-color (black dashed line), two-color (red and orange lines)
and three-color (blue line) ionizing pulses with ω0 corresponding to λ0 = 800 nm, ω± = ω0/2± ∆ω

with ∆ω = ω0/10. The pulse intensities are chosen so that the degree of gas ionization is approxi-
mately the same: I0 = 1015 W/cm2, I+ = I− = 2× 1014 W/cm2 (blue line); I0 = 1.5× 1015 W/cm2,
I± = 2× 1014 W/cm2, I∓ = 0 (red and orange lines, respectively); I0 = 2× 1015 W/cm2, I+ = I− = 0
(black dashed line). Pulse duration τp = 20 fs, phases ϕ± = 0.

Compared to other methods for generating ultraviolet supercontinuum, the one pro-
posed in this paper has a number of advantages. Firstly, no special environment is required
for generation. Our calculations were carried out for atomic helium, but similar generation
is also possible using other atoms and molecules, as was demonstrated in the two-color
experiment [10]. The same applies to the choice of the frequency of the main field of
the ionizing pulse: provided that the tunneling regime of ionization is maintained, other
frequencies can be used, and the range of the generated supercontinuum itself will shift
proportionally, and this range can be very wide. Moreover, it is not even necessary to
adjust certain values of the intensities of the additional field components, as the generation
of a smooth supercontinuum occurs at any comparable intensities if the components are
correctly phased. In turn, phase control allows customizing the type of generated spectrum
to obtain wide nearly-horizontal areas. Using the other methods for generation, as a rule,
requires a strictly defined pump frequency and special properties of a specific working
medium to generate such a supercontinuum [18,26]. All of the above indicates the serious
prospects of the method proposed in this article.

4. Conclusions

We have studied the spectra of Brunel combination components arising under the
action of three-color ionizing pulses generated in optical parametric amplifiers. We have
found an effect of alignment, due to which all combination components line up in a strictly
geometrically decreasing sequence for certain values of the frequency detuning of the
additional components of the three-color pulse, detuned from the half frequency of the
main field. This effect can be used to generate an ultrabroadband smooth supercontinuum
in the range of 800–100 nm with a pump duration of about 30 fs. Fine tuning of the
intensities of the pump components is not required for generation of a supercontinuum,
and an almost arbitrary gas is suitable as a working medium.
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