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Abstract: The dielectric resonator antenna (DRA) can be modeled as a series and parallel combination
of electrical networks consisting of a resistor (R), inductor (L), and capacitor (C) to address peculiar
challenges in antennas suitable for application in emerging wireless communication systems for
higher frequency range. In this paper, a multi-stacked DRA has been proposed. The performance and
characteristic features of the DRA have been analyzed by deriving the mathematical formulations for
dynamic impedance, input impedance, admittance, bandwidth, and quality factor for fundamental
and high-order resonant modes. Specifically, the performance of the projected multi-stacked DRA was
analyzed in MATLAB and a high-frequency structure simulator (HFSS). Generally, results indicate
that variation in the permittivity of substrates, such as high and low, can potentially increase and
decrease the quality factor, respectively. In particular, the impedance, radiation fields and power
flow have been demonstrated using the proposed multi-stacked electrical network of R, L, and C
components coupled with a suitable transformer. Overall, the proposed multi-stacked DRA network
shows an improved quality factor and selectivity, and bandwidth is reduced reasonably. The multi-
stacked DRA network would find useful applications in radio frequency wireless communication
systems. Additionally, for enhancing the impedance, BW of DRA a multi-stacked DRA is proposed by
the use of ground-plane techniques with slots, dual-segment, and stacked DRA. The performance of
multi-stacked DRA is improved by a factor of 10% as compared to existing models in terms of better
flexibility, moderate gain, compact size, bandwidth, quality factor, resonant frequency, frequency
impedance at the resonance frequency, and the radiation pattern with Terahertz frequency range.

Keywords: dynamic impedance; cut-off frequencies; bandwidth; multi-stacked DRA (MSDRA);
parallel R-L-C circuit; quality factor; radiation pattern; wireless communication systems

1. Introduction

Mathematical modeling is the basic requirement for the designing analysis of any
antenna. To understand and analyze the performance characteristics of that antenna, a

Math. Comput. Appl. 2023, 28, 4. https://doi.org/10.3390/mca28010004 https://www.mdpi.com/journal/mca

https://doi.org/10.3390/mca28010004
https://doi.org/10.3390/mca28010004
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/mca
https://www.mdpi.com
https://orcid.org/0000-0001-8921-8353
https://orcid.org/0000-0003-3667-4261
https://orcid.org/0000-0001-9595-0567
https://doi.org/10.3390/mca28010004
https://www.mdpi.com/journal/mca
https://www.mdpi.com/article/10.3390/mca28010004?type=check_update&version=1


Math. Comput. Appl. 2023, 28, 4 2 of 21

stacked R-L-C network is used [1]. The present article proposes HFSS multi-stacked DRA
modeling utilizing an equivalent circuit design strategy [2]. The mathematical modelling
of an equivalent R-L-C network has been explained in detail [3]. This explains how the
main mode spreads using an aperture-coupled slot to form an equivalent transmission
line. The functions from source to endpoints have been precisely expressed by the lumped
impedances. The radiated waves in space are displayed by the reactance that controls the re-
active power brought on by feed, termination, and resistances. The proposed methodology
can be utilized to calculate the input impedance of aperture-coupled loading multi-stacked
DRA [4]. Very little research has been done on modeling multi-stacked DRA equivalent
circuits till now, however, there is already a substantial amount of related work on patch
antenna equivalent circuits [5]. The proposed circuit illustration yields positive results
for the internal impedance and loads of multiple stacked DRAs. The multi-stacked DRAs
impedances and radiation fields have been modelled using higher order and fundamental
modes. An equivalent circuit model was used to represent the circuit bandwidth, resonance,
and other radiation field parameters. This approach is also helpful to develop higher-order
models accurately. The radiation patterns and other field behaviors of multi-stacked DRA
can be predicted using the suggested method and resonant mode circuit models [6]. The
presented research work accurately develops a simple and absolute ‘physics-based’ circuit
for resonant modes. The equivalent circuit model can extrapolate the resonance parame-
ters, such as bandwidth, quality factor, resonant frequency, frequency impedance at the
resonance frequency, and the radiation pattern of multi-stacked DRA [7]. The different
multi-stacked DRA structures can be designed and analyzed using HFSS and MATLAB
software. The proposed concept of resonant simplifies the designing of multi-stacked DRAs.
This method of analysis has linked the multi-stacked DRA circuit models to their radiated
fields for the first time in a multi-stacked DRA study [8].

Since its initial debut in 1983, dielectric resonator antennas (DRA) have undergone
substantial research. DRAs have several key characteristics that set them apart from other
types of antennas, including ease of excitation, fairly wide bandwidths, and small size. In
this presented work, a multi-stacked parallel RLC circuit-based dielectric resonant antenna
has been proposed with a good amount of improvement in bandwidth, quality factor,
resonant frequency, frequency impedance at the resonance frequency, and the radiation
pattern in the Terahertz frequency range. A cooperative 6G-based optimized simultaneous
wireless information and power transfer (SWIPT) system for two-user pairing in terahertz
was created by Oleiwi et al. [9]. When SIC manipulation is used to examine the model’s
performance, the results show that the suggested system performs 75% better in terms of
energy and spectral efficiency than more traditional models, such as NOMA and OMA, time
division multiple access (TDMA). Kremer et al. [10] proposed a dielectric resonant antenna
(DRA) for high frequency. The broadside radiation of the proposed DRA has an impedance
bandwidth of 21.6% and an axial ratio bandwidth of 16.7%. A cylindrical segmented
dielectric resonator antenna (CDRA) with three distinct (120◦, 60◦, 300◦) segments and
cylindrical radius r1, r2 and r3 with stacking angular displacement was proposed by
Chauhan and Mukherjee [11]. The proposed antenna has an impedance bandwidth of 90%
(3.3 GHz to 8.7 GHz) and an axial ratio bandwidth of 53.8% (3.8 GHz-6.6 GHz) and 58.5%
(3.5 GHz–6.4 GHz), respectively, according to simulation and measurement. Oleiwi [12] has
created a SWIPT-pairing system for cooperative H-NOMA in 6G Terahertz communications.
The proposed THz frequency ranges for combining hybrid non-orthogonal multiple access
(H-NOMA) and cooperative simultaneous wireless information and power transmission
(SWIPT) (H-NOMA). The energy and spectral efficiency of the multilateral recommended
system is 75% higher than that of the related work. Gupta et al. [13] proposed a Low profile
multilayer cylindrical segment fractal DRA for wideband applications. Although the author
offered different multilayer cylindrical DRA structures, the stacked DRA, dual-segment,
hybrid DRA, and slots in ground-plane approaches were also well suited to improving
the impedance BW of DRA. Fractal applications’ primary goal is to lower the antenna’s
size for wideband characteristics while keeping other design parameters within reasonable
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bounds. Wang et al. [14] proposed an ultra-wideband dielectric resonator antenna (DRA).
In essence, it achieves a relative bandwidth of 90.9% and covers the frequency range from
6 GHz to 16 GHz. The antenna array’s operational frequency range is 5.42 GHz to 16.5 GHz,
with a 101.1% relative bandwidth. Within the operational frequency band, a large scanning
angle of 60 is obtained, with a good scanning pattern and cross-polarization. Chauhan and
Mukherjee [15] a high gain fractal cylindrical DRA for UWB application with 120◦, 60◦, 300◦

an angular portion of a cylinder with a radius ratio (1:2:3). The proposed structure offers
an operating bandwidth of 9.2 GHz and spans from 3.6 GHz–12.8 GHz. The suggested
antenna has a maximum gain of 9.45 dB and an efficiency of more than 89%, making it
appropriate for satellite communication.

The main motive for to design and analysis of the proposed rectangular-shaped multi-
staked DRA is to improve the quality factor and selectivity, decrease the bandwidth, and
reduce the physical structure, design cost, improve flexibility, and moderate gain. Multiple
DRAs using parallel R, L, and C components are coupled by using L & C components are
used to design the rectangular antenna. The main contributions of the proposed article are:

• Understanding and analyzing antenna performance characteristics using a stacked R-
L-C network. The multi-stacked DRA used in this paper was designed and examined
using HFSS and MATLAB tools;

• This describes how the main mode propagates as an equivalent transmission line
using an aperture-coupled slot. The reactance responsible for the reactive power due
to feed, termination, and resistances exactly shows the radiated waves in space. The
proposed circuit illustration yields positive results for the internal impedance and
loads of multiple stacked DRAs;

• An equivalent circuit model was used to represent the circuit bandwidth, resonance,
and other radiation field parameters. Multi-stacked radiation patterns and other field
behaviors can be predicted using the suggested method and resonant mode circuit
models;

• The presented research work accurately develops a simple and absolute ‘physics-
based’ circuit for resonant modes. The equivalent circuit model can extrapolate
the resonance parameters, such as bandwidth, quality factor, resonant frequency,
frequency impedance at the resonance frequency, and the radiation pattern of multi-
stacked DRA.

2. Proposed Methodology for Designing of Multi-Stacked DRA

A multi-stacked dielectric resonator antenna (MSDRA) with its equivalent R-L-C
circuit, shown in Figure 1, is proposed for mathematical modeling as well as analysis
point of view [16,17]. The solution of multi-stacked DRA equivalent circuit with electrical
element resistor, inductor, and capacitor in shunt circuit for current i0(t), resonant frequency
( fr), Dynamic impedance (Zd), input impedance (Zin), Quality factor, and bandwidth (BW)
have been worked. The simplified equivalent circuit of multi-stacked DRA is shown in
Figure 2.

2.1. Multi-Stacked DRA Impedance (ZL)

To calculate the mathematical expression of the input impedance of a multi-stacked
DRA, individual admittance and impedance of each DRA are connected in cascade and the
impedance transformation concept of transformer is used, as shown below [18,19];

Individual admittance of each DRA:

Ydi(s) =
1

Rdi

+

(
scdi

+
1

sLdi

)
(1)

Individual coupling impedance between DRA:

ZCi = sLCi +
1

sCCi

(2)
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Total load impedance of Multi-stacked DRA:

ZL =
1

Ydi

+ Zci= Zdi
+ Zci (3)

where the value of i changes from 1 to 6.
Slot admittance of Multi-stacked DRA:

Ys(s) =
1

Rs
+

(
scs +

1
sLs

)
(4)

For n number of DRA, total load impedance of multi-stacked DRA is,

ZL =
n

∑
i=1

Zdi
+

n−1

∑
1

Zci (5)

where
n = number of connected DRA
Ys = Admittance of slot admittance
Yd1(s), . . . . . . , Yd6(s) = Admittance of respective DRAs
Zd1(s), . . . . . . , Zd6(s) = Impedance of respective DRA’s
Zc1(s), . . . . . . , Zc5(s) = Coupling iimpedance between DRAs
ZL = DRA load impedance
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If the load is referred to the source side, then the input impedance is given by the
following equations [20,21]

Zin =
1[

N2
1 Ys + N2

1 N2
2

1
ZL

] , Yin = N2
1 Ys + N2

1 N2
2

1
ZL

Yin =
N2

1 Ys + N2
1 N2

2
1

Yd1
+ ZC1 +

1
Yd2

+ ZC2 +
1

Yd3
+ ZC3 +

1
Yd4

+ ZC4 +
1

Yd5
+ ZC5 +

1
Yd6

Yin =
N2

1 Ys + N2
1 N2

2
1

1
Rd1

+J
(

ωcd1
− 1

ωLd1

) + J
(

ωLc − 1
ωCc

)
+ 1

1
Rd2

+J
(

ωcd2
− 1

ωLd2

) + . . .

Yin =
N2

1 Ys + N2
1 N2

2
1

Rd1
−j
(

ωcd1
− 1

ωLd1

)
1

R
d2

1

+(ωcd1
− 1

ωLd1
)

2 + J
(

ωLc − 1
ωCc

)
+

1
Rd2
−J
(

ωcd2
− 1

ωLd2

)
1

R
d2

2

+(ωcd2
− 1

ωLd2
)

2 + . . .

Yin = N2
1 Ys + N2

1 N2
2

1
P + jM

(6)

where
Ys = Slot admittance
N1 & N2 = Number of terns in the primary winding
Yin = Input admittance

The real part of ZL is (P) =
1

Rd1
1

R
d2

1

+(ωcd1
− 1

ωLd1
)

2 +
1

Rd2
1

R
d2

2

+(ωcd2
− 1

ωLd2
)

2 + . . .

The imaginary part of ZL is (M) =
(

ωLc − 1
ωCc

)
−

(
ωcd1− 1

ωLd1

)
1

R
d2

1

+(ωcd1
− 1

ωLd1
)

2 −

(
ωcd2

− 1
ωLd2

)
1

R
d2

2

+(ωcd2− 1
ωLd2

)
2−

. . .
Yin = N2

1 Ys + N2
1 N2

2
P− jM

P2 + M2

Yin = N2
1

(
1

Rs
+ J
(

ωcs −
1

ωLs

))
+ N2

1 N2
2

P− jM
P2 + M2

Yin=
N2

1
Rs

+
PN2

1 N2
2

P2 + M2 + j

[
N2

1

(
ωcs −

1
ωLs

)
+

MN2
1 N2

2
P2 + M2

]
= A + jB (7)

Yin =
N2

1
Rs

+
N2

1 N2
2

P2 + M2

n

∑
i=1

pi+j N2
1

(
ωCs −

1
ωLs

)
+

N2
1 N2

2
P2 + M2

[
n−1

∑
i=1

hi −
n

∑
i=1

li

]
= A + jB

where
A = Real Part of input Admittance Yin
B = Imaginary part of Input Admittance Yin

Zin =
1

Yin
=

1
A + jB

A− jB
A2 + B2 =

A
A2 + B2 − j

B
A2 + B2

P =

1
Rd1

1
Rd2

1

+ (ωcd1 −
1

ωLd1
)

2 +

1
Rd2

1
Rd2

2

+ (ωcd2 −
1

ωLd2
)

2 + . . . +
1

Rd6

1
Rd2

6

+ (ωcd6 −
1

ωLd6
)

2

P =
n

∑
i=1

pi = p1+p2 + p3 + p4 + p5 + . . . . . . + pn
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pi =

1
Rdi

1
Rd2

i

+ (ωcdi
− 1

ωLdi
)

2 (8)

M =
(

ωLc1 − 1
ωCc1

)
+
(

ωLc2 − 1
ωCc2

)
+
(

ωLc3 − 1
ωCc3

)
+
(

ωLc4 − 1
ωCc4

)
+
(

ωLc5 − 1
ωCc5

)
−(

ωcd1− 1
ωLd1

)
1

R
d2

1

+(ωcd1
− 1

ωLd1
)

2 −

(
ωcd2

− 1
ωLd2

)
1

R
d2

2

+(ωcd2− 1
ωLd2

)
2 −

(
ωcd3− 1

ωLd3

)
1

R
d2

3

+(ωcd3
− 1

ωLd3
)

2 −

(
ωcd4

− 1
ωLd4

)
1

R
d2

4

+(ωcd4− 1
ωLd4

)
2−

(
ωcd5− 1

ωLd5

)
1

R
d2

5

+(ωcd5
− 1

ωLd5
)

2−
(

ωcd6
− 1

ωLd6

)
1

R
d2

6

+(ωcd6− 1
ωLd6

)
2

Let li =

(
ωcdi
− 1

ωLdi

)
1

R
d2

i

+(ωcdi− 1
ωLdi

)
2 and hij =

(
ωLij − 1

ωCij

)
,

H = ∑n
i=1 ∑m

j=2 hij =h12+h23 + h34 + . . . + hnm, and
L = ∑n

i=1 li =(l1+l2 + l3 + l4 + l5 + . . . + ln) then M = (H − L)
where

H = Equivalent transformer coupler reactance of all stacked DRA.
L = Equivalent reactance of all stacked DRA.
M = Imaginary part of Input Impedance.
The simplified equivalent circuit of the proposed multi-stacked DRA using R-L-C

components is shown in Figure 3.
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Using Current Division Rule [22]; I0N1N2= Z′s
Z′s+Z′L

Iin

Where Z′s =
Zs
N2

1
, Y′s = N2

1 Ys, Z′L = ZL
N2

1 N2
2

, Y′L = N2
2 N2

1 YL, Iin = Im sin(ωrt), then

I0 =
1

N1N2

 1

1 + Z′L
Z′s

Iin=
1

N1N2

[
1

1+, Y′s Z′L

]
Iin=

1
N1N2

[
Y′L

Y′L + Y′s

]
Iin=

1
N1N2

[
N2

2 N2
1 YL

N2
2 N2

1 YL + N2
1 Ys

]
Iin
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I0 = N1 N2YL
N2

2 N2
1 YL+N2

1 Ys
Im sin(ωrt), If N1 = N2 = n, then

I0 =
n2YL

n4YL + n2Ys
Im sin(ωrt) =

YL

n2YL + Ys
Im sin(ωrt) (9)

where
Io = Current through the load impedance
Iin = Current through source
ωr = resonant frequency
N1 and N2 = no. of turns in primary and secondary windings of the transformer
Similarly, the referred circuit calculates input impedance [23];

Zin = Vin
Iin

= Z′sZ′L
Z′L+Z′s

= 1
1

Z′L
+ 1

Z′s

= 1
Y′s+Y′L

= 1
N2

2 N2
1 YL+N2

1 Ys
, but Zin = 1

Yin
then

Yin = N2
2 N2

1 YL + N2
1 Ys

The magnitude of input impedance can be obtained as

|Zin|=
∣∣∣∣ 1

A + jB

∣∣∣∣= 1√
A2 + B2

, Zin =
A

A2 + B2 − j
B

A2 + B2 (10)

|Zin| =

√(
A

A2 + B2

)2
+

(
B

A2 + B2

)2
(11)

At B = 0, |Zin|max = 1
A , then |Zin |max√

2
= 1

A
√

2
, |Zin| = 1√

A2+(±A2)
= 1

A
√

2

2.1.1. Cut-Off Frequency of Multi-Stacked DRA

B = +A —–→ for higher cut-off frequency,
B = −A —–→ for Lower cut-off frequency
For higher cut-off frequency, from the condition B = +A we obtain

N2
1

(
ωcs −

1
ωLs

)
+

MN2
1 N2

2
P2 + M2 =

N2
1

Rs
+

PN2
1 N2

2
P2 + M2

Similarly, for a Lower cut-off frequency from the condition B = −A, we obtain

N2
1

(
ωcs −

1
ωLs

)
+

MN2
1 N2

2
P2 + M2 = −

(
N2

1
Rs

+
PN2

1 N2
2

P2 + M2

)

If N1 = N2 = n then

ω1 =
− LEL Ls

n2

(
1

Rs
+ n2

REL

)
+

√
LEL2Ls2

n4

(
1

Rs
+ n2

REL

)2
+ 4(n2LsLELCEL + LELLsCs)(n2Ls + LEL)

2(n2LsCELLEL + LELLsCs)
(12)

Similarly, for a higher cut-off frequency

ω2 =

LEL Ls
n2

(
1

Rs
+ n2

REL

)
+

√
LEL2Ls2

n4

(
1

Rs
+ n2

REL

)2
+ 4(n2LsLELCEL + LELLsCs)(n2Ls + LEL)

2(n2LsCELLEL + LELLsCs)
(13)

2.1.2. Bandwidth of Multi-Stacked DRA

Bandwidth (∆ω) = ω2 −ω1
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∆ω = 1
2(n2LsCEL LEL+LEL LsCs)

[
LEL

2Ls
2

n4

(
1

Rs
+ n2

REL

)2
+ 4
(
n2LsLELCEL + LELLsCs

)(
n2Ls + LEL

)
− LEL

2Ls
2

n4

(
1

Rs
+ n2

REL

)2
]

∆ω =
4
(
n2LsLELCEL + LELLsCs

)(
n2Ls + LEL

)
2(n2LsCELLEL + LELLsCs)

(14)

Bandwidth (∆ω) = 2
(

n2Ls + LEL

)
(15)

where Ls is slot inductance at the input of excitation.

2.1.3. Resonance Frequency of Multi-Stacked DRA

Resonance frequency (ωr)

Resonance frequency (ωr) =

√
n2Ls + LEL

n2LsCELLEL + LELLsCs
(16)

where

LEL = Ld1 + LC1 + Ld2 + LC2 + Ld3 + LC3 + Ld4 + LC4 + Ld5 + LC5 + Ld6

LEL =

[
n

∑
i=0

Ldi
+

n−1

∑
i=0

LCi

]

CEL =
1[

∑n
i=0

1
Cdi

+ ∑n−1
i=0

1
CCi

]
CEL = Cd1 //Cc1 //Cd2 //Cc2 //Cd3 //Cc3 //Cd4 //Cc4 //Cd5 //Cc5 //Cd6

REL =
n

∑
i=0

Rdi
,= Rd1 + Rd2 + Rd3 + Rd4 + Rd5 + Rd6

LEL = equivalent inductance of each DRA with coupling inductor between stacked
DRA.

CEL = equivalent capacitance of each DRA with coupling capacitor between stacked
DRA.

REL = equivalent resistance of all stacked DRA

2.2. Designing of Multi-Stacked DRA as Parallel R, L, and C Circuit

Y = G + jB = G + j(BC − BL), and

Q =
|BL|

G
=
|BC|

G
. . . . . . According to this

Yin=
N2

1
Rs

+
PN2

1 N2
2

P2 + M2 + j

[
N2

1

(
ωcs −

1
ωLs

)
+

MN2
1 N2

2
P2 + M2

]
(17)

2.2.1. Quality Factor of Multi-Stacked DRA

In MSDRA, the bandwidth will get reduced due to which the quality factor will be
improved resulting in high selectivity and accuracy [24,25]. Therefore, the quality factor is
given by the below equation:

Quality factor (Q)=
resonance frequency

Bandwidth
=

1
2(n2Ls + LEL)

√
n2Ls + LEL

n2LscELLEL + LELLscs
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Input admittance Yin = A + jB
Quality factor (Q) = |BL |

A = |Bc |
A

Q(ω) =
N2

1 ωcs +
N2

1 N2
2

P2+M2

(
ωLc1 + ωLc2 + ωLc3 + ωLc4 + ωLc5 + ωcd1 + ωcd2 + ωcd3 + ωcd4 + ωcd5 + ωcd6

)
N2

1
Rs

+
PN2

1 N2
2

P2+M2 =
N2

1
Rs

+
N2

1 N2
2

P2+M2 ∑n
i=1 pi

(18)

Q(ω) =
N2

1 ωcs +
N2

1 N2
2

P2+M2

[
∑n−1

i=0 ωLC3 + ∑n
i=0 ωcdi

]
N2

1
Rs

+
N2

1 N2
2

P2+M2 ∑n
i=1 pi

As the quality factor is dependent upon R, L and C it is observed that the quality factor
increases with an increase in capacitance and with decreases in inductance of corresponding
DRA units. Therefore, cascading will increase the quality factor [26].

Qd1 = Rd1

√
Cd1
Ld1

f or DRA 1; Qd2 = Rd2

√
Cd2
Ld2

f or DRA 2; Qd3 = Rd3

√
Cd3
Ld3

f or DRA 3,

Qd4 = Rd4

√
Cd4
Ld4

f or DRA 4; Qd5 = Rd5

√
Cd5
Ld5

f or DRA 5; Qd6 = Rd6

√
Cd6
Ld6

f or DRA 6; Qs = Rs

√
Cs
Ls

For slot Cd6 > Cd5 > Cd4 > Cd3 > Cd2 > Cd1 > Cs& Ld6 < Ld5 < Ld4 < Ld3 < Ld2 <
Ld1 < Ls

As the quality factor is increased, bandwidth will get decreased.
Bandwidth (BW) = 1

RsCs
= 1

τs
for slot

Bandwidth (BW) = 1
Rd1

Cd1
= 1

τd1
for DRA-1

Bandwidth (BW) = 1
Rd2

Cd2
= 1

τd2
for DRA-2, similarly for DRA-6

The time constant of the circuit is τd6 > τd5 > τd4 > τd3 > τd2 > τd1 > τs because the
capacitance increases.

Quality factor =
Resonance frequency

Bandwidth

Bandwidth is decreased as the time constant is increased τ = RC.
In DRA, selectivity depends upon the quality factor and inversely depends on band-

width. A higher-order mode will result in higher currents in DRA. The Quality factor (Q)
depends on the permittivity of the material. Low Q will dissipate and high Q will store
energy in DRA [27]. The input voltage of the DRA unit is the same as the input voltage of
the slot except this voltage is scaled by the factor

(
N1
N2

)
, due to the coupling transformer at

the input of DRA. With the addition of more DRA units in parallel, the equivalent resistance
and inductance concerning the source decrease, and the equivalent capacitance increases,
because of that, the quality factor increases [28,29].

2.2.2. Dynamic Impedance (Zd) of Multi-Stacked DRA

The expression of Zd & Zimg defines the dynamic impedance and imaginary part of
the input impedance of multi-stacked DRA as given below [30].

Zd=

1
Rd1

1
Rd2

1

+ (ωcd1 −
1

ωLd1
)

2 + . . . . . . . . . +
1

Rd6

1
Rd2

6

+ (ωcd6 −
1

ωLd6
)

2 (19)

Zimg=


{(

ωLc1 − 1
ωCc1

)
+ . . . +

(
ωLc5 − 1

ωCc5

)}
−


(

ωcd1− 1
ωLd1

)
1

R
d2

1

+(ωcd1
− 1

ωLd1
)

2

− . . .−

 (
ωcd6

− 1
ωLd6

)
1

R
d2

6

+(ωcd6− 1
ωLd6

)
2


 (20)
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2.2.3. Reflection Coefficient of Multi-Stacked DRA

The expression of the reflection coefficient is derived below for the multi-stacked
DRA [31]:

Γ =
ZL − Z0

ZL + Z0
= S11 (21)

Z0 =

√
Rs + jωLs
1

Rs
+ jωCs

=

√
Rs2 + jωLsRs

1 + jωCsRs
=

√
(Rs2 + jωLsRs)((1− jωCsRs)

(1 + jωCsRs)((1− jωCsRs)
=

√
Rs2 + ω2LsRs2Cs + j(ωLsRs −ωCsRs3)

(1 + ω2CsRs)

Z0 =

√
Rs2 + ω2LsRs2Cs

(1 + ω2CsRs)

[
1 +

j
(
ωLsRs −ωCsRs

3)
2(Rs2 + ω2LsRs2Cs)

]
= D + jF

where
Z0 is the characteristic impedance of the slot

Real part of Z0 (D) =
√

Rs2+ω2LsRs2Cs
(1+ω2CsRs)

Imaginary part of Z0 (F) = (ωLsRs−ωCsRs
3)

2
√

(1+ω2CsRs)(Rs2+ω2LsRs2Cs)

ZL = Zd1 + Zc12 + Zd2 + Zc23 + Zd3 + Zc34 + Zd4= P + jX

where

P =
n

∑
i=1

pi, P = p1+p2 + p3 + p4 + p5 + . . . . . . . . . . . . . . . . . . . . . + pn

pi=

1
Rdi

1
Rd2

i

+ (ωcdi
− 1

ωLdi
)

2 andX = H − L

where L = ∑n
i=1 li, L = l1 + l2 + l3 + l4 + l5 + . . . . . . + ln then

li=

(
ωcdi

− 1
ωLdi

)
1

Rd2
i

+ (ωcdi − 1
ωLdi

)
2 and H =

n

∑
i=1

m

∑
j=2

hij, H = h12+h23 + h34 + . . . + hnm (22)

hij=

(
ωLij −

1
ωCij

)

Γ =
ZL − Z0

ZL + Z0
= S11=

P + jX− (D + jF)
P + jX + (D + jF)

=
(P + D) + j(X− F)
(P + D) + j(X + F)

The magnitude of the complex reflection coefficient

|S11| = |Г|=
∣∣∣∣ (P + D) + j(X− F)
(P + D) + j(X + F)

∣∣∣∣ . . . . . . . . . |Г| =

√
(P− D)2 + (X− F)2√
(P + D)2 + (X + F)2

(23)

3. Implementation of Proposed Multi-Staked DRA (MSDRA)
3.1. Simulation Results of Proposed Multi-Stacked DRA (MSDRA) Using MATLAB

Figure 4a–d below illustrate the results of simulation for input impedance, dynamic
impedance, refraction coefficient, and quality factor of the suggested multi-stacked DRA.
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of multi-stacked DRA.

It is observed from Figure 4a that the magnitude of the input impedance of MSDRA
increases with the increase in frequency in the THz spectrum. Similarly, the dynamic
impedance, reflection coefficient, and quality factor of MSDRA increase with the increase
in frequency in the THz spectrum as shown in Figure 4b–d respectively.

The permittivity of the material used, cavity size of the multi-stacked DRA, reactance,
resistance, and frequency of operation of the MSDRA all influence the quality factor of the
MSDRA.

3.1.1. Hardware Design and Evaluation of a Multi-Stacked DRA Using HFSS

A 40 Giga Hertz vector network analyzer (VNA) was used to measure the reflection
coefficient (S11) of multi-stacked DRA, as illustrated in Figure 5. Figure 6 shows the HFSS
model as well. The resultant circuit of multi-stacked DRA has been shown in Figure 3 with
an input impedance (Zin) solution. Figure 7 depicts an aperture-coupled multi-stacked
DRA [32]. Table 1 shows the designing dimensions of multi-stacked DRA. Electric fields
have been shown in Figures 8 and 9.
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Table 1. Parameter information of proposed multi-stacked DRA.

Name of Parameter Dimensions (Millimeters)

Length of Microstrip line 64
Width of Microstrip line 31

Ground Plane 111 × 101
Substrate Height 1.5

Length of Slot 14
Width of Slot 3

Length of Stub 24
Width of Stub 14

Size of DRA (slab-wise size) 21 × 21 × 8
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Figure 9. The Electric field configuration in the spherical coordinate of the proposed R-L-C DRA.

Figure 7 and Table 2 show the hardware and tuning parameters for multi-stacked DRA
for two stages. The simulation and validation results of the Multi-staked DRA(2-stage)
with tuned parameters using HFSS software are quite good compared to existing ones.
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Table 2. Used symbols in mathematical modeling with their Nomenclature.

Symbol Nomenclature

i0(t) Current through shunt R-L-C circuit

fr Resonant frequency in Hz

Zd Dynamic impedance

Zin Input impedance

Q Quality factor

BW Bandwidth

Yd1, Yd2, Yd3, Yd4, Yd5, Yd6 Individual admittance of each DRA

Rd1, Rd2, Rd3, Rd4, Rd5, Rd6 Individual Resistance of each DRA

ZC1 , ZC2 , ZC3 , ZC4 , ZC5 , ZC6 Individual coupling impedance between DRAs

scd1
, scd2 , scd3 , scd4

, scd5 , scd6 Laplacian capacitance of each DRA

sLd1
, sLd2 , sLd3 , sLd4

, sLd5 , sLd6 Laplacian Inductance of each DRA

sLC1 , sLC2 , sLC3 , sLC4 , sLC5 , Laplacian inductance & coupling of capacitance of each DRA

ZL and Zin DRA load and input impedance

Ys and Yin Slot and input admittance

N1 and N2 Number of terns in the primary winding

A & B Real and imaginary part of input admittance Yin

H Equivalent transformer coupler reactance of all stacked DRA

L Equivalent reactance of all stacked DRA

P & M Real and Imaginary part of Input Impedance

Io Current through the load impedance

Iin Current through source

Wr Resonant frequency in radian per sec.

W1 & W2 Higher and lower resonant frequency in radians per sec.

∆ω Bandwidth

Ls Slot inductance

REL Equivalent resistance of all stacked DRA

CEL
Equivalent capacitance of each DRA with coupling capacitor
between stacked DRA.

LEL
Equivalent inductance of each DRA with coupling inductor
between stacked DRA.

|S11| Magnitude of the complex reflection coefficient
→
E ϕs Time-varying field

λ0, λg Wavelength of free space and guided medium

εr and εs Dielectric constant of the rectangular DRA and substrate

3.1.2. Multi-Stacked DRA Radiation Theory

For any DRA, if the expression of magnetic vector potential is known then all the
features of such type of DRA, are analyzed by evaluating electric and magnetic field
properties. The mathematical calculation of magnetic vector potential is given below [33]:

• Magnetic Vector Potential

→
A=

∮
L

µ[I]dl
4πr′

where I0 =
N1N2Vm cos ωt

ZL
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[I0] =
N1N2Vm cos ω

(
t− R

u

)
ZL

, [I0] =
N1N2Vm cos

(
ωt−ω R

u

)
ZL

(24)

[I0]=
N1N2Vm cos(ωt− βr′)

ZL
, R =

∣∣r− r′
∣∣, [I0]= Re

[
N1N2Vm

ZL
ei(ωt−βr′)

]
(25)

→
A=

N1µN2Vm

4πZL

∮
L

e−iβr′

r′
dl,
→
Aϕ=

N1µN2VmS
4πZLr2 (1 + iβr) sin θe−iβrsi= πR2

i

S =
n

∑
i=1

si,
→
Aϕ=

N1µN2VmS
4πZLr2 (1 + iβr) sin θe−iβr (26)

This magnetic potential is time-varying and depends upon the space. Only ϕ compo-
nent is present [34,35].

→
Aϕ = N1µN2VmS

4πZLr2 (1 + iβr) sin θe−iβr and also calculated
→
E and

→
H field using the follow-

ing formula;
→
B=∇ X

→
A, µ

→
H=∇ X

→
A, ∇ X

→
Hs =jωε

→
Es

Another formula for the time-varying field is;
→
E = −∇V − d

→
A

dt ,
→
E = − d

→
A

dt ,
→
E ϕs = −

d
→
Aϕs
dt

→
E ϕs = −

d
dt

[
N1µN2VmS

4πZLr2 (1 + iβr) sin θe−iβr
]
== −N1µN2VmS

4πZLr2 sin θ

[
d
dt
(1 + iβr)e−iβr

]
(27)

→
E ϕs = −

N1µN2VmS
4πZLr2 sin θ

[
d
dt
{cos(ωt− βr) + jβr cos(ωt− βr)}

]
→
E ϕs = −

N1µN2VmS
4πZLr2 sin θ[{−ω sin(ωt− βr)− jβrω sin(ωt− βr)}]

→
E ϕs = −ωN1µN2VmS

4πZLr2 sin θ[{sin(ωt− βr) + jβr sin(ωt− βr)}]
= − jωN1µN2VmS

4πZLr2 sin θ
[
e−iβr + jβre−iβr]

→
E ϕs= −

jωN1µN2VmS
4πZL

sin θ

[
jβ
r
+

1
r2

]
e−iβr âϕ

where, ZL = Zd1 + Zc1 + Zd2 + Zc2 + Zd3 + Zc3 + Zd4+Zc1 + Zd5 + Zc1 + Zd6→
Hs is calculated using two methods [36].

→
B= ∇ X

→
A, µ

→
H= ∇ X

→
A,∇ X

→
Es = jωµ

→
Hs

µ
→
H= ∇ X

→
A=

1
h1h2h3

∣∣∣∣∣∣
h1 âu h2 âv h3 âw

d
du

d
dv

d
dw

h1 Au h1 Av h1 Aw

∣∣∣∣∣∣ (28)

µ
→
H= ∇ X

→
A=

1
r2 sin θ

∣∣∣∣∣∣∣
âr râθ r sin θ âϕ
d
dr

d
dθ

d
dϕ

Ar rAθ r sin θAϕ

∣∣∣∣∣∣∣
where Ar and Aθ is equal to zero.

µ
→
H= ∇ X

→
A=

1
r2 sin θ

∣∣∣∣∣∣∣
âr râθ r sin θ âϕ
d
dr

d
dθ

d
dϕ

0 0 r sin θAϕ

∣∣∣∣∣∣∣ (29)

µ
→
H= ∇ X

→
A=

1
r2 sin θ

[
dr sin θAϕ

dθ
âr − r

dr sin θAϕ

dr
âθ

]
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µ
→
H=

N1µN2VmS
4πZL

sin θe−iβr
[

1
r3 +

jβ
r2 −

β2

r

]
âθ +

N1µN2VmS
4πZL

cos θ

[
1
r3 +

jβ
r2

]
e−iβr âr

→
Hs=

N1N2VmS
4πZL

sin θe−iβr
[

1
r3 +

jβ
r2 −

β2

r

]
âθ +

N1N2VmS
4πZL

cos θ

[
1
r3 +

jβ
r2

]
e−iβr âr

→
Hs = Hθ âθ + Hr âr

Hθs =
N1N2VmS

4πZL
sin θe−iβr

[
1
r3 +

jβ
r2 −

β2

r

]
âθ , Hrs =

N1N2VmS
4πZL

cos θ

[
1
r3 +

jβ
r2

]
e−iβr âr

→
P s =

→
E s ×

→
Hs,

→
P s = (Eϕ âϕ)× (Hθ âθ + Hr âr)

→
Ps = −EϕHθ âr + Eϕ Hr âθ

→
Ps = −

jωµN2
1 N2

2 V2
mS2

16π2Z2
L

sin θ cos θ

[
j2β

r4 +
1
r5 −

β2

r3

]
e−2jβr âθ +

jωµN2
1 N2

2 V2
mS2

16π2Z2
L

sin2θe−2jβr âr

To calculate the resonant frequency of the proposed DRA’s following formulas are
used [37]:

εr =
ε

εo
; f rmnp =

c
2π
√

εr

√
(

mπ

a
)

2
+ (

nπ

b
)

2
+ (

pπ

2d
)

2
(30)

The DRA formulations’ length, the width of the slot, and the Stub dimension are given
as [38]:

LS = 0.4λo√
εe

; Ws = 0.2Ls; Lstub =
λg
4 , λ

2π < r < 2D2

λ ; for near far field, k >> >1; and

For far distance field as r > 2D2

λ ;
Where λo = Wavelength and Effective permittivity; εeffective = εr+εs

2
Where εr and εs are the dielectric constant of the rectangular dielectric resonator and

substrate, respectively.
λg = λ0√

εe f f
, where λ0, λg are the wavelengths of free space and guided medium

In general, a perfect electric conductor (PEC) and a perfect magnetic conductor (PMC)
are used to determining the boundary condition [39–41].

For PEC walls; n × E = 0, and n. H = 0 and for PMC walls; n × H = 0, and n. E = 0.
εrk0

2 = kx
2 + ky

2 + kz
2; characteristic equation.

kx = mπ/a, ky = nπ/b, kz = pπ/d
Where dimensions are; a, b, and d and indices; m, n, and p, respectively.

k = 2π/λ = ω 2
√

µε = ω/c; (31)

kz tan
(

kz
d
2

)
=
√
(∈ r− 1)k02 − kz2; transcendental equation (32)

∫
E2 dV =

∫
H2 dV (33)

• Boundary Conditions of Electric Wally (PEC)

n× E = 0 and n.H = 0
At z = 0, d the DRA is an interface and the normal component of the magnetic field

and the tangential component of the electric field are both equal to “zero”.
Boundary Conditions of the Magnetic Wall (PMC)

n× H = 0 and n.E = 0 (34)

Ex =
1

jωε
(

1 + γ2

k2

)[∂Hz

∂y
− 1

jωµ

∂2Ez

∂z∂x

]
(35)
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Ey =
1

jωε
(

1 + γ2

k2

)[− 1
jωµ

∂2Ez

∂z∂y
− ∂Hz

∂x

]
(36)

Hx =
−1

jωµ
(

1 + γ2

k2

)[∂Ez

∂y
− 1

jωε

∂2Hz

∂z∂x

]
(37)

Hy =
−1

jωµ
(

1 + γ2

k2

)[ 1
jωε

∂2Hz

∂z∂y
− ∂Ez

∂x

]
(38)

• TE Mode (Ez = 0 and Hz 6= 0)

Hz = B sin
(mπ

a
x
)

sin
(nπ

b
y
)

sin(kzz) (39)

Similarly, Ez fields can be calculated for TM mode.

3.2. Simulation and Corresponding Parameters of Proposed MSDRA Using HFSS

The simulations and corresponding parameters of the proposed MSDRA using HFSS
are presented in this section.

Figures 10 and 11 show the electric field pattern obtained via HFSS in multi-stacked
DRA for two different values of phase angles. Figure 12 shows the variation of input
impedance (Impedance spectrum) of MSDRA with frequency. Figure 13 shows the varia-
tion of the reflection coefficient of MSDRA with frequency. Figure 14 shows the variation of
the voltage standing wave ratio of MSDRA with frequency. Figure 15 shows the radiation
pattern of MSDRA at 3.8 GHz frequency and 0 degrees ∅. It has been observed that the
quality factor is improved, bandwidth is reduced and selectivity is improved by imple-
menting multi-stacked DRA over the basic DRA. This leads to an increase in the catching
power of DRA, which results in higher performance from an application point of view.
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4. Conclusions

The rectangular shape multi-stacked DRA has better flexibility, and it required mod-
erate gain as compared to cylindrical DRA for selecting a resonant frequency due to its
three degrees of freedom. The bandwidth and quality factor of single-stage DRA is fixed
and depends on the value of R, L, and C components. To improve the quality factor and
selectivity of DRA, a high value of R, L, and C components are required and it becomes
bulky. Therefore, a rectangular-shaped multi-stacked DRA using parallel R, L, and C with
L and C component coupling is proposed. The storing power of the antenna is increased
due to an increase in capacitance. The quality factor and selectivity are also improved
because it directly depends on stored energy with an optimal size of the antenna. The
coefficient of reflection, radiation pattern, dynamic impedance, and input impedance of
multi-stacked DRA has been estimated using the RLC circuit as an equivalent circuit of
multi-stacked DRA. The calculated and simulated outcomes of multi-stacked DRA are
presented. The analysis of the equivalent circuit configuration has been accomplished for
the first time in this study. The equivalent circuit is utilized to develop the theoretical
model that would help wireless network designers to recognize multi-stacked DRA circuits
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for specific applications. Summarily, the quality factor and selectivity are improved by a
factor of 10%, and bandwidth decreased by implementing the proposed multi-stacked DRA.
Future work would investigate the design and development of cost-efficient and optimal
multi-stacked DRA systems for application in 5G and beyond 5G wireless communication
systems.
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