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Abstract: In this article, we analyze the impact of the off-axis noncanonical vortex on the dynamics of
3D energy flux. The results reveal that the properties of energy flux are significantly influenced by the
anisotropy parameter σc of the off-axis noncanonical vortex. It is demonstrated that by adjusting the
anisotropy parameter, we can control the transverse energy flux, from the position of the transverse
energy tornado and the distribution of the transverse energy strength to the rotation direction of the
transverse energy flux as the beam propagates. The interesting phenomenon, the reversed energy
flux, is also closely related to the anisotropy parameter. The position and size of the reversed energy
flux region, as well as the production of two energy tornadoes with opposite rotating directions,
resembling a Chinese “Taiji” pattern, can be controlled by varying the anisotropy parameter. This
result will potentially provide a new freedom for tailoring the 3D optical field and be useful in optical
manipulation and processing.

Keywords: energy flux; off-axis vortex; noncanonical vortex; 3D optical field; reversed energy flux

1. Introduction

A traditional vortex beam, which is called a canonical vortex beam, usually indicates
intensity zero in its beam center and has a constant phase gradient around the center [1,2],
arousing tremendous study on its unique characteristics. Numerous efforts have been
devoted to the manipulation of the intensity distribution [3,4], polarization [5,6], coher-
ence [7,8] and energy flux [9,10] of vortex beams and find its wide applications on optical
trapping [11], optical tweezers [12] and wireless communications [13]. Additionally, an-
other vortex beam, called the noncanonical vortex beam [14], where the phase gradient
and the amplitude were spatially anisotropic, has attracted more attention. The anisotropy
parameter “σc” describes the nonlinearity of the phase gradient and exhibits a strong
influence on tailoring rich intensity and phase patterns, showing a potential application
on the beam shaping [15,16]. Meanwhile, previous research studies concentrate on the
properties of the on-axis noncanonical vortex beam, including the intensity, polarization
and the energy flow [17–19]. In practice, the off-axis vortex is often achieved experimen-
tally [20–23]. Hence, in this article, we will focus on the off-axis noncanonical vortex beam
in a 3D-structured field and its effect on the energy flux.

Besides the intensity and phase, the energy flow is another fundamental quantity
offering advantages in its application to 3D optical manipulation. This is where an anomaly
phenomenon, energy back propagation, i.e., negative values of the longitudinal Poynting
vectors, has attracted researchers. As early as 1919, the backward energy flow near the focus
was first revealed by Ignatowskii [24]. Later, Richards and Wolf found the region of the
negative propagation light of a strongly focused linearly polarized field in 1959 [25]. From
that time and onwards, the condition of the negative energy flow of a sharp focused field
with homogeneous (linear, circular and elliptical) polarization [26–28] and inhomogeneous
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(radial and azimuthal) polarization [29–31] was studied. Moreover, the negative Poynting
vector acting as the “tractor force” on the particle was observed [32]. On the other hand,
the transverse energy flow as an informative characteristic of an optical field can usually
be decomposed into a spin part and orbit part, inspiring numerous studies on it, such as
the spin-to-orbital energy flow conversion [33,34], spin–orbit coupling [35,36], and spin
Hall effects of light (SHEL) [37,38]. Here, we will demonstrate that adjusting the anisotropy
parameter σc of the off-axis noncanonical vortex can provide a simple way to control the
position of the energy flux tornado, the rotation direction of the energy flux and the region
of reversed energy flux, and produce a traditional Chinese “Taiji” pattern. This may be
used in many applications, such as when tailoring and enriching the controlled means
of particles.

2. Theoretical Background
2.1. Noncanonical Vortex

A traditional noncanonical vortex embedded in a beam at location (a, b) (in the exit
pupil plane of an aplanatic system) can be described as [17]

Vin(x, y) = A(x, y)[x− a + iσc(y− b)]n, (1)

where A(x, y) is the amplitude, and, in this article, the amplitude is assumed to be Gaussian,
i.e., A(x, y) = e(x2+y2)/w2

0 with w0 denoting the waist size of the Gaussian beam. σc
determines the noncanonical strength of the vortex, and as σc varies, the distributions
of both the phase and amplitude change. This is the reason for its name, the anisotropy
parameter. In principle, the anisotropy parameter σc can be a complex number, and when
Re[σc] > 0, the topological charge of the vortex expressed by Equation (1) is n (note n is
positive), while for Re[σc] < 0, the charge is −n. In this article, we only focus on the case
that σc is a real number and n = 1, which means that the vortex is fundamental, and its
topological charge is ±1. In addition, in order to simplify the discussion, here, we also set
b = 0, i.e., the vortex only can move along the x-axis.

The phase structures of the noncanonical vortex are depicted in Figure 1, where
the inserts are their corresponding intensity distributions. In the left two columns, the
anisotropy parameter is σc = ±1, and these phase-plots demonstrate that the phase gradient
around the vortex is ±1. It means that the vortex is actually the canonical type. This also
can be found from Equation (1), i.e., when σc = 1, the noncanonical vortex degenerates into
the canonical vortex. By comparing the phase structures and the intensity distributions for
σc = +1 and σc = −1, we can observe that when σc changes its sign, only the topological
charge is reversed (i.e., the phase gradient changes its sign) but the intensity distribution
remains the same. It is easy to demonstrate that this rule is also true for the case |σc| 6= 1.
Furthermore, from Figure 1, we also can find that for |σc| < 1, the phase changes faster
near the y-axis, or the (absolute value of) phase gradient becomes bigger near the y-axis;
while for |σc| > 1, the phase changes faster near the x-axis, or the (absolute value of) phase
gradient is bigger there. The effect of the ‘off-axis’ is to push the intensity to the other side
of the beam, i.e., to break the symmetry distribution of the intensity.

2.2. Electric Field, Magnetic Field and Energy Flux

Here, we will use the noncanonical vortex discussed above to construct a three-
dimensional (3D) vector field and derive the expressions of the electric field, magnetic field
and energy flux.
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Figure 1. Structure of noncanonical vortex. The big plots are phase distributions and the inserts are
their corresponding intensity distributions. In the first row, the vortex is located at the beam center,
and in the second row, it is off-axis with a = 0.5w0. In the left two columns σc = ±1 [(a,b,e,f)], i.e.,
the vortex degenerates into the canonical type.

Assume that there is an aplanatic, high numerical aperture system with the focal
length f and the semi-aperture angle α, and the incident field is an off-axis noncanonical
vortex beam described by Equation (1). According to the Richards–Wolf diffraction theory,
the electric/magnetic field in the focal region of this structured field at an observation point
P(ρs, φs, zs) takes the form:

U(ρs, φs, zs) =−
i f
λ

∫ α

0

∫ 2π

0
sin θ
√

cos θVin(θ, φ)Wp(θ, φ)eikzs cos θ

× eikρs sin θ cos(φ−φs)dφdθ, (2)

where U(ρs, φs, zs) represents the electric or magnetic field strength and (ρs, φs, zs) are the
cylindrical coordinates. k = 2π/λ denotes the wave number. Note that here, in order to
calculate Equation (2), Vin(x, y) was changed into Vin(θ, φ) by applying the coordinates
transform x = ρ cos φ, y = ρ sin φ and the Abbe sine condition ρ = f sin θ. The polarization
matrix Wp(θ, φ) of the electric or magnetic field in Equation (2) is:

Wp(θ, φ) =

 1 + cos2 φ(cos θ − 1) sin φ cos φ(cos θ − 1)
sin φ cos φ(cos θ − 1) 1 + sin2 φ(cos θ − 1)
− sin θ cos φ − sin θ sin φ

[ wx(θ, φ)
wy(θ, φ)

]
(3)

where wx(θ, φ) and wy(θ, φ) are the polarization weight functions of the x component
and y component of the incident field. Here, we assume that in this article, the incident
field is linearly polarized at a x direction. Thus, for the electric field, the weight functions
are wx = 1 and wy = 0, while for the magnetic field, they are wx = 0 and wy = 1. By
substituting the weight functions into Equation (2), the electric field and the magnetic field
in the focal region can be obtained (for more details, one may refer to Appendix A).



Photonics 2023, 10, 346 4 of 14

For the electric field (ex, ey, ez), after some calculations, their expressions are:

ex(ρs, zs, φs) = −ik
∫ α

0
P(θ) (Ix0 + Ix1 + Ix2 + Ix3) eikzs cos θdθ, (4)

ey(ρs, zs, φs) = −ik
∫ α

0
P(θ) (Iy1 + Iy2 + Iy3) eikzs cos θdθ, (5)

ez(ρs, zs, φs) = −ik
∫ α

0
P(θ) (Iz0 + Iz1 + Iz2) eikzs cos θdθ, (6)

where
P(θ) = f e− f 2 sin2 θ/w2

0
√

cos θ sin θ, (7)

and

Ix0(θ; ρs, φs) = −
1
2

a(1 + cos θ) J0(kρs sin θ), (8)

Ix1(θ; ρs, φs) =
1
4

f sin θ[−σc(3 + cos θ) sin φs + i(3 cos θ + 1) cos φs] J1(kρs sin θ), (9)

Ix2(θ; ρs, φs) =
1
2

a(cos θ − 1) cos 2φs J2(kρs sin θ), (10)

Ix3(θ; ρs, φs) =
1
4

f sin θ[σc(cos θ − 1) sin 3φs − i(cos θ − 1) cos 3φs] J3(kρs sin θ), (11)

Iy1(θ; ρs, φs) =
1
4

f sin θ[σc(1− cos θ) cos φs − i(1− cos θ) sin φs] J1(kρs sin θ), (12)

Iy2(θ; ρs, φs) =
1
2

a(cos θ − 1) sin 2φs J2(kρs sin θ), (13)

Iy3(θ; ρs, φs) =
1
4

f sin θ[σc(1− cos θ) cos 3φs + i(1− cos θ) sin 3φs] J3(kρs sin θ), (14)

Iz0(θ; ρs, φs) = −
1
2

f sin2 θ J0(kρs sin θ), (15)

Iz1(θ; ρs, φs) = ia sin θ cos φs J1(kρs sin θ), (16)

Iz2(θ; ρs, φs) =
1
2

f sin2 θ[cos 2φs + iσc sin 2φs] J2(kρs sin θ). (17)

Similarly, the expressions for the components of magnetic field (hx, hy, hz) can be
derived as

hx(ρs, zs, φs) = −ik
∫ α

0
P(θ) (Tx1 + Tx2 + Tx3) eikzs cos θdθ, (18)

hy(ρs, zs, φs) = −ik
∫ α

0
P(θ) (Ty0 + Ty1 + Ty2 + Ty3) eikzs cos θdθ, (19)

hz(ρs, zs, φs) = −ik
∫ α

0
P(θ) (Tz0 + Tz1 + Tz2) eikzs cos θdθ, (20)

where

Tx1(θ; ρs, φs) =
1
4

f sin θ[σc(1− cos θ) cos φs − i(1− cos θ) sin φs] J1(kρs sin θ), (21)

Tx2(θ; ρs, φs) =
1
2

a(cos θ − 1) sin 2φs J2(kρs sin θ), (22)

Tx3(θ; ρs, φs) =
1
4

f sin θ[σc(1− cos θ) cos 3φs + i(1− cos θ) sin 3φs] J3(kρs sin θ), (23)
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Ty0(θ; ρs, φs) = −
1
2

a(1 + cos θ) J0(kρs sin θ), (24)

Ty1(θ; ρs, φs) =
1
4

f sin θ[−σc(1 + 3 cos θ) sin φs + i(cos θ + 3) cos φs] J1(kρs sin θ), (25)

Ty2(θ; ρs, φs) =
1
2

a(1− cos θ) cos 2φs J2(kρs sin θ), (26)

Ty3(θ; ρs, φs) =
1
4

f sin θ[σc(1− cos θ) sin 3φs − i(1− cos θ) cos 3φs] J3(kρs sin θ), (27)

Tz0(θ; ρs, φs) = −
1
2

iσc f sin2 θ J0(kρs sin θ), (28)

Tz1(θ; ρs, φs) = ia sin θ sin φs J1(kρs sin θ), (29)

Tz2(θ; ρs, φs) =
1
2

f sin2 θ[sin 2φs − iσc cos 2φs] J2(kρs sin θ). (30)

Obviously, both the electric field and the magnetic field in the focal region are strongly
influenced by the anisotropy parameter σc, as well as the off-axis distance a.

The energy flux, by definition, is expressed by the time-averaged Poynting vector S.
Since we have derived all the components of the electric field and magnetic field, now the
energy flux can be obtained from the following expression:

S =
c

8π
Re(E×H∗) =

 Sx
Sy
Sz

 =

 eyh∗z − ezh∗y
ezh∗x − exh∗x
exh∗y − eyh∗x

, (31)

where c is the speed of light in the free space. The superscript ∗ denotes the complex
conjugate and Re is the real part of a complex number. Thus, the longitudinal energy flux
is represented by Sz, which is dependent on the transverse components of both the electric
field and the magnetic field; meanwhile, the transverse energy flux is (Sx, Sy), and from
here on we use sxy = (Sx, Sy) to represent this transverse vector, which relies on both the
transverse and the longitudinal components of the electromagnetic field.

3. Results and Discussions

In this section, we will analyze the energy flux in the focal region. In order to obtain
the effects of the off-axis noncanonical vortex on the dynamics of the energy flux, we will
first analyze and summarize the behaviors of the energy flux influenced by the canonical
vortex in this section.

3.1. Energy Flux: The Canonical Vortex Case |σc| = 1

For |σc| = 1, the incident vortex beam is a canonical type with its topological charge
being +1 (when σc = +1) or −1 (when σc = −1). Let us first observe the transverse
energy flux sxy = (Sx, Sy) in this focused field with |σc| = 1. By imputing σc = ±1 into
Equations (18)–(30), we can obtain the electric field and the magnetic field, and thereby the
expression of the transverse energy flux is obtained according to Equation (31).

Figure 2 shows the transverse energy flux sxy including the flow lines (or the lines of
the transverse Poynting vectors) and the strength distribution in the focal plane (zs = 0).
It can be found, firstly, that there is a (transverse) Poynting singularity, i.e., a transverse
energy flux tornado created in the beam center for the off-axis distance a = 0 or along the
ys-axis for a 6= 0. Secondly, the rotation direction of the tornado is counter-clockwise when
the anisotropy parameter σc is positive, whereas it is clockwise when σc is negative. Thirdly
and more interestingly, the sign of σc determines the location of the energy flux tornado,
i.e., the tornado is along the −ys-axis if σc = 1 and along the +ys-axis if σc = −1. In other
words, the strength maximum of the transverse energy flux or its strength distribution
pattern depends on the sign of the anisotropy parameter σc. This phenomenon is actually
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caused by both the topological charge of the incident beam and the effect of strongly
focusing, which will be discussed in the following.

Figure 2. The transverse energy flux sxy with flow lines (in white) and strength |sxy| (color-coded)
on the focal plane. Here (a) σc = 1, a = 0 (b) σc = −1, a = 0, (c) σc = 1, a = 0.5w0 and (d) σc = −1,
a = 0.5w0. In all plots: f = 2 mm, w0 = 2 mm and α = 60◦.

Propagation of the transverse energy flux sxy in the focal region with zs = −4λ to
zs = +4λ is depicted in Figure 3, where the first row shows the case of σc = +1 and the
second row is the case of σc = −1. It can be observe that when σc > 0, the energy strength
patten (and the energy flux tornado) rotates contour-clockwise as the beam propagates,
while for σc < 0, it rotates clockwise. In order to illustrate this rotation behavior more
clearly, the azimuthal angle of the strength maximum is depicted in Figure 4. (Here, in
order to find both the maximum (possible) rotation angle and the tendency of this rotation
behavior, the scope which is bigger than the depth of the field,−10λ ≤ zs ≤ 10λ, is chosen.)
It is demonstrated that when the beam propagates from zs = −10λ to 10λ, the maximum
point (representing the strength distribution pattern) of the transverse energy flux rotates
from near 0◦ (zs = −10λ), 90◦ (zs = 0) to almost 180◦ (zs = 10λ) for σc = +1 and from near
0◦ (zs = −10λ), −90◦ (zs = 0) to almost −180◦ for σc = −1. That is to say, that as the beam
propagates if σc > 0, the strength distribution pattern has a counterclockwise rotation and
the total rotation angle is near 180◦, while if σc < 0, the pattern has a clockwise rotation
with the total rotation angle near −180◦.

Figure 3. The transverse energy flux sxy along the propagation direction. Here, (a,a’) zs = −4λ,
(b,b’) zs = −2λ, (c,c’) zs = 0, (d,d’) zs = 2λ and (e,e’) zs = 4λ. In all plots: a = 0.5w0, f = 2 mm,
w0 = 2 mm and α = 60◦.
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Figure 4. The rotation angle for the transverse energy flux sxy with the beam propagation. Here,
a = 0.5w0, f = 2 mm, w0 = 2 mm and α = 60◦.

After the discussion on the transverse energy flux, we will examine the longitudinal
energy flux. For a common light beam, its longitudinal energy flux usually goes towards the
propagation direction, i.e., Sz > 0. The reversed energy flux actually means the longitudinal
energy flux Sz < 0, which has special applications in optical trappings. Here, we will
observe that in our constructed field, the reserved energy flux can be found.

Figure 5 depicts the strength of the longitudinal energy flow Sz on the xOy-plane (in
the first column), on the xOz-plane (in the second column) and on the yOz-plane (in the
third column), separately. In this figure, the first row shows the on-axis vortex case, i.e.,
a = 0, and the second row is the case of a = 0.5w0. In all plots σc = 1. The white lines
on the xOy-plane denotes Sz = 0 and the reverse energy flux exists in the inner region
enclosed by the white lines. It is observed that the negative energy flux shows a torus-shape
distribution around the beam center for a = 0, while in the case of a = 0.5w0, the negative
energy can distribute near the beam center. In order to illustrate the energy flux with more
details, here instead of the flux lines, the energy flux vectors are depicted. The Poynting
vectors of szx = (Sz, Sx) and szy = (Sz, Sy) denoted by arrows are drawn on the xOz-plane
and the yOz plane, respectively. The red ones represent the reversed longitudinal energy
flux (the black region with reversed energy flow in Figure 5c is enlarged as an example),
i.e., Sz < 0. From Figure 5, it can be found that the off-axis vortex changes the location of
the negative energy flux region, while the size of the negative energy flux region is quite
modest and almost not influenced by the off-axis vortex.
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Figure 5. The longitudinal energy flow Sz on the (a,a’) xOy-plane, (b,b’) xOz-plane and (c,c’) yOz-
plane. In (a–c) σc = 1, a = 0, (a’–c’) σc = 1, a = 0.5w0. In all plots, f = 2 mm, w0 = 2 mm and
α = 60◦.
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3.2. Energy Flux: The Noncanonical Vortex Case |σc| 6= 1

In this part, we will generalize the behaviors of the energy flux influenced by the
noncanonical vortex. For |σc| 6= 1, the incident vortex beam is the noncanonical type
with not only the phase but also the amplitude distributing anisotropically. However, its
topological charge remains the same, that is +1 (when σc > 0) or −1 (when σc < 0).

Similarly, let us first discuss the transverse energy flux in the focused field. The
transverse energy flux sxy (including the flow lines and the strength distribution) on the
focal plane for different values of the anisotropy parameter σc is shown in Figure 6. Similar
results can be obtained in the case of the noncanonical vortex when compared to the case
of the canonical vortex: (a) There is a transverse energy flux tornado (transverse Poynting
singularity) along the ys axis for |σc| 6= 1 with the off-axis vortex a 6= 0. (b) The rotation
direction of the transverse Poynting singularity is counter-clockwise when σc is positive
and clockwise when σc is negative. (c) The location of the transverse Poynting singularity
depends on the sign of σc. The tornado locates at the −ys axis if σc > 0 and the ys axis if
σc < 0. Meanwhile, the difference in the results between the canonical and noncanonical
cases is that the location of Poynting singularity moves closer to the center as the |σc|
increases. More interestingly, the strength distribution of the transverse energy flux becomes
more uniform around the Poynting singularity (near focus) when the |σc| is much bigger
than 1, (see plots (d) and (d’) in Figure 6, σc = ±10). That is to say, through only adjusting
the parameter σc, we can control the position of the transverse energy tornado and the
distribution of the transverse energy strength.

6
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0 6
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0 6

6
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0 6 0 6

6
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0 6

6

0

0 6

6

0

0 6

6
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Figure 6. The transverse energy flux sxy with flow lines and strength |sxy| on the focal plane for
|σc| 6= 1. Here, (a) σc = 0.2, (a’) σc = −0.2, (b) σc = 0.8, (b’) σc = −0.8, (c) σc = 1.5, (c’) σc = −1.5 and
(d) σc = 10, (d’) σc = −10. In all plots, a = 0.5w0, f = 2 mm, w0 = 2 mm and α = 60◦.

The transverse energy flux sxy for |σc| 6= 1 along the propagation direction from
zs = −4λ to zs = 4λ is shown in Figure 7, where the anisotropy parameter σc = 0.2 in the
first row and σc = 10 in the second row. It is quite obvious that the propagation behavior
of the transverse energy flux for |σc| 6= 1 is very different from that shown in Figure 3
(i.e., |σc| = 1). One can observe that for σc = 0.2, 10, the transverse energy flux sxy seems
to not rotate when the beam propagates. The energy strength pattern for σc = 0.2 has one
maximum on the ys-axis on the focal plane, and this maximum laterally moves from the
right side (near xs axis) to the left side (near −xs axis) as zs increases. When σc = 10, the
maximum of the energy strength pattern locates at the ys-axis on the focal plane as well,
while as the beam propagates, the strength pattern splits into two parts and the maximum
moves along the ys-axis. This phenomenon can be physically explained by the joint effect of
the anisotropic phase and intensity distribution, as well as the polarization of the incident
beam and the strongly focusing. This joint effect results in the energy accumulated along
the xs-axis or ys-axis when |σc| is greatly larger or smaller than 1.
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Figure 7. The transverse energy flux sxy along the propagation direction. Here, (a,a’) zs = −4λ,
(b,b’) zs = −2λ, (c,c’) zs = 0, (d,d’) zs = 2λ and (e,e’) zs = 4λ. In all plots: a = 0.5w0, f = 2 mm,
w0 = 2 mm and α = 60◦.

Now, we examine some situations with |σc| near 1. Figure 8 depicts the transverse
energy flux sxy with σc = 0.8 and 1.5 as the beam propagates. It can be observed that
the rotation behavior of sxy is very obvious, which is more like the case for the canonical
vortex (see Figure 3). The variations of the azimuthal angles of the strength maximum with
the propagation distance for these four cases are shown in Figure 9. From this figure, the
rotational behavior and its counterclockwise manner of the transverse energy flux when
σc > 0 can be observed as being more straight.
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Figure 8. The transverse energy flux sxy along the propagation direction. Here, (a,a’) zs = −4λ,
(b,b’) zs = −2λ, (c,c’) zs = 0, (d,d’) zs = 2λ and (e,e’) zs = 4λ. In all plots: a = 0.5w0, f = 2 mm,
w0 = 2 mm and α = 60◦.

One can find that the maximum point of the transverse energy flux stays close to 90◦,
as the beam propagates from zs = −10λ to zs = 10λ in the case of σc = 10. Meanwhile, for
the case of σc = 0.2, it is demonstrated that the maximum point of the transverse energy
strength stays near 0◦ when the beam propagates from zs = −10λ to zs = −3λ and keeps
near 180◦ when the beam propagates from zs = 3λ to zs = 10λ. Note that despite the az-
imuthal angle of the maximum point not being close to 0◦ or 180◦ in the focal region (zs from
−2λ to 2λ), it still changes dramatically from 14◦ (zs = −2λ) to 166◦ (zs = 2λ) compared to
the canonical vortex case. Moreover, the rotation angle and behavior of the case σc = 0.8 and
1.5 in Figure 9 confirms the results in Figure 8. It should be noted that the trends of these
two curves are not completely the same. There exist differences between σc = 0.8 and
1.5 in the region zs = −10λ to −5λ and zs = 5λ to 10λ. This behavior is generated by the
anisotropic distribution of the phase and intensity when |σc| 6= 1.
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Figure 9. The rotation angle for the transverse energy flux sxy with the beam propagation. Here,
a = 0.5w0, f = 2 mm, w0 = 2 mm and α = 60◦.

The longitudinal energy flow Sz of the canonical vortex case has been investigated
in detail in Figure 5. Obviously, the longitudinal energy flow becomes more complicated
when |σc| 6= 1. The strength of longitudinal energy flow and the reverse energy flux region
(denoted by the white lines) of σc = 0.2, 0.8, 10, 15 at the focal plane are shown in Figure 10.
Through observing this figure, we can obtain that: (a) For any value of σc, the strength Sz
and negative energy flux region is asymmetry distributed on the focal plane. (b) When
|σc| < 1, the reverse energy flux region, which is near to the focus, becomes bigger and
away from the focus as |σc| decreases. Meanwhile, when |σc| > 1, the reverse energy flux
region, which is near to the focus, becomes smaller and close to the focus as |σc| increases.
(c) The whole reverse energy flux region on the focal plane becomes bigger as |σc| increases.

More details of σc = 0.2 and 15 are shown in Figure 11. The Poynting vectors of szx
and szy on the xOz-plane and yOz-plane, respectively, are presented by arrows, where
the red arrows still denote the reversed longitudinal energy flux. It can be found that not
only the location of the negative energy flux region changes with different σc, but also the
size of the negative energy flux region changes as well. Particularly, when σc = 15, the
negative energy flux region grows in size on the xOz-plane. In order to show energy flux
more clearly, we add the energy flow lines of szx and szy in Figure 11, which are denoted
by white thick lines with arrows. It is very surprising to find that the energy flow lines
exhibit an “S” shape and exist two energy flux tornadoes (i.e. Poynting singularities) with
opposite topological charges (i.e., opposite rotating directions) on the xOz-plane in the
case of σc = 15. Even more intriguing is that this “S” shape with two tornadoes is very
like the Chinese “Taiji” pattern, where the two tornadoes with opposite charges exactly
resemble the two eyes of the “Yin fish” and “Yang fish”, respectively. As the “Yin fish”
and “Yang fish” can rotate and be annihilated in the traditional “Taiji” theory, these two
energy tornadoes (generated by the reversed energy flux) can also behave in the same way.
These two opposite rotating energy tornadoes may provide a simple way to trap and rotate
two particles with opposite rotation directions. Moreover, it is obvious that the adjusting
anisotropy parameter σc can manipulate the size and location of the negative longitudinal
energy flow region.
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Figure 11. The longitudinal energy flow Sz on the (a,a’) xOy-plane, (b,b’) xOz-plane and
(c,c’) yOz-plane. Where (a–c) σc = 0.2 and (a’–c’) σc = 15. In all plots, a = 0.5w0, f = 2 mm,
w0 = 2 mm and α = 60◦.

4. Conclusions

In this article, an off-axis noncanonical vortex is introduced and its effect on the energy
flux of a strongly focused field are discussed. For the transverse energy flux, we find that
by adjusting the anisotropy parameter of the nonanonical vortex σc, we can control the
position of the transverse energy tornado and the distribution of the transverse energy
strength. Moreover, the rotation direction of the transverse energy flux sxy is determined by
the sign of σc as the beam propagates. There is a special case that when |σc| is much smaller
or bigger than 1, the transverse energy flux sxy seems to not rotate but moves along the xs
axis or ys axis, respectively. This phenomenon is physically caused by the joint effect of
the anisotropic phase and intensity distribution, the polarization of the incident beam and
the strongly focusing. In addition, for the longitudinal energy flux, it is also demonstrated
that by changing the anisotropy parameter, σc can control the location of the reversed
energy flux region, the size of the reversed energy flux region and produce two energy
tornadoes with opposite rotating directions, resembling a Chinese “Taiji” pattern. Our
findings not only examine the fundamental physical properties of an off-axis noncanonical
vortex beam, but also provide a theoretical guidance to explore particle control methods in
a 3D vector field.

Author Contributions: Conceptualization, X.P.; software, X.Z.; validation, X.Z. and X.P.; formal
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Appendix A

Here, we will show some essential steps for obtaining Equations (8)–(30). By substi-
tuting the polarization matrix Equation (3) into (2), the electric field in the focal region
is obtained:

E(ρs, φs, zs) =

 ex
ey
ez

 =− i f
λ

∫ α

0

∫ 2π

0
sin θ
√

cos θVin(θ, φ)

 1 + cos2 φ(cos θ − 1)
sin φ cos φ(cos θ − 1)
− sin θ cos φ


× eikzs cos θeikρs sin θ cos(φ−φs)dφdθ, (A1)

Similarly, the magnetic field in the focal region is derived as:

H(ρs, φs, zs) =

 hx
hy
hz

 =− i f
λ

∫ α

0

∫ 2π

0
sin θ
√

cos θVin(θ, φ)

 sin φ cos φ(cos θ − 1)
1 + sin2 φ(cos θ − 1)
− sin θ sin φ


× eikzs cos θeikρs sin θ cos(φ−φs)dφdθ, (A2)

where the incident field Vin(θ, φ) in this article is written as follows:

Vin(θ, φ) = e− f 2 sin2 θ/w2
0 [ f sin θ cos φ + iσc f sin θ sin φ− a]. (A3)

Taking the x component of the electric field as an example, the key step for deriving
the expression of ex is to calculate the integral with respect to φ, i.e.,

∫ 2π

0
( f sin θ cos φ + iσc f sin θ sin φ− a)(1 + cos2 φ(cos θ − 1))eikρs sin θ cos(φ−φs)dφ

=
∫ 2π

0

{
1
4

f sin θ[iσc(3 + cos θ) sin φ + (3 cos θ + 1) cos φ] +
1
4

f sin θ[iσc(cos θ − 1) sin 3φ

+(cos θ − 1) cos 3φ]− 1
2

a(1 + cos θ)− 1
2

a(cos θ − 1) cos 2φ

}
eikρs sin θ cos(φ−φs)dφ. (A4)

Then by applying the following identities:∫ 2π

0
cos nφeikρs sin θ cos(φ−φs)dφ = 2πin cos nφs Jn(kρs sin θ), (A5)

and ∫ 2π

0
sin nφeikρs sin θ cos(φ−φs)dφ = 2πin sin nφs Jn(kρs sin θ), (A6)

with Jn being the first kind Bessel function of order n, Equations (8)–(11) can be obtained.
The other components of the electric field and magnetic field can be derived in the same
way. Note that the electric and the magnetic field in the focal region in Equations (18)–(20)
are consistent with the electric and magnetic field in Ref. [25] when σc = 1 and a = 0
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(except the vortex factor). In addition, the electric field in Equations (8)–(11) in this article
and in Ref. [39] are identical for σc = 1.
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