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Abstract — Approximate Noether symmetries of a Hamiltonian system with two-
degrees of freedom have been determined by incorporating the resonances.
Approximate first integrals corresponding to these symmetries have been obtained by
utilizing the approximate version of the Noether’s theorem. Analytically obtained result
has been compared with the numerically obtained Poincaré’s surface of sections.
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1. INTRODUCTION
Here, we consider a two-degree of freedom system with Hamiltonian
1 3 3
H-wz(a), xf + @2 x; + x; +x4)+$(x%x2 - X, X;) (1)

where, x; and x; are canonical positions, x; and x; are canonical momentas and, £ is

a small parameter. Corresponding dynamical system reads as

dxl
dr
dx 0 0 I ol x 0
Tdr _ 0 0 0 1| x, . 0 (2)
3 ~ @) 0 0 0] x, - 3x,xl + x]
;ﬁv}: -0 ~w! 0 0] x, 3x,x5 - x;
L dr |

Approximate first iptcgrals serve as useful tool to study the structure of the phase space
before the onsef of chaos. Approximate version of the Noether’s theorem can be used
for obtaining them. This requires the approximate Noether symmetries. Approximate
symmetry analysis has been developed in {1]. In [2], a new method has been given

which incorporates the resonances. Here, we will make use of this method.
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2. APPROXIMATE NOETHER SYMMETRIES

Dynamical system given in (2) has two parts: unpertubed (linear) and

perturbation parts. We first determine the exact Noether symmetries of the unperturbed

part. To achieve this goal we now introduce x=Sz into (2) where

to obtain
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We now look for Noether symmetries involving homogenous polynomials of the form

Sy S3 81 54
7,08, 2y 2,

which satisfy the resonance condition when wy=w;

§, =8, ts5,—5,-1=0

3)

Since the dyamical system in (2) involves cubic monomials we will consider cubic jets

satisfying

S+ 8, +s,+s, =3

There are twelve Noether symmetries which enjoy these properties:

4
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We now consider their linear combinations of the form

X, =, %o +4,X0 + ;X0 +4,X0 +, X0 +4,X0 + 4, Xo +,X0 + 4, Ko + ¢, X0+, %o +,,X0
We next determine those symmetries which will survive under small perturbations of
the nonlinear terms. This can be achieved by calculating (see [2,3,4] for details)

{

—i —j
U, mg1jﬂo,j"“77{)gl,j :

We notice that following resonate monomials appear at the first-erder of approximation.

(3)
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These resonant monomials can be killed by choosing

'qzz

4, :q;=49, g =4,y =‘—q3/2,q§2=—q8/2

q5’q6’q71q()5qu :G

This tantamounts to saying that symmetries corresponding to those parameter which

wvanish in (6) are broken due to perturbations. When we consider second-order

symmetries we encounter the following resonant monomials:

(6)
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rAl) = 16897 23 ~ 1680821 23~ 126 @ A B 24 = 252 g 4 55 B 24~ 126 Qs B A 24 +
168qg B 20 1373 — 168 2y 2y 23 2 + 42 qp 2} 2] + 84 qp 3 23 23 + A2 qg A 23,

ry(2) = - 126qg z% 52y +42qg zg zg + l68qsz§ z%z‘,, +168qg 2y zg 2%2:4 —252qg z%z% z3 z%'+
84 qg25 zgz% ~168qg 23 2273 — 16803 2| 7 z%zﬁ ~126q3 732374 + D2 g 73 23,

ri3) = -42qs 2} —-84qﬂ"f'233:§-42qu%2§ + }68@2;? Bz 168qsz) z%z%z:w
1263 B+ 22 B 24+ 126 s a2 24 + 168 qe 7 23 73 — 168 qe 71 23 73,

rpd) = 424y 21 2 +126q 21 B 23 + 168 gy 2T B 232 + 16803 B B 24 — B4 qg2] B 23 +
252qy 7174 75 - 168z zd 23237 - 168 agzp 2 23 ~ A2 qp 23 o + 126 g7 2% 2,
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It can be easily seen that these monomials disappear when we set g, =0. This allows to

obtain following second-order approximate symmetry of the form

X=n 0 , n; :771'0+8771‘1+82]7i2
dx, -

_x g Hxdot+doh Lt
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3. APPROXIMATE FIRST INTEGRALS

Following [2,3] we can proceed to obtain the approximate first integral corresponding to

approximate Noether symmetry given in [7]. We now consider

XJQ=di+ O@E) ‘ | (8)

where, '
de)C],dX3 +Ci)C2,dJC4 .
Here, 77 is the exterior and [ is the first integral. This leads to following equations:
Ay o 0, o, AUy, ar, - '

. .
e Yo o 9o , Yoo 9
dx, ? ox, 4 dx, : dx, & ©

<% | <E < <

By integrating (9) we find the following second-order approximate first integral.
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KAM curves can be obtained by setting x,=0 and

X, =y2h—wlx] —x]

in approximate first integral I and drawing contour lineé_(sec Figure 1a). As it can be

easily seen from Figure 1b, numerically obtained KAM curves have the same structure.
Both figures display four elliptic and two hyperbolic fixed points. Countur lines around
the hyperbolic fixed points are, indeed, closed orbits, but this does not appear in Figure

la due to low quality of the program package.
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Figure 1. Analytical versus numerical results obtained for h=0.1, @ =09,£=0.1.
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