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Abstract: In this study, simple recurrent formulas have been found to form the
sequence of Phythogorean triple. These three integers, any two of which are relatively
prime numbers, are set up basic Phythogorean triple. The properties of these triples have
been examined and classified.
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1. INTRODUCTION

In our previous article™  related to this subject the presented algorithm is a little
complicated to form of Phythogorean triples, (x, x+1, z). New recurrent formulas that
we found are quite simple and these facilitates are to form sequence of Phythogorean
triple. The Phythogorean triple has an important attitude in theory of integers.

If x, y, and z being positive integers are the sides of a right-angled triangle, this (x, y, )
triple is called a Phythogorean triple.

There are shown some Phythogorean ftriple examples, obtained by the Phythogorean
method:

“When n # 1 and a positive odd Integer, and at the same time x = n,y = ?12—(112+ )

1 : . ,
and z = E(nz + 1) then (x, y, z) is determined as Phythogorean triple.”

Table 1 . '

X 3 5 7 9 17 19
Y |4 12 24 40 144 ~ 1180
yA 5 13 25 41 145 181

The numbers satisfying the equation x2+(x +1)2 =2 (1) are obtained by the help of
Pell numbers’ squares [I - 3]:

Xo = PRa—Ph; 2o =Piat P

here Py=0;P;=1;Pyi2= 2Puu + Py -
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2 .THE RECURRENT FORMULAS AND PROPERTIES OF THE TRIPLES

The equation given above being written as x?%+ y2 =22 (1") for the sequences of
numbers satisfying this equation to be obtained the simple recurrent formulas have been
found

Xn+2 ™ 6Xn+l~(Xn "‘2);){1 =0; X2 =3

Yors = 6Y0n = (¥, +2) 1y, =11y, =4

@ |

Zns2 = 6Znst ~ Za vz1=1; ;=35

The important pecularities of relations between the numbers of sequences written by the

help of the formulas (2) were revealed.
Since y=X+1, Xou+ ¥, =Xat ¥, (3) is obtained.

For the two successive terms of the sequences revealed the equation (1°) is written as:

Xnﬂ + ynﬂ ZMI
Xn + Yn = Zn
(4)
If the second expressmn subtract from the f:rst and carry out some simplification:

X;ml 3/,1 + yml n - Z:wl Zn = (Kml yn) (Xnﬂ + yn) (Y:Hi ﬂ) (yn-i-l + Xﬂ)

- (Zn-ﬂ ™ Zn) (ZnH + Zn)
can be obtained. .
If considering (3) in this formula:

(Xu+1 + y,,) {xnﬂ + Yo ™ (Xn + Yn) ]; (Zn+1 - Zn) (Zuﬂ + Zn) )
(%) |

From the formula (3) two eqt.fation can be obtained :

XoF Yoo = Xan T Y, = Zn+l ™ Zn

Kool F You1 — (Xn + Yn)m Znsr T Zn }

(6)

Xa T Y ® Kanty, = Znn + 2z

Xnet T ¥ ™ (Xn +¥, )= Znsl Zx; }

(67) -

It is seen that the system (6’) is not poss:ble if considering equauon “4)

So we can estimate the system (6).

And now writing Phytagorean theorem for n+2 term, considering that y-x+1 and using

the recurrent formulas (2):
Xasz + Yi+z = Zhe = [6Xn+1 = (Xn - 2)]2 + [6yn+1 - (yn +'2)]2 = (6Zn+l - Zn)2 =
36% 20 = 12%nn (%0 — 2)+ (xa = 2 + 36y2,~ 12y, (y,+2)+ (yn +2) = 362041~ 12200120 + 22 =
12K Xn F 24Kon + X0 A+ 412y Ly, <24y YL A AY, H A= 1220070 F2E =
120Xt Xn + Yot Vo) = 2001 — Xoot) + UV, = X0)+ 8 = ~12200120 =

12(X a1 X0 F Yoy ¥, )+ 24— 48 = 1220170 = Kot Xo + Yot ¥y = Zani 7o~ | (7)
Equation (7) is obtained. :
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Taking into account the first equation of system (6), raising it to square, and carrying
out some simplifications, we can obtain:

(Zan - 20) = (o + Vo) = 2o = 22020+ 20 = X2+ 2%au Yot Vo=

2o Zn = Zow — Xow 20 Yf‘ —2Xen1 ¥, T yi,,; + X~ 2Xns Y. &

(ko # 17 + (v, =1 = 2%an ¥y = x2n ¥ 2%0at + 14 Y2 = 2y, + 1= 2%,00 Y, =
Wznirzo = 1) = X200+ 2Xan1 Vo + Vo b 2xon = 2¥, = 2%t Yo — 2Kant Vo =
(Xm-: + yﬂ)z 2K+t (yu - 1)“ 2y, (Xn+1 + 1) = (XBH + Yn)z = 2Xn+1 K = 2¥, Yoot =

(xnﬂ + yn)z - 2(Xn-Fl XnF Yon Y,,)
Considering equation (7) in the last expression

2(2.[1-1-] Zn ™ 1) = (Xn-ﬂ + yn)2 - Z(Znﬂ Zn ™ 1) =

2 ) : 2
pal T a nt atl"
4‘(Zn+lzn~1)m (Xn+l+ yn)z = ZnHZn“I :(}__l_z_ﬁywm] :(X 2y P]) (8)

is obtained. : '
If again raising the first equation of system (6) to second power , and taking into
account-equation (1)

2 2 2 2.2 2
(Zn+1 + Zn) = (Xnﬂ + yn) T2 Zost T 2Zn+1Za T Zn = Xt T 2Xea Y., + Yu =

’ X% + yz.ﬂ = 2(Xn+l yn + Zn+l Zn) ) . : (9)

By the same way
Xiﬂ + yi = 2(Xn Yous + Zn+lZ;x) (9')

is obtained. _
And now using formulas (8) and (9):

Xn+i + yn
2

Xn#t Yy T Zos1Zn + XnYoeul & ?’Znﬂ In ™ 2= Knel Yo +Xn Yo = Zos1 Zn ~2 . (10)

2
2
} = Zov1Zn ~1= Xﬁ Yo T2Xn Yo = 4(Zn+lzn _1) =4

But taking into achunt formulas (7) and (10)
KXot Ypt+Xan Yo ™ Xn@an'*'yM]yn—l ) ‘ (1 ]-)

is obtained. :
And now raising the second equation of the system (6) to the square and carrying out
some algebraic conversions:
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[Xn+l + ym«j - (Xn + yn)]2 = (Zn+1 + Zu)z =

(art + You + (xut 9, Y = 2xans + v, o +¥.) = 220+ 22002, + 22 =

2 2 2 4 — 2 7
Xnet 't yn+j + 2Xn+l yn.n + Xnt yn + 2Xn Yoo 2(Xn+1 + yw)(xu + yn) = Znst T2y F 22:1+% Zn =

Xn+t YM] + Xn Y,l ™ Knel Xn 7 Xn+i yn - Y,H., Xn ™ y,H.'l yﬂ = Zo+l Za =

Xa+l (yn-H - yn)_ Xn (yswl - yn) = ZartZa T Xnni Xn T Yo Y.
Taking into account (7) in the last equation

(X1s+l - xn)(y,;ﬂ - yn) = 2Zn+l Zn ™ 1

and the formula y__ = x,.,+1 being used

(Xm—l - Xn)2 = (Y,m - Y. )2 = 2211‘-1—1 Zn ~1

is obtained.
At last, let the following limit be calculated:

k=lim -2 =lim L= ! _— =
1T Zast " BZa — Zan 6 ~ lim Zn-l 6-k
N-—po Zn
K —6k+1=0 _
k=3ty8=(V2) £2v2+1= (V2 £1]
Here the sign “+” is available for lim 2o
e Zn

Summary: And now let the pecularities, found and proved, be listed.

1. X;m'i'y,‘ = yn+}+Xn B Lol T Za
2, Xntt T Your ™ (Kn + yn)m Zns T Zy

3. Xn+tXnt Yo Yo ™ Zot1 Zn -1
2 2
xﬂ+ i Xn + a
* ( 3 .IJ { 3 y.J “rnl

2 - 2 2
5. Xﬁn Y. 2%s Yo =™ 2200 In = X T Y, = 2(Xn Yo T Za Zn+1)
2 : 2.2
xﬁ tYon T 2 Xas Yo 220020 Xot Yo = Q(Xm—t Yot zn Zn+1)
xnyn+]+xn+lyn =Zn+1Zn""2 .
Xo Yt F Xu+l Yo = Xawt Xn + Yo ¥ i
2 2
(x"ﬂ - X")(yﬂﬁ - yn): 2Zﬁ+1Zn -1= (XMI - Xn) = (yn.}‘l B YH)
Y 2
lim *?—“—=(\/§—I);Iim ﬁz(ﬁJrl)
N—¥c0 Zn-i-] o Zn

If consider that ¥, = xn +1 , these pecularities may be listed as:

e S =)

L. Xnﬂ+x:1+1=Zn+1WZn

(12)

(127
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; ©_ Zan T
2' ' le—*x,, - 2 :

3. 2Xn41 Xn T Xanl T Xn =Zn+%Zn—2

XI’H'] + Xn "{Ml :
4. __"——2'_*— mZz'1+lan]-

5. (Xn+l_Xn)2 :ZlHlZn*l

2
Xos T, +1
6- 2)(n+1Xn+Xn+l+Xn=(JiiW§m£m_] ~1

7. }QZn-l-l Zs —1= ._ZJE.’.'_L;E_E

Comparing (1) with x>+ y2 = (y+ d)z, de N, (13), [5,6], at the certain significances of
d, one can see that the numbers satisfying these equations are the same. In order to find

the required meanings of d, writing the following system of equations and solving it,

considering formulas (2) for z,,, and x,,; we can obtain:

Zn+l — Xntl = 1+ dos: = 625 ™ Zo-i = 6x, + Xn~t +2=1 a1 TP Zn T X = 1+ dy

Zon—1 — Xp-t = I+ da s 6(Zn - Xn)m (Zuw] - xn—i)'— 3= dpy1 =

dn+] = 6d|} -§_6—'1~dn—-l_3 = 6dn“dn—l+2

dnn = 6d, ~{dps = 2) (14)

Here d,=0 d, =1 are taking into account.

0,1,8,49,288,1681,.....

In order to verify the pecularities shown for the numbers given above , and compare the
meaning of d, we form following table:

Table 2

n Xn ynmxn+1 Zn =xn +1+d, dy

1 0 1 1 . 0

2 3 4 5 1

3 20 21 29 8

4 119 120 169 49

5 696 697 985 288
6 4059 4060 5741 1681
Discussion

Definition: 1) The triple, which is coprime in pairs, is called the basic Pythagorean
triple.

right

X+ (x+1)P=z

y

2) The triples which satisfy the equations, x* + V=(y+d) and

are called hypotenuse — right side ( HR ) and
side-right side ( RR ) integers, respectively.




178 Asker Ali Abiyev, Azer Abiyev

Let’s see the relation between these triples. HR numbers are valid in all integer
values of d: the triples that is only suitable for the value d = 1 form the basic
Pythagorean triple; others (for d # 1) contain the basic and non- basic triples.

In RR triples, basic Pythagorean triple exists only for the value k = 1; for the other
values of k, none of triples are basic Pythagorean triples. This sequence of triples is
proportional with the elements of basic Pythagorean triples, ‘

Examples:
' k=2 (6,8,10)
(345) —» k=3 (9,12,15)
k=4 (12,16,20)
k=2 (40,82,58)
k=3 (60,63,87)
(20,21,29) ——» k=4 (80,84,116)

---------------------- sdconcesancende

ooooooooooooooooooooo

We can see the relation between HR and RR triples in the fig 1. (Note: diameters of
circles approach to infinity in the fig I )

Which rows of triples do RR triple contain in the HR triple sequences that follow the d
values? To answer this question, let’s separate the value of d into 2 groups and show
the integer of row.

. Row no: Row no:
Sequence ‘ .
dy=8=3%-1 3 dy=1=1? 1 7
ds =288 = 17% -1 17 and ds=49=7* 5 Za
d;=9800 =997 -1 99 dg = 1681 =41° 29 73 .
do =332928 = 577° -1 577 dg = 57121 = 239? 169 Z4

................... dio = 1940449 =1393 2 985 Zs

Y T R T P TPy kecso bbb bran
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2 2
Xﬂ+yn: fn
dn=6d, 1~ (d, 2 2]
d; =0 : d,=1

Figure 1.

_ CONCLUSION
These interesting properties give the special Pythagorean triples that satisfy the equation

xz 4 (K+E)2 = Zz .
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