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Abstract- In this paper, the definitions and the theorems concerning with the invariant sets. w- and
«- limit sets are given and proved in the new Dynamical Systems. By using of the definition of P’
and P~ stability , some remarkable unknown results are obtained.

Finally, the definition of Dynamical Isomorphism and Dynamical Homeomorphism are
¢iven and related original theorems are presented and proved.

INTRODUCTION

A phase transformation on a metric space X is defined to be mapping T X x . — X where

I+ is the usual topological group of integers subject to the conditions [3]:
1) [ Identity property ]

T(x.0)=x forallx =« X
i) [ Group property ]

TO(TU (X, ty). ) =To(x, t; +ty) forall x € Xand all t;, t; € L.
11) T is continuous
[ X is a metric space. I« is a topological group of integers and T is a phase transtormation.

then the system (X, L. TU) is called a dynamical system.

THEOREM 1.

For each t in I. . the mapping T' is a homeomorphism of X onto X . that is a bijection
pping p :

PROOF:

v L B . . t o

The group property (ii) implies that ()" = 7. and therefore both T and (7U)' are
continuous by the continuity property (iii). Furthermore, T' is an injection. Indeed let TU be a

continuous flow on X and let define T (x) = T0 (x, t). Let also T (x;, t) = T (xa. t) for any x;. x» « X
Then by the group property one has

TC(TC(xy, 1), -t) = T0(x1, t-t) = T (x1. 0) = x;
and

TC(TT (X2, t), -'[) =7 (Xz,t-t): T (Xz, 0) =x;.
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Thus this implies that x; = x; because of the definition
TUTC (x5, 1), -t) = TUTT (X2, t), -1).

Finally, TU is surjective for if y € X, then y = 7' (x) where x is given by x = Tl(y. -t)
Namely,

T(x) = TU(x, t) = TUTT (y, -t). t) = T(y. t-t) = T(y. 0) = v.

THEOREM 2.

For each x in X | the mapping Tt is a homeomorphism of X onto X . that is a bijection
PROOF : The proof ot the theorem is similar to the Theorem 1.

DEFINITION 2.

Let (X). I, ;) and (X3, 4, ;) be two dynamical systems. £ X, — X5 is called a dynamical
homeomorphism providing

£(T0 (x, t)) =T, (f(x), t) forall x € Xandt € 1. [2].
It t1s a homeomorphism providing f(xt) = f(x)t then fis called a dynamical isomorphism.

the systems (X;. L, Ty) and (X3, I, T,) are then said to be Isomorphic Dynamical Systems |2].

DEFINITION 3.

A point x in X 1s said to be critical point for the Dynamical Svstem if 70 (x, t) = x for all t or
a point x in X is said to be critical point of the motion if
lim 7(x,1,) =x

n

DEFINITION 4.
Let a motion T(x, t) be given in the metric space X We consider a certain positive halt-

trajectory TU(x; O, + 20). We take any increasing sequence of values of't :
0< 1<t <. <t,<.. lim 1, =+

It the sequence of points
T[ (X* t]), T[ (X, t2)» T[ (X, t‘;)-n-xT[ (Xs tn )s--

has a limit point y then we shall call this point a w-limit point of the motion T (X, t) The sets of the
w- limit point is defined a w-limit set and denoted as ), Namely w- limit sets is described as

Q. ={y eX:y=IlimT(x. t,) for some sequence (t,) with t, —> +x|.
Analogously , any limit point y of a negative half - trajectory T (x ; - %, 0) is called an o- limit
point of the motion TT (x, t) [4].

The sets of the a- limit point is defined an o- limit set and denoted as A, Namely o- limit
sets 1s described as

Ac={y e X :y=Ilim T (x, t,) for some sequence (t,) with t, — -} |5].
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THEOREM 3.

Let f be a homeomorphism | ty € R be constant. If y = TU(x, ty), then Q, = Q..
PROOF:

Let z € Q.. We need to show ze Q. Since z€Q,, then there exist increasing sequence (1)
with t,— +x such that
z=hmx(x1,).

If we apply the function f to the both sides of the equation z = lim z(x./, ). then

f)y=lmnalf(x).1,))
ts tound. Since fis a homgomorphism, then
f(z)= flimm(x,1,) .
Substituting x = T(y, - ty), then
fz) = fimz(z(y.—1,).1,)
is obtained. Using the group property one has
flz)= f&m w1, =1,)
Now let assume that t, —t, = t',. Since t', — +o for t, — +o0 and f'is a homeomorphism, then
f(z)=limz(f(y).1,)

is found. Thus ze Q..

On the other hand let us zeQ, We need to show zeQ,. Since z<€),. then there exist
increasing sequence (t,) with t, — +oc  such that

z-hma(y, 1)

n >

Applying the tunction f to the both sides of the equation z = lim7(y,1,) , then
S =lmz(f(y).1,)

is obtained. Since fis a homeomorphism , then
£(2)= fim z(p.1,)
Substituting y = T (X, ty), then
f(2) = Aim z(z(x, 1,),1,)
= fumaz(x, 1, +1,) .
Now let assume that t,, + .ty =t",. Since t",, — +o fort, — +w=, then
f(@)= fﬁin] m(x, 1))
1s found. Since f'is a homeomorphism
£(2) = lim 7(f (x). 1])

is obtained. Thus ze€),. This completes the proof of the theorem.



THEOREM 4.
If'y is a critical point | then Q.= A= {y} such that fis a homeomorphism.

PROOF:
We know that y is a critical point providing y = lim z(x. 7, ). By Definition 3, we may write

that TU(y, ty) =y. Since f1s homeomorphism. then

f(x)=a(f(x).1,).

On the other hand it 1s also known that
X = ”(,",1_,n )1 .y = ”(x« I“)

by [I] Then y =Ilimx(x, ). Applying the function f to the both sides ot the equation.

n o>

J()= fﬁiyq 7(x., 1)

is found.Since fis a homeomorphism , then
SO =lmz(f(x).1,) = f(x)
is obtained Since f 1s homeomorphism, this implies that x = y. The second part of the proot of the

theorem can be done similar.
Hence Q, = A, = {y}.

DEFINITION 5.
A point x is called positively stable according to POISSON (written stable P ) if . tor any

neighborhood U of the point x and for any T > 0 , there can be found a value t =T such that TU(x. t)

=" Analogously, if there can be found a t < -T such that T (x, t) €U then the point x is negatively
stable according to Poisson (P7).

A point stable to Poisson both as t — +x and as t — -x 1is called (simply) stable according
to Poisson (Stable P) |6]

THEOREM 5,
A point x is P - stable if and only if there exist an increasing sequence (t,) with
lim 7, = +x such that lim 7 (x, 7,) = x.

n-»r n--»e

PROOF:
Let a point x is P - stable. Then there can be found t, > 0 with lim 7, =+x for any

sequence &£, > &, > &, > ... >¢g, > ....with limg, =0 such that

n o

d(x,m(x, 1)) <¢,. (hH

Since lim f/, = +o and by Equation (1) then it is clear that

n-—yon

lim7(x,1,)=x.

n—



Namely there exist a sequence (t,) with lim ¢, =+ such that f(x)=1limz(f(x). 7))

n o

Conversely, if there exist an increasing sequence (t,) with lim 7, = +x _ such that lim 7(x, 7, ) = x

n o»r

Then it can be obtained directly that a point x is P"- stable.

THEOREM 6.

It a point x is P'- stable then every point of the trajectory T (x ; l.)is also P - stable.

PROOF:

Consider an arbitrary point TU(x, t). of the trajectory. By properties (ii) and (iii)) of a
dynamical system we have
Iimz(x.1+1,)=m(x,1)

[1] i.e.. the point TU(x, t) is P - stable. Since for every point of TU(x, t) is P - stable, then P can
obviously be written thus:

m(x; I,)cm(x; 0,+x) ;
the condition for stability

P onr(x:l,)ca(x,—x,0) .
Alternatively we can say: xe€), or xe A (where 7(x;—x,0) is the closure of the negative semi-
trajectory).

THEOREM 7.
If the motion T(x, t) is P - stable, then Q.= 7(x,/,) .

PROOF:
Let the motion TI(x, t) is P - stable. Then by Theorem 6, all points of its trajectory are w-
limits foritie . z(x; /.) cQ .
Since €, 1s a closed set. from the last inclusion there follows
m(x; 1.) cQy
On the other hand the relation holds

Q.cx(x;0,+0) , A< m(x:—0,0) (2)

since the closure of a semi - trajectory contains all its limit points.
Comparing this with the inverse inclusion (2) , which always holds , we have for a motion

stable P* - Q. =x(x:/,). Similarly if the motion TT (x, t) is P - stable then it is easy to show that
Ac=m(x:1,).
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THEOREM 8.

If the motion TU(x, t) 1s P'- stable then
Q.= A= 7(x:1.).
PROOF:
If the motion T (x . t) is P” - stable, then by Theorem 7
Q.cr(x. 1), and 7z(x;1.)C A

is obtained Since A= x(x./,), then
Qc A= 7(x.1.) (3)

On the other hand , If the motion TU(x, t) is P™- stable, then by Theorem 7,
a(x: 1,)cQ,. and A.c 7(x.1,)

is obtained Since Q, = x(x./,), then

AcQ = x(x;1.). (4)

Therefore Q= A= ;r(x; 1,) are found by Equation 3 and Equation 4. This completes the proof of
the theorem.
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