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Abstract: In this note , we define and study two concepts which arise from the notion
of lacunary strong convergence, and invariant means, namely lacunary strong oO-
convergence with respect to an Orlicz function and lacunary o-statistical convergence
and established the relationship between these two concepts.
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1. INTRODUCTION

~Let ¢_ and c respectively be the Banach space of bounded and convergent

sequences x = (x,) with norm | = sup|x,|, respectively.
k=0

A sequence x=(xi)& £ is said to be almost convergent if all of its Banach limits

[1] coincide. Let ¢ denote the space of all almost convergent sequences. Lorentz [9]
proved that
¢ ={xqe £ lim, dm},(x) exists, uniformly in n}

Xyt Xy Tt X
m+1

where  dun(x) = Lheil

The space [é] of strongly almost convergent sequences was introduced by Maddox
[10] as follows

[€] ={me £ timy dul/x-le/) = O, uniformly in n for some 1 } ,

where e = (1,1,...).

Let obe a mapping of the set of positive integers into itself. A continuous linear
functional ¢ on £ is said to be an invariani mean or a ¢-mean if and only if

m @ x)20, when the sequence x = (x,_) has x, =0 foreachn;
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(ii) dx)=1, where e =(1;1,1,...) and

@) P(x, ))= (x), forall xe f_.

The mapping is one-to-one such that ¢™(n) #n for all positive integers n and m,
where ¢”(n) denotes the m th iterate of mapping o at a.

Thus, ¢ extends the limit functional on ¢ in the sense that ¢(x) =lim x for x& c.
In case o is the tranlation mapping o(n) = n+1, the c-mean is often called a Banach
limit on £_and V,, the set of all bounded sequences all of whose invariant means are
equal, is the set of almost convergent sequences &,{8].

If x=(x,),write Tx=(Tx,)= (xm) ) it can be shown that (see, [19])

V,; = {XE £, limt, (x)= LI uniformly in n, L =0o —limx},

where 1, (x) = (m+1)"(x, + Tx, +..+T"x,).

Just as the concept of almost convergence léd naturally to the concept of strong
almost convergence, o- convergence leads naturally to the concept of strong o
convergence. |

A sequence x = (xy) is said to be strongly o= convergent(see, [12D) if there exists
a number ¢ such that |

=

L.y

0. )

Kot tn)

as m —eo, uniformly in n. We write [V,] as the set of all strongly o~ convergent
sequences. When (1) holds we write [V,] —.Iiﬁ@x = £, Taking ofn) = n+1, we have
Vol = [€1. So that strong o= convergence generalized the concept of strong almost

convergence, Note that cc{V iV, /.

By a lacunary sequence 0 =(%, ), r=0,1,2,... where k, =0, we shall mean an
increasing sequence of non-negative integers with %, — k., —>=. The intervals
determined by & will be denoted by 7, =(k, ~k,_,],and welet h =k —k, . The

ratio % will be denoted by ¢g,. The space of lacunary strongly convergent
] :

sequences N, was defined by Freedman et al. [5} as follows
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Ne:{x:(xk)" Ifﬁli Slx, -0 for somef}.
kel,

r—yeo
r

The space N, is a BK-space with the norm

I
||xn=sup(};w )% | ]

, kel
N, denotes the subset of those sequences in N for which £=0. (N gHHe) is

also a BK-Space. There is a strong connection between N, and the space w of strongly

Cesaro summable sequences, which is defined by

n .
W= {x =(x, }:lim, éZka —EI =0, forsome{ } ,
_ : k=1

Ini the special case where £=( 2'), we have N, = w,

Recently, the concept of lacunary strong o- convergence was introduced by
Savas]18] which is a generalization of the idea of lacunary strong almost convergence
due to Das and Miéhra {31. If {Vf‘] denotes fhe set of all lacunary strongly o -
convergent sequences, then Savas [15] defined

(vej= {x _ (x, ):lim,_,.. hi >

r kel

Xy ™ fi = (0, for some ¢, uniformly in n} .

Note that for o(n) =n+1, the space [Vf ] in the same as [AC,] which is

defined as following by Das and Patel[3].

[ACy [ = {x =(x, ) lim, ., }f-— Z}xhn - é’l = 0, for some {,uniformly in n}
roked,

We write [V, ] = [V’ ] incase £=0.

An Orlicz function is a function M : [0,e0) > [O,e0}, which is continuous,
non-decreasing and convex with M(0)=0, M{x)>0 for x>0 and M(x)—c as
x > oo, If convexity of Orlicz function M is replaced by M(x+y )< M(x)+M(y),

the function is called a Modulus function defined and discussed by Ruckle [15] and
Maddox [11].
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Lindenstrauss and Tzafriri [8] used the idea of Orlicz function to construct the
sequence space

. x{x : é;[MG z{/p)]<oo,. for some p>0}

The space £,, with the norm | | 2

k=]

I x{l= mf{p >0:x: 3 M( %, i/p)]SJ}

becomes a Banach space which is called an Orlicz sequence space. An Orlicz function

M can always be represented (see, Krounoselskii and Rutitsky [7]) in the genéral form

M(x)={g(t)dt, where g, known as the kernel of M, is right differentiable for ¢ =0,
0

g(0)=0, g(t)>0 for t >0, g is non-decreasing , g(7 )—> o= as t — oo The space £,
is closely related to the sphere ¢ » Which is an Orlicz sequence space with M(x )= x?;

IS p<eo,
Quite recently Bhardwaj and Singh [2] introduced the following sequence spaces

defined by Orlicz function M and for the sequence p =( p, ) of positive real numbers.

X & “”‘g 17
[VE M p]=1x: lim—]—Z!:M[!—-ﬂ(—m—JH =0, uniformly in n for some £>0,p>0
p

e i, kel,

. |_X . i Py
[V M pJ, ={x: limhiZ!:M(—-ifh =0, uniformly inn, for some p >0

: I XD_J.- nl Py
[V(f,M,p]oc: x.‘supiz M wmwu_l <eo, for some p>0}.
‘ rn Ry gel P

If p, =1 for all &, then the above spaces are reduced to [Vf,M 1, [Vf M1y and
Ve Ml.. If xe[Vf M we.say that x is lacunary strongly o -convergent with respect

to the Orlicz function M.

Some well — known spaces are obtained by specializing M, 6 and p.
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(i) If M(x)=x, p,=1Iforall kand 8=(2") then [V! M,p]=[V], (Mursaiéen,
[12]).

(i) If @ =(2') , then [V, ,M, pl=IV, .M, p, [V, .M, plo=[V, .M, plo and [V} ,M,p]..
=V M, pl. (see, Nuray and Giilcii {13])

(iii) If M(x)=x, p, =1 forall k, then e M, p]x{Vg}(See'\Savas [171).

In this paper we study and examine the above sequence spaces defined by Orlicz
function M and established some new result.

2. MAIN RESULTS

We now have

Theorem 1. V) M, p],c[VE M p]c[VEM,p]. .
Proof. Obviously, [V.) M, p],C[VE, M, p]. We have
bx, + v ™ sclx]™ +]y™) ()

where C = max(], 2”"]) H = sup py. Letxle[Vg,M,p]. From (1 )

a(n)l . a(u)m I | £ "
‘,é[ J ] )

There exists an integer K such that |/ H <KJ . Hence we have

I Pt X, _ E P . H
—2 ALY QZM 5oty 4] +C{KLM(~1—)} :
h, ked, h, kel, P £

Thus we get x@[Vf,M, pl...

This completes the proof.

Theorem 2.  Let M be an Orlicz function and p=(p;) be any bounded sequence of
stricly positive real numbers, then [V, M, p]C [Vf M, pl  for every lacunary
sequence & '

- Proof. Let xe [V, /M, p] and €>0. There exists a positive integer mp, number ¢ and
>0 such that '
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for m>my, m =0, 1, 2,..... Since 8 is lacunary, we can choose R>0 such that r>R
Pi
implies h>my and consequently, 7T, = “””'““Z Fotan I <&. Thus
, kel,
xe[VE, M, p].

This completes the proof.

A complex number sequence x=(x, ) is said to be statistically convergent to
the number ¢ if for every €0, (see, [4]),

lim,,}-—l{k.ﬁnrlxk ~fze]=0.
- ‘

The set of statistically convergent sequences is denoted by s.

Recently, Savas and Nuray {16] mtroduced the concept of lacunary o-statistical
convergence as follows:

Definition 1. Let 19 be a lacunary sequence. Then a sequence x=(x, ) is said to be
lacunary o= statistically convergent to a number ¢ if forevery £>0 ,

el dx,, ~t|2e)=0

i L
im, mmaxnao
h,

In this case we write S - limx = ¢ or xk*%(Sﬁ) and we define
Sg = { x = xy. for some ¢, Sg~limx = ¢}

_The set of all lacunary o-statistically convergent sequences is denoted by S7.

Theorem 3. et M be an Orlicz function. Then [VU‘9 M08 f: Jo
Proof. Suppose xe‘[Vf,M loand £>0. Then we have for every n,

Z-M m! Lot ) [. > Z M _[x_ a*cunl
kel o kel, 2

>M( %).maxnzo

{k's I :

> .
xa*(n)l =& }

Theorem 4. (8%),=[V? M],if andonly if M is bounded.

from which it follows that xe (S fj o

Proof. Suppose that M is bounded and that x &(S? ),. Since ‘M is bounded there

exists an integer K such that M(x )< K, forall x=0. Then for each n ,
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ot () l I I xci""{n) I 1 |'x ‘{,,) Bi
— — M| —2 M|
sl 2 ) 2

=& L\ .)|<€

STRET: }+M(A)

and so taking the limit as r—eo, the result follows.

@eh:

< 1 K .manx;wo
h ST

v

Conversely, suppose that M is unbounded so that there is a positive sequence 0

< §; <8y <. < 5 <o such that M(s;) = h,. Define the sequence x=(x;) by putting
x, =8 fori= 1,2, ..., x;= 0, otherwise. Then, we have xé&(§ ﬁ o, DUt Xx& [Vf M.,

contradicting, (S2), = [VH,M Jo-

This completes the proof.
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