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Abstract- In this study we have given some upper bounds for the spectral and £

norms of Cauchy-Toeplitz and Cauchy-Hankel matrices of the forms
T = [1/(1/2+|i—j[)]m and H =[1/(1/2+ G+ )], respectively.
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1. INTRODUCTION

It’s well known that the ¢ , orm of a matrix A is

[k | n

i=] j=1
and also the spectral norm of a matrix A is

Al = maxA (A7 A (1.2)
2 N
Isisn

where A is mxn and A" is the conjugate transpose of the matrix A. Define the
maximum column length norm ¢,(.) and the maximum row length norm 7 (.) of any

matrix A by
¢,(A) = max /2|afj]2 (1.3)
n(4)=max_[Yla,| (1.4)

respectively {1,2,3]. Let A, B and C be mXn matrices. If A= BoC then

and

4], < r(B)e,(C) [2.3), (1.5)

Let A=[a;] and B = [b,.j} be nxnmatrices. The Hadamard product of A and B

is defined by Ao B =[a,b,]. If H . H is any matrix norm on nXm matrices, then

ja- 5)<|alls] 1.2 a6
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A function ¥ is called a psi {(or digamma) function if
d
¥ () =——{log"(x) ]}

%
where

(%) = _fe”’r“‘dt.
[
The n th derivative of a psi function is called a polygamma function, i.e.

Y(n,x) = ﬁ; Psi(x) = E%{g;m[r(x)]}

If n=0 then ¥(0,x) = Psi(x) = %{111[1“ (x)]}. On the other hand, if ¢>0, b is any number,

and » is a positive integer, then

lim¥(a,n+5b)=0 [4]. (1.7)

H-—peo

Let C={1/(x, =y )} ., (x;#y;) be a Cauchy matrix and T =[¢,1],., be a
Toeplitz matrix. A Cauchy-Toeplitz matrix is defined as

T= [———~—1——-~} (1.8)
g+U-ph]
where & # 0, g and h are any numbers and g/h is not an integer.
On the other hand, let H ={h, ]’ ., be a Hankel matrix. Every nxn Cauchy-
Hankel matrix is of the form
1 n
H =) e (1.9)
g+U+ Nk (el

where h 20, g and % are any numbers and g/h is not an integer. Hankel matrices are
symmetric.

In this study we define the matrices T and H of the forms

1 .
T = | e 1.10
[1/2+|i—j} (1.10)
and )
H = _ (1.11)
1/2+(i+j)_m

and give some upper bounds connected with norms of the matrices 7, Hand T o H .
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2. THE SPECTRAL NORMS OF CAUCHY-TOEPLITZ
AND CAUCHY-HANKEL MATRICES

Theorem 2.1. i) Let T be as in (1.10). Then —\/1=|1T|[2 <Jn?-4.
n
2
i) Let B be as in (1.11). Then —=|A], < /= - 22
NG 2 9
Proof.
i) If we take A=12],,, and B = _-——1-———- then T = Ao B. From (1.3) and (1.4),
1+ 2|I—]i »
r{A) = max ’2|%‘2 =+Jan
i
and
(n~§}/2 1
2 +1 , if n odd
21 (25 +1)* 4

¢,(B) =max_ [T, [ = @.1)
’ i Mzl | A2z ]

‘\/z (25'—1)2 * ; (23+1)2 ,if n even

If we evaluate the right hand side of the inequality (1.3), we have
(n=1)/2 2
L 2% - Yynrae), 2.2)
o (2s+1) 8 4
el 2
LT lef,m+3)/2), (23)
“~(s-1)* 8 4
and
ni2~i 2
b =T - Yemeni2). 2.4)
= (25 +1) 8 4
Hence we get
n? 1 :
2-8_—-1-—Z‘I’(1,n/2+1) +1 , if n odd

o (B)=

2
\/%—lmi—[‘i’(l,(n+3)f’2)+ Y(1,(n+1)/2)] , ifn even
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By the inequality (1.5) we have "T" , S 1(A)e;(B). Thus, we obtain

7* 1
4n| 2 —8—~1—ZIP(1,n/2+1) +1 , n odd

T, < (A, (B = | L@

2
\/4{%««%—%[‘I’(’i,(n+3)/2)+‘P(1,(n+1)/2)]J , n even

If we divide by Jn both hand sides of the inequality (2.5), then

7’ I
2 ?wlmZ‘F(I,n/ZM) +1 , n odd

—1—|IT|!2$* .26
2
\/4{%—1-%[‘}’(1,(:%3)/2%‘P(l,(n+1)/2)]] , n even

If we take the limit as n —> oo of the expressions in the right hand side of the inequality
(2.6), from (1.7)

T ||T|| <Vm? - (2.7)
ii) If we take A=[2]  and B= ———1—— then H = Ao B. From (1.3) and (1.4),
1+2G+ ) .,

r,(A) = max ‘Zl%’z =+4n
i
TSI i CRT P
¢,(B) = max Z|bg[ ‘/ e \/8 5 4P(I,n+5/2). (2.8)

Since ||H|, < n(A)e,(B),

and

| z
|H|, <r(A),(B)= \/4{% — }_§Q -—i—‘{’(l,n + 5/2)} . (2.9)

If we divide by Jn both hand sides of the inequality (2.9), then

[|H|| w\/ [%—m§m%‘l‘(l,n+5/2)}. (2.10)
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If we take the limit as n — oo of the expressions in the right hand side of the inequality
(2.10), from (1.7)

40 '
|IH I, = 5 2.11)

Thus from (2.7) and (2.11) the proof is completed.

Corollary 2.1. Let T and H be as in (1.10) and (1.11). Then

NI
ol = o -3 -2

Procf. By define of the maximum row length norm ,

(n—-1}/2 1
, n odd
4{2 }:{ Y +1} n o
2
7 (T) = max /ZM =]
J

nf2rl ni2~1 1
a , 1 Eeven
[2 (2s - 1)* Z (25—&1)2}

and from (2.2), (2.3) and (2.4) we get

7? 1
4 e —1—=¥(Ln/2+1) , n odd
4 4

r(T) = . (2.12)

\/4(%4—2—1-~~i—[‘£’(1,(n+3)/2)+‘I’(§,(n+1)/2]} , n even

By define of the maximum column length norm and (2.8)

¢,(H) = max /Elhq ’,(23+3)2 \” ~—--——~2‘P(1,n+5/2)} (2.13)

Since [T o HY|, < (T)e,(H), from (2.12) and (2.13) we have

2 2
J4[ﬁw—1—iW(1,n/2+1)}4[3€-——1—q——1-‘1’(i,n+5/2)} , n odd
4 4 8 4
IreH], <

2 2
\/ %—1~§[\If(1,(n+3)f2)+‘1f(1,(n+1)/2)]]4{%-?—%&11(1,%5/z)] , n even

If we take the limit as n — o of the expressions in the right hand side of the above
inequality, then we get
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sl = o -of 0.

3. £, NORMS OF CAUCHY-TOEPLITZ AND CAUCHY-HANKEL
MATRICES

Theorem 3.1. 1) Let 7 be as in (1.10). Then
o], < eer -n-2r}”

where 2< p <o,
if) Let A beasin (1.11). Then

Lip
IIHIL,S{ 27 ~ 3(2 Demyer - z)apml)}

where 35 p<oo,

Proof.
i) From (1.1),

v n-1 2 P ,
)" =23 o] (i) tn2

oI 28 -k

[ Z;(Zs+1)”— Z(2s+1)p } G-b

If we divide by n both hand sides of the inequality (3.1), then

1 » n-l 1 2n-—1 s
~|r? =2¢|2 -= 1
n" “” { ;(25+I)P nid 2s+1)7 " }

where
. 1 n-1 s
lim—
A £ o (2S + 1) ?
and
2 -1 n-
. L1 Ll e 1-L -1l
n—)w (2S+I)P gz Sp 2p s=t SP 21}
Then
1 ) } 1 , ‘ _ » tp
il sz{z{ap{l—gﬂ“l}“}@ el <Rg ol ~1)-20 1.

i) From (1.1), we get
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1
— P
” “ {;(2&{-3}” 2(25+2n+3)p}

where
< $ 3(2° 27t
my» ————=1-"2"_ "2 -
Mm;(zs—iﬁ)p 2”*1 Q’( )+ 27 ¢p
and
-1
llmZLaO
ne Sl (s +2n 4+ 3)7
Then

, 327 -1 -
HHMS[ﬂ-wﬁgmlapwmw‘-nap~n}
Thus the proof is completed.
Corollary 3.1. For Hadamard product of the matrices T and H which is given by (1.10)
and (1.11), the inequality
327 ~1) v
n“”WTofmps{lzp—wm@;meun+«2W‘—ncuv—n)@c<pxzp—1y—zpﬂ

is valid where 3< p <oo.
Proof. Since |4« B| < |A]|

, We can write
nrreH| <a77|T] A

Hence from Theorem 3.1 (i-ii), the proof is evident,
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