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Abstract: A bound state in the continuum (BIC) is a localized state in a continuous spectrum of
radiating waves. In this study, the coupled-mode theory is introduced to more precisely interpret
a symmetry-protected BIC and the quasi-BIC in a facile trimeric metasurface, compared with Fano
formula, which is introduced to generate a high-quality factor resonance in a trimeric metallic slit
metasurface. The multipole decomposition method and the near field distribution of the structure
further illustrate that the underlying physics of the high-Q is mainly originated from the interference
between the electric quadrupole mode and the magnetic toroidal mode. Physical mechanism shows
that the resonance arises from the perturbation of symmetry-protected BICs. The result may play a
role in the applications of lasers, optical sensors, and low-loss fibers.

Keywords: bound states in the continuum; metasurface; Fano’s formula; coupled-mode theory;
scattering power

Metasurfaces, composed of subwavelength structural units, can effectively manipu-
late the amplitude, phase, and polarization of the electromagnetic field within ultra-thin
surfaces by designing the structure and material properties. In particular, metallic metasur-
faces use the resonance of the localized surface plasmon to modulate the wavefront, which
overcomes the shortcomings of traditional metamaterials such as large volume, high loss,
and difficult processing, becoming a hot field in scientific research [1,2]. Recently, more and
more attention has been paid to looking for the high-Q factor resonant structures of strong
mode coupling [3–5]. In this regard, bound states in the continuum (BICs), combined with
metasurfaces have arisen to bring forth a new idea that allows strong field confinement in
a small mode volume [6]. Recent achievements have reported conspicuous applications
such as lasers [7], slow-wave devices [8], and so on.

Bound states in the continuum (BICs) are wave solutions embedded in the radiative
continuum, but are completely decoupled from it [9,10]. BICs were first proposed by
von Neumann and Wigner in quantum mechanics, and have then been found in elec-
tromagnetic waves, acoustic waves in air, water waves, and elastic waves in solids [11].
The category of the BICs can be divided into Friedrich-Wintgen BICs, separated BICs,
Fabry Perot BICs, and symmetry-protected BICs according to the realization principle
of the bound states [12]. Most of the researches on metasurface BICs are based on the
symmetry-protected BICs [13–16]. Symmetry-protected BICs can extract high-Q resonances
by breaking the symmetry of the system and invoking a leakage channel in the form of
Fano resonance [17–19].

Trimeric system metasurface supporting sharp Fano resonances was previously stud-
ied in various platforms, including all-dielectric and metallic structures [20]. Metal metasur-
faces can enhance the near-field effect close the surface, trapping electromagnetic waves on
the surface of the structure, thus boosting interactions between light and matter. However,
the coupling method never further interprets the underlying physics of the high-Q quasi-
BICs modes extracted from the symmetry-protected BICs by breaking the symmetry of the
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metasurface structure. In addition, the method of multipole decomposition and near field
analysis clarifies the formation of the Fano resonance. The bandwidth and the resonant
frequency of the transmission spectrum can be uniformly regulated with the change of
asymmetric parameters. Symmetry-protected BICs in the metasurface possess promising
applications in optics and photonics [21].

Figure 1a shows the trimeric slit geometry with a period of px = py = p = 18.5 mm. A
gold metasurface was plated on a Poly tetra fluoroethylene (PTFE) substrate (thickness
t = 2.4 mm, permittivity ε = 2.55 and loss tangent tan δ = 0.0002). Each unit has three
slits with different lengths but the same width w = 2.2 mm (shown in Figure 1b). The
properties of the resonance were studied by using an asymmetry index m = l/h, where l
and h are the length of the left slit and the others, respectively. The distance of the adjacent
slits is d = 3.7 mm. The period of the unit cell should stay smaller than the resonance
wavelength in the simulation process. The simulation was carried out by using the COM-
SOL Multiphysics® software under a plane wave with the electric field Ex propagate to -z
direction (the background material is air n = 1). Perfectly matched layers boundary condi-
tions are used to absorb the electromagnetic waves scattering to the free space. A typical
Fano resonance curve appears in the transmission spectra when m = 0.96 in Figure 1c, the
amplitude changed rapidly at the resonance peak and dip.
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Figure 1. (a) Schematic of the trimeric metasurface and the electromagnetic field excitation, the red
dashed box represents a unit of the metasurface shown in (b). (c) Normalized transmission spectra of
the metasurface.

The resonant coupling can be transformed from BICs to quasi-BICs by breaking the
symmetry of the metasurface and the quality factor can be extracted. Keeping the structure
symmetry, the bound states will decouple from the radiation wave in free space due to
the mismatch between the spatial symmetry of the localized mode and that of the external
radiation wave, which is called the ideal BICs (the red dot circle indicated in Figure 2a).
While breaking the symmetry of the structure, the bound state will separate from the
continuous state, opening a leaky channel radiating energy into the free space. A sharp
quasi-BICs as Fano resonance emerges from the transmission spectra and the bandwidth
becomes wider as m deviates from 1. The Q-factor of the proposed system can reach up to
6 × 104 (in Figure 2b) and tends to infinity at the BIC point. The state of the BIC point is no
longer leaky resonance; it becomes eigenmodes that do not decay.
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The results of the multipolar decomposition depicted in Figure 3a show that the EQ, 
TD and MQ bound state modes are excited for m = 0.99. The scattering power of the EQ, 
TD and MQ contributes the first, second and third place to the resonance point around 
8.24 GHz, respectively. Figure 3b shows they exist only when the structure is asymmetric, 
and interfere with the broader band ED mode that act as a continuum to form a narrow 
Fano resonance. In Figure 3c, a couple of MDs in the opposite directions form a TD (green 
arrow) pointed in the x-direction. The TD mode formed by the magnetic field was 

Figure 2. (a) The normalized transmission spectra with different asymmetry parameter m. The
red dot circle represents the position of the BIC. (b) The quality factors as a function of asymmetry
parameter m.

The multipole analysis and the near field distribution of the metasurface unit cell was
used to reveal the intrinsic physical mechanism of the BIC mode. Figure 3a is the multipole
decomposition of the transmission spectra, which clearly illustrate the contribution of each
multipole moment to the total scattering power. The current distribution in the three slits
structure shown as Equation (1) can be achieved [22],

J(r) = −iωε0(n2 − 1)E(r) (1)

where J(r) and E(r) represent the current density and electric field intensity in the Cartesian
coordinate system at the internal point r = (x, y, z), ε0 and n are the dielectric permittivity of
the free-space and the complex refractive index from the material of the three stripes struc-
ture, respectively. The expressions of the moments and the scattered power corresponding
to each multipole are shown in Table 1, where the δ and c denote the Dirac delta function
and the speed of light, respectively. The subscripts α, β on behalf of the axis x, y, z in the
Cartesian coordinates [23,24].
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in Figure 4b. It can be seen that the γ is smaller as the structure has minor asymmetry, 
indicating that the resonance linewidth is narrow when the structure slightly deviates 
from symmetry. The fitting parameter q is of the order of unity; in this case both the con-
tinuous state and discrete state are of the same strength, causing the asymmetrical Fano 
line shapes. q has a minor change with varying m from 0.96 to 1.02 except 1, indicating 
that the Fano lines have the same “peak and dip” shape no matter what m parameters 
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Figure 3. (a,b) Scattering power of logarithmic scale for multipoles moments with total scattering
(pink line), ED (black line), MD (red line), TD (green line), EQ (deep blue line), and MQ (sky blue
line) with m = 0.99 at around 8.24 GHz and m = 1, respectively. (c–f) are the nearfield profile of the
metasurface, (c) the color maps of the Hx, the black arrows and red arrows (include red circles) stand
for the magnetic and electric field vectors, and the green arrow is the direction of the TD. (d) the deep
blue arrows indicate the EQ, the three short black lines outline the three slits. (e) Hz in the x-y plane
indicate the MQ, the arrows point in the direction of the magnetic field. (f) Ez in the y-z plane, the
black box is the side view of the structure.
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Table 1. Multipole’s moments and corresponding far-field scattering power.

Multipole Multipole Expression Scattering Power

Electric dipole (ED) P = 1
iω
∫

J(r)d3r IP = 2ω4

3c3 |P|2

Magnetic dipole (MD) M = 1
ic
∫
(r× J(r))d3r IM = 2ω4

3c3 |M|2

Toroidal dipole (TD) T = 1
10c
∫ [

(r•J(r))r− 2r2J(r)
]
d3r IT = 2ω6

3c5 |T|2

Electric quadrupole (EQ) Qαβ = 1
2iω
∫ [

rαJβ(r) + rβJα(r)− 2
3 δα,β(r•J(r))

]
d3r IEQ = ω6

5c5 ∑
∣∣∣Qαβ

∣∣∣2
Magnetic quadrupole (MQ) Mαβ = 1

3c
∫ [

(r× J(r))αrβ + (r× J(r))βrα

]
d3r IMQ = ω6

20c6 ∑
∣∣∣Mαβ

∣∣∣2

The results of the multipolar decomposition depicted in Figure 3a show that the EQ,
TD and MQ bound state modes are excited for m = 0.99. The scattering power of the EQ,
TD and MQ contributes the first, second and third place to the resonance point around
8.24 GHz, respectively. Figure 3b shows they exist only when the structure is asymmetric,
and interfere with the broader band ED mode that act as a continuum to form a narrow Fano
resonance. In Figure 3c, a couple of MDs in the opposite directions form a TD (green arrow)
pointed in the x-direction. The TD mode formed by the magnetic field was generated by
the cyclic electric field. There are a pair of reverse EQs at the left and right slits, respectively,
traced out by the deep blue arrows in Figure 3d. Figure 3e show the Hz in the x-y plane,
indicating the MQ. The z component of the electric field Ez is shown in Figure 3f. Clearly
the field becomes perfectly confined in the structure at the BICs point and does not couple
to radiation. The coupling of the multipole modes caused by the asymmetric structure
leads to spatial scattering and the observable quasi-BIC, while the strong locality of the
electromagnetic field in the symmetric structure can realize strong energy confinement (the
character of BIC).

Even though the multipoles analysis method qualitatively illustrated the BIC phe-
nomenon, theories from Fano’s formula [25] and coupled-mode theory [26,27] can thor-
oughly dig the physical mechanism of the resonance from the numerical results to be more
reliable. Here, we show the comparison between the two methods. According to Fano’s
theory [28], the asymmetric curve of the transmission spectrum is from the interference
between constructive and destructive of the narrow spectrum of discrete (localized) states,
and the wide spectrum of continuous propagation modes. The transmission spectrum T
can be modeled by the formula [29],

T =
1

1 + q2
(q + Γ)2

1 + Γ2 (2)

where Γ defined by 2(E−E0)/γ is the reduced energy, E0 and γ are the energy and width of
the resonance, respectively. q = cot δ is the asymmetry parameter (δ represents the phase
shift of modes), which is used to describe the degree of the asymmetry of the line shape.
The curves of theoretical calculation from Fano’s formula and simulation are shown as the
red dotted lines and black lines in Figure 4a. The retrieved fitted parameters are depicted
in Figure 4b. It can be seen that the γ is smaller as the structure has minor asymmetry,
indicating that the resonance linewidth is narrow when the structure slightly deviates from
symmetry. The fitting parameter q is of the order of unity; in this case both the continuous
state and discrete state are of the same strength, causing the asymmetrical Fano line shapes.
q has a minor change with varying m from 0.96 to 1.02 except 1, indicating that the Fano
lines have the same “peak and dip” shape no matter what m parameters change. While
the curves calculated by Fano’s formula offset the simulation results (the green circles in
Figure 4a) when m = 0.96 and m = 0.97, resulting in the fluctuations of the fitting parameters.
Moreover, the fitting parameter curve can only reflect the changes of the degree of structural
asymmetry, but the difference between structural symmetry and asymmetry is not obvious.
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Based on this interpretation, the CMT was used to re-fit the simulated results (Figure 4c),
which can express the general law of the coupling between multiple modes. Since the
resonance is mainly formed by the electric quadrupole mode and toroidal mode, the two
modes coupling system was used to fit our system, modeled by the formula [30]

t =
∣∣∣∣ Γ1

{−i[ f − ( f0 + κ)]Γ1 + α} −
Γ2

{−i[ f − ( f0 − κ)]Γ2 + α}

∣∣∣∣ (3)

where κ is the near-field coupling coefficient, which describes the coupling intensity of
the two modes and depends on the degree of the symmetry sensitively. Γ1 and Γ2 are the
radiation decay rate of eigen-frequencies of the two collective modes as mentioned above,
and their magnitude affects the resonance bandwidth of the transmission spectrum. α
and f 0 are the absorptive decay rate and the resonance frequency point, respectively. The
radiation decay rate of the two modes decreases and the resonance bandwidth narrows
when the structure turns to symmetry, shown in Figure 4d. Γ1 approaches to 0 with the
maximum value κ at m approaches to 1 (the red line shows the 0-label line), indicating that
there is intensive coupling while no energy is radiating into free space. The symmetric
structure results in the disappearance of the resonance bandwidth and the formation of an
infinite Q-factor. Combined with the disappeared resonance bandwidth, the reason for the
formation of BIC is illustrated. α keeps small throughout the fitting process. Clearly, the
results calculated by the coupled-mode theory can not only be highly consistent with the
simulation results at the resonant peaks and dips of all parameters, but also highlights the
obvious transition between BIC and quasi-BIC.

In conclusion, we employed a metasurface to achieve high-Q quasi-BICs modes from
the symmetry-protected BICs. The metasurface unit cell is composed of trimeric metallic
slits that support Fano resonances produced by the coupling of the electric quadrupole
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and magnetic toroidal dipole. The bound states decoupled from the radiation wave in the
symmetric structure and form a strong locality of electromagnetic field, which can realize
strong energy confinement. A leaky channel radiating energy opened into the free space
in the asymmetric structure, realizing the transformation of BICs and quasi-BICs. Fano’s
formula elaborates the changes in the degree of structural asymmetry well, but fails to show
the difference between structural symmetry and asymmetry. This prompted us to revisit
the same problem using the coupled-mode theory. By introducing the two-mode CMT,
the physical mechanism of the transition between BIC and quasi-BIC can be highlighted.
The high-Q quasi-BIC obtained by our system can be used for many applications, such as
ultrasensitive sensors, nonlinear metasurface and compact lasing devices [31–33].
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