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Abstract: By extending the definition interval of the standard cubic Catmull-Rom spline basis
functions from [0,1] to [0,a], a class of cubic Catmull-Rom spline basis functions with a shape
parameter &, named cubic a-Catmull-Rom spline basis functions, is constructed. Then, the
corresponding cubic a-Catmull-Rom spline curves are generated based on the introduced basis
functions. The cubic a-Catmull-Rom spline curves not only have the same properties as the standard
cubic Catmull-Rom spline curves, but also can be adjusted by altering the value of the shape parameter
« even if the control points are fixed. Furthermore, the cubic a-Catmull-Rom spline interpolation
function is discussed, and a method for determining the optimal interpolation function is presented.
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1. Introduction

With the development of geometric design industry, the shapes of curves often need to be
changed freely. Hence, the curves with shape parameters have been paid more and more attention
by many researchers in geometric modeling. Some examples are the Bézier-like curves with shape
parameters [1-5], the B-spline-like curves with shape parameters [6-14], the trigonometric curves with
shape parameters [15-21], and so on. Curves with shape parameters not only inherit similar or the
same properties as the corresponding classical curves, but also have better performance ability because
of the shape parameters.

As an interpolation spline, the cubic Catmull-Rom spline [22] has been widely used in geometric
design [23,24] and engineering applications [25,26] because it can automatically interpolate the given
control points without solving equation systems. Generally, shapes of the standard cubic Catmull-Rom
spline would be modified if the control points are changed, and the control points can be adapted
during a learning procedure [25,26]. However, shapes of the standard cubic Catmull-Rom spline
cannot be adjusted when the control points are fixed, which limits its applications. The main purpose
of this work is to present a simple method for constructing a cubic Catmull-Rom spline with a shape
parameter. A class of cubic Catmull-Rom spline basis functions with a shape parameter &, named
cubic a-Catmull-Rom spline basis functions, is constructed through extending the definition interval
of the standard cubic Catmull-Rom spline basis functions from [0,1] to [0,&] (x > 0). Then, the
corresponding cubic a#-Catmull-Rom spline curves and interpolation function are defined on the basis
of the cubic a-Catmull-Rom spline basis functions. The proposed cubic a-Catmull-Rom spline curves
not only have the same properties as the standard cubic Catmull-Rom spline curves, but also have
one degree of freedom in the interpolation curves even if the control points are fixed. The optimal
cubic #-Catmull-Rom spline interpolation function can be obtained by choosing the proper value of
the shape parameter.

Math. Comput. Appl. 2016, 21, 33; d0i:10.3390/mca21030033 www.mdpi.com/journal/mca


http://www.mdpi.com/journal/mca
http://www.mdpi.com
http://www.mdpi.com/journal/mca

Math. Comput. Appl. 2016, 21, 33 20f 14

The rest of this paper is organized as follows. In Section 2, the standard cubic Catmull-Rom spline
curves are introduced, and the shortcomings of the curves are pointed out. In Section 3, the cubic
Catmull-Rom basis functions with a shape parameter «, named cubic a-Catmull-Rom basis functions,
are constructed, and the properties of the basis functions are given. In Section 4, the definition
and properties of the cubic a-Catmull-Rom spline curves are presented on the basis of the cubic
a-Catmull-Rom basis functions. In Section 5, the cubic x-Catmull-Rom spline interpolation function
is discussed, and a method for determining the optimal interpolation function is presented. A short
conclusion is given in Section 6.

2. The Standard Cubic Catmull-Rom Spline Curves

Given control points p; (i =0,1,--- ,n;n > 3) in R? or R?, for 0 < t < 1, the cubic Catmull-Rom
spline curves can be generally expressed as follows [22]:

3
ri(t) = ij(t)piﬂ-, i=0,1,---,n—3, 1)
j=0

where bj(t) (j =0,1,2,3) are the cubic Catmull-Rom basis functions expressed as follows:

bo(t) = § (—t+212— %)

bi(t) = 3 (2—5t% +3t%) @
by(t) = 1 (t+41% —33)

by(t) = 5 (2 +13)

The cubic Catmull-Rom basis functions have the following properties:

(a) partition of unity: by(t) + by (t) + bp(t) + b3(t) = 1;
(b) symmetry: b;(1 —t) =b3_;(t) (j=0,1,2,3);
(c) properties at the endpoints:

By(0) = ~1/2, B}(0) =0, BH(0)=1/2, B4(0) =0,
B(1) =0, Bi(1)=—1/2, by(1) =0, bj(1)=1/2.

The cubic Catmull-Rom spline curves have the following properties:

(@) symmetry: both p; (i = 0,1,---,n) and p,_; (i = 0,1,---,n) define the same curves in a
different parameterization;

(b) geometric invariance: shapes of the curves are independent of the choice of coordinate system.
An affine transformation for the curve can be performed by carrying out the same affine
transformation for the control points;

(c) interpolation and C! continuity: the curves interpolate the given control points expect p, and p,,,
and the curves are C! continuous.

The standard cubic Catmull-Rom spline curves can automatically interpolate the given control
points without solving equation systems, which cause them to be widely used in practical engineering.
However, shapes of the standard cubic Catmull-Rom spline curves cannot be adjusted when the control
points are fixed, which limits their applications. In order to alleviate the shortcomings of standard
cubic Catmull-Rom spline curves in shape adjustment, the cubic Catmull-Rom spline curves with a
shape parameter will be introduced.
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3. The Cubic a-Catmull-Rom Basis Functions

Firstly, the cubic Catmull-Rom basis functions with a shape parameter needed to be constructed.
A simple idea is to extend the definition interval of the standard cubic Catmull-Rom basis functions
from [0,1] to [0, «] (« > 0).

Suppose the new basis functions f;(¢) (i = 0,1,2,3) are expressed as follows:

(fo) AB AH BH)=(1t & £ )M, ©)

where0 <t <a,0 <a <1,and M is an undetermined 4 x 4 matrix.
By taking derivation calculus to Equation (3), then

(s Ao By KO )=(0 1 2 3 )M @

Because the new basis functions hope to satisfy the same properties at the end points with the
standard cubic Catmull-Rom basis functions, thus, let t = 0 and t = « in Equations (3) and (4),
respectively. Then,

(0100)=(1000)M

(001 0)=(1a & )M
©)
(—1/2 0 12 o):(o 10 o)M
(0 =12 012)=(0 1 2 322 )M
From Equation (5), we have
0 1 0 o0 10 0 O
2 .3
0 0 1 0 _ 1 o a¢ « M. ©)
-12 0 12 0 01 0 O
0 -12 0 12 0 1 2a 342
By Equation (6), we obtain
0 1 0 0
1 1
-5 0 5 0
2 2
M= 1 a6 3-ax _1 [ @
® 202 o2 20
1 4-a a=4 1
242 223 248 242
From Equations (3) and (7), the new basis functions can be expressed as follows:
fo(t) = 547 (—a?t +2at? — 13)
fi(t) = 555 (203 + (a2 —6a) 2 + (4 — ) 1) @)
folt) = 35 (3t + (60 —202) 2 + (a — 4) %)
f3(t) = 55 (—at? + )

where0 <t <a,a > 0.
The basis functions expressed in Equation (8) can be reparametrized by g;(u) = fi(au)
(i = 0,1,2,3). Then, the basis functions defined on a fixed interval [0,1] can be obtained as follows.
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Definition 1. For 0 < u < 1, & > 0, the following four functions of u are called the cubic Catmull-Rom basis
functions with a shape parameter « (cubic a-Catmull-Rom basis functions for short):

go(u) = % (—au + 2au? —zxu3)

q1(u) =3 (2+ )u? + (4 —a) ud) )
o) =13 (zxu+ (6—2a) u® — (4 — ) u®)

g3(u) = 3 (—au? + au®)

From Equations (2) and (9), the cubic a-Catmull-Rom basis functions and the standard cubic
Catmull-Rom basis functions have the relationships as follows:

go(u) = abo(u)
g1(u) = b1 (u) + (1 — a)bs(u)
go(u) = by(u) + (1 — a)bo(u)
g3(u) = abs(u)

Remark 1. It is clear that the cubic a-Catmull-Rom basis functions would be the standard cubic
Catmull-Rom basis functions for & = 1.

Theorem 1. The cubic a-Catmull-Rom basis functions have the following properties:

(a) partition of unity: go(u) + g1(1) + g2(u) + g3(u) = 1;
(b) symmetry: g;(1 —u) = g3—i(u) (i =0,1,2,3);
(c) properties at the endpoints:

8(0) = —a/2, g(0)=0, g

&1 =0, g(1)=-a/2, g

(d) monotonicity about the shape parameter: for fixed u € [0, 1], go() and g3(u) are monotonically
decreasing about &, g1 (#) and g»(u) are monotonically increasing about «.

Proof. By simple deduction, (a), (b) and (c) follow:
(d) For fixed u € [0, 1], by taking derivation calculus on « to (3), then

dgo 1 2 dgi1 1

T _Eu(l —u)" <0, 3 21—u) =0,
dg 1 2 dgs 1 5
5*5”“ ) >0 o = (1-u)<0.

Thus, go(u) and g3(u) are monotonically decreasing about «, and gj(1) and g»(u) are
monotonically increasing about a.

Theorem 1 shows that the cubic a-Catmull-Rom basis functions not only inherit the properties of
the standard cubic Catmull-Rom basis functions, but also can be adjusted by the shape parameter «.
Figure 1 shows curves of the cubic a-Catmull-Rom basis functions for different values of &, where the
value of « is taken as &« = 0.6 (marked with dotted lines), « = 2.4 (marked with solid lines) and « = 4.2
(marked with dashed lines), respectively.
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Figure 1. Curves of the cubic a-Catmull-Rom basis functions for different «.

4. The Cubic a-Catmull-Rom Spline Curves

On the basis of the cubic a-Catmull-Rom basis functions, the corresponding cubic Catmull-Rom
spline curves with a shape parameter can be defined as follows.

Definition 2. Given control points b; (i = 0,1,--- ,m;n > 3) in R? or R3, for 0 < u < 1, & > 0, the following
curves are called the cubic Catmull-Rom spline curves with a shape parameter a (cubic a-Catmull-Rom spline
curves for short):

3
pi(u>=2gj(u)bi+j/ i=01,---,n=3, (10)
j=0
where g;(u) (j = 0,1,2,3) are the cubic a-Catmull-Rom basis functions defined in (9).

Theorem 2. The cubic a-Catmull-Rom spline curves have the following properties:

(a) symmetry: for the same shape parameter &, both b; (i =0,1,--- ,n)and b,,_; (i =0,1,2,--- ,n)
define the same curves in a different parameterization:

p;(;b;,bi11,bi12,bi13) = p;(1 —u;b;43,bi19,bi41,b;),i=0,1,--- ,n—3;

(b) geometric invariance: shapes of the curves are independent of the choice of coordinate system.
An affine transformation for the curves can be performed by carrying out the same affine
transformation for the control points;

(c) local property: at most, four segments of the curves would be affected if one control point
is moved;

(d) interpolation and C! continuity: the curves interpolate the given control points expect by and by,
and the curve is C! continuous;

(e) shape adjustable property: when the control points b;; (j = 0,1,2,3) are fixed, shape of the
curve p;(u) can be adjusted by altering the value of the shape parameter «.
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Proof.

(a) From the symmetry of the cubic a-Catmull-Rom basis functions and Equation (10), then

p;(1—u;biy3,bi12,bi1,b;) = go(1 —u)bjy3 +g1(1 —u)bip +g2(1 —u)b;yq +g3(1 —u)b; =
83(u)biy3 + ga(u)bio + g1(u)biy1 + go(u)b; = p;(1; b, biy1,bi12,biy3).

(b) Because Equation (10) is an affine combination of the control points, geometric invariance follows.

(c) From Equation (10), a segment of the curve p,(u) is only related to the four control points
biyj (j = 0,1,2,3), thus, at most, four segments of the curves would be affected if one control
point is moved.

(d) From the properties at the endpoints of the a-Catmull-Rom basis functions and Equation (10), then

1120/1/"'171_3/ (11)
{ Pi(l) = bi+2

pi(0) = 5 (bir2 —b;) P01 n—3 (12)
{ pi(1) = 5 (bits —bit1) Y

Equation (11) shows that the curves interpolate the given control points expect by and b,,. From
Equations (11) and (12), it follows that

k k
V(1) = plh 0k =0,1). (13)
Equation (13) shows that the curves are C! continuous.

(e) Since Equation (10) contains the parameter «, the shape of the curve p;(u) can be adjusted by
altering the value of a even if the control points b; ; (j = 0,1,2,3) are fixed (see Figure 2).

05t o 1
L

_05 1 1 1 1 1 1 1
05 0 0.5 1 15 2 25 3 34

Figure 2. A segment of the cubic a#-Catmull-Rom spline curves for different a.

Theorem 2 shows that the cubic a-Catmull-Rom spline curves not only inherit the same properties
of the standard cubic Catmull-Rom spline curves, but also can achieve shape adjustment by the shape
parameter «.

If two auxiliary points b_; and b, are added to the given control points, the C! continuous
cubic a-Catmull-Rom spline curves p;(u) (i = —1,0,1,--- ,n — 2) interpolating all the given control
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points b; (i =0,1,---,n) would be obtained. It is clear that there exists one degree of freedom in the
C! continuous cubic a-Catmull-Rom spline curves, even if the control points and auxiliary points are
fixed. Different interpolation curves could be obtained by altering the value of the shape parameter «.
Figure 3 shows the C! continuous cubic a-Catmull-Rom spline curves adjusted by the shape parameter
«, where the value of « is taken as & = 0.4 (marked with dotted lines), & = 1.0 (marked with solid lines)
and & = 1.8 (marked with dashed lines), respectively.

35 T T T T T

Figure 3. The cubic a-Catmull-Rom spline curves for different «.

Remark 2. As we know, the cubic Hermite spline curves [27] can be expressed as follows:

1i(t) = fo(Opisr + fi(t)Piya + 0PI + &1(DPi40s (14)
where
fo(t) =1—-3t>+213
f(t) = 3t2 —2f3
go(t) = t(1—1t)7
gi(t) = —2(1—1)

If we let pi,, = a(piy1 —Pi)s Pio = a(pii3 — Pio), then Equation (14) could be rewritten
as follows:

1i(t) = ho(O)p; + hi(O)piq + ()P0 + 3 (D)p; 43, (15)
where
ho(t) = —ago(t)
hi(t) = fo(t) + ago(t)
ha(t) = fi(t) —aga(t)
hs(t) = agi(t)

Although the curves expressed in Equation (15) have the similar properties of the proposed
«-Catmull-Rom spline curves, the proposed a-Catmull-Rom spline curves are constructed by extending
the definition interval of the standard cubic Catmull-Rom spline from [0,1] to [0,«], which is a new
idea for constructing cubic Catmull-Rom spline with a shape parameter. Thus, the proposed work
provides another method for constructing interpolation curves without solving equation systems.
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Since the shapes of the cubic #-Catmull-Rom spline curves are determined by the value of the
shape parameter « when the control points and auxiliary points are fixed, how to determine the
optimal value of « for making the cubic a-Catmull-Rom spline curves be the smoothest, therefore,
needs to be discussed. A method for determining the optimal value of « is presented as follows.

According to Ref. [28], the smoothness of a parametric curve r(u) (0 < u < 1) can be approximately
measured by its energy expressed as follows:

E- f )t (16)

The lower the energy is, the smoother the curve.

From Equation (16), for given data points b; (i = 0,1, - -- ,n) and two auxiliary points b_1, by, 11,
the optimal value of « of the cubic a-Catmull-Rom spline curves p;(u) (i = —1,0,1,--- ,n — 2) can be
determined by an optimization model expressed as follows:

min  E(a) = 'El fol (P;/W))zd” ) (17)

st. o« =0

1 1
Io(u) = = (—u +2u? — u3), Ii(u) == (uz — u3), mo(u) =1 —3u® + 2u®, my(u) = 3u® — 2u5.
2 2
Then, Equation (10) can be rewritten as follows:
pi(u) = Ri(u)a + S;(u), (18)

where R;(u) = lo(u) (b; — bit2) + I(t) (biy1 — biys), Si(u) = mo(u)bj1 + my(u)bjio.
From Equations (17) and (18) can be expressed as follows:

min E(a) = cja® +2con +c3

19
st. « =20 (19)

where ¢; = Zfo(i )ducz—Zfo(i ())duC3—Zfo(i )d”

Since there is always c1 = 0, the solutlon of Equation (19) has the followmg two cases:

Case 1. When ¢ = O If c; > 0, the solution of Equation (19) is & = 0; else if c; < 0, the solution of

Equation (19) is & = 2 o ; else, the solution of Equation (19) is « to take any non-negative real number.
Case 2. When ¢; > 0. If —22 < 0, the solution of Equation (19) is & = 0; else, the solution of
Equation (19) is & = ——1

After the optimal value of « is determined by Equation (19), the smoothest cubic a-Catmull-Rom
spline curves can be obtained. For example, for the same control points and auxiliary points in Figure 3,
the optimal value of a determined by Equation (19) is & = 1.10156. The energy curve of the cubic
a-Catmull-Rom spline curves for 0 < a < 3 is shown in Figure 4. The smoothest cubic a-Catmull-Rom
spline curves are shown in Figure 5.
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Figure 5. The smoothest cubic a-Catmull-Rom spline curves.

5. The Cubic x-Catmull-Rom Spline Interpolation Function

On the basis of the cubic a-Catmull-Rom basis functions, the cubic a-Catmull-Rom spline
interpolation function can also be defined as follows.

Definition 3. Given a functiony = r(x) (a < x < b),A:a=xy < x] <--- < x, = bis a division of

[a,b),yi=7r(x;) (i=0,1,2,--- ,n),setu = xi:fiw forx; <x<x41(i=1,2,---,n—2), the function,

3
Si(x) = . gj(Wyigj, i =1,2,--+ ,n=2, (20)
j=0

is called the cubic Catmull-Rom spline functions with a shape parameter « (cubic a-Catmull-Rom
spline interpolation function for short), where g;(u) (j = 0,1,2,3) are the cubic a-Catmull-Rom basis
functions defined according to Equation (9).

From Theorem 2, the cubic a-Catmull-Rom spline interpolation function has the properties
as follows:
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(a) interpolation: the cubic #-Catmull-Rom spline interpolation function interpolate the given data
points expect (xo, o) and (X, Yn),

Si(xi) = Yit1 01 3
Si(xiy1) = Yira Y ’

(b) C! continuity: the cubic a-Catmull-Rom spline interpolation function is C! continuous, viz.,
k k .
5P xip1) = S (xipa), k=01 i = 1,2, ,n—3;

(c) shape adjustable property: if two auxiliary data points (x_1,y_1) and (x,41,Y,+1) are added
to the given data points, the C! continuous cubic a-Catmull-Rom spline interpolation function
Si(x) i=0,1,--- ,n—1) interpolating all the given data points (x;,y;) (i =0,1,--- ,n) would be
obtained. The shape of the curve of the cubic a-Catmull-Rom spline interpolation function can be
adjusted by altering the value of the shape parameter «.

Example 1. Given the function,

1
y = r(x) = m(*S < X < 5)/
setx;=—-5+1,y; =r(x;) (i=0,1,---,10). The two auxiliary data points are taken as follows:

(x—1,¥-1) = 2(x0,¥0) — (x1,¥1), (*11,¥11) = 2(xX10, ¥10) — (X9, Y9).

Figure 6 shows the curve of the C! continuous cubic a-Catmull-Rom spline interpolation function
adjusted by the shape parameter «, where the value of « is taken as « = 0.2 (marked with dotted lines),
« = 1.0 (marked with solid lines) and « = 1.8 (marked with dashed lines), respectively.

0ar

06r

04r

Figure 6. The cubic a#-Catmull-Rom spline interpolation function for different «.

It is clear that the cubic a-Catmull-Rom spline interpolation function is completely determined
by the shape parameter « when the data points and two auxiliary data points are fixed. Hence, how
to determine the optimal value of the shape parameter & is the key when constructing the cubic
a-Catmull-Rom spline interpolation function. A method for determining the optimal value of the
shape parameter « is presented as follows.
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Given a functiony = r(x) (@ < x < b),A:a=xy) < x; < --- < x, = b is a division of [a,b],
yi=r(x;) (i=0,1,2,---,n), and two auxiliary data points (x_1,y_1), (X441, Yn+1) are added to the
given data points. Then, the interpolation error of the cubic a-Catmull-Rom spline interpolation
function S;(x) (i =0,1,2,--- ,n — 1) can be expressed as follows:

n—1 Xit1
Fw =3, [ (Si60) - ), e

i=0 Y%

where o > 0.
In order to obtain the minimum interpolation error, the following optimal model can be obtained:

min  F(a) = gf"fw Si(x) — r(x))?dx

st. =0

(22)

Letu; = and set

1~ X ’
1 1
Lio(x) = 5 (—ui +2u? — u?), Lii(x) = 3 (ulz - u?), M;iq(x) = 1—3u? +2u3, M;,(x) = 3u? — 2u’.
Then, Equation (20) can be rewritten as follows:
Si(x) = Gj(x)a + Hj(x), (23)

where G;(x) = Lio(x) (i — Yi+2) + Li1(x) (Vi+1 — Vits), Hi(x) = Mi1(X)yi1 + Mia(X)yito.
From Equations (22) and (23) can be expressed as follows:

min F(x) = C; &? +2Cia + C

p 24
st. a=>0 (24)

where C; = Z fxl“ G#(x)dx, C; = Z fxl“ Gi(x) (Hy(x) — r(x))dx, C3 = Z jx’“ H;(x) — r(x))*dx.
Since there is always C; > 0, the solutlon of Equation (24) has the followmg two cases:

Case 1. When C; = 0. If C; > 0, the solution of Equation (24) is & = 0; else if C; < 0, the
solution of Equation (24) is & = — 2% ; else, the solution of Equation (24) is « to take any non-negative
real number.

Case 2. When C; > 0. If —% < 0, the solution of Equation (24) is & = 0; else, the solution of

Equation (24) is & = —%

After the optimal value of the shape parameter « is determined by Equation (24), the optimum
cubic a-Catmull-Rom spline interpolation function could be naturally obtained from Equation (20).

Example 2. Given the function
y=r(x) =4+sin(x)(0 < x < 5mn),
set x; = 57”1‘, yi=7r(x;) (i=0,1,2,---,n). The two auxiliary data points are taken as follows:

(x—1,¥-1) = 2(x0,Y0) — (x1,¥1), (Xn41,Yn+1) = 2(Xn, Yn) — (Xn—1,Yn—1)-

For different n (where n + 1 is the number of the given data points), the optimal value of the shape
parameter « solved by Equation (24), the interpolation errors of the optimum cubic a-Catmull-Rom
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spline interpolation function and the interpolation error of the standard cubic Catmull-Rom spline
interpolation function calculated by Equation (21) are shown in Table 1.

Table 1. Interpolation results for different n.

The Interpolation Error  The Interpolation Error

n titggf;?;iﬁ:ﬂ;i:i of the Optimum Cubic of the Standard Cubic
o-Catmull-Rom Spline Catmull-Rom Spline

10 1.63405 0.14 x 1073 0.60 x 10~1

20 1.11735 0.15x 10~° 0.49 x 103

30 1.04889 0.84 x 1077 031 x 1074

40 1.02677 0.97 x 108 0.48 x 105

Table 1 shows that the interpolation result of the optimum cubic #-Catmull-Rom spline
interpolation function is better than the standard cubic Catmull-Rom spline interpolation function,
which is due to the fact that the shape parameter « is taken as the optimal value.

The curves of the optimum cubic x-Catmull-Rom spline interpolation function for n = 10 (marked
with solid lines) and the standard cubic Catmull-Rom spline interpolation function (i.e., the shape
parameter is taken as &« = 1, marked with dashed lines) are shown in Figure 7.

381

Figure 7. The optimum cubic a-Catmull-Rom spline interpolation function (1 = 10).

6. Conclusions

A cubic a-Catmull-Rom spline with a shape parameter is presented in this paper. The spline
curves not only have the same properties as the standard cubic Catmull-Rom spline curves, but
can also achieve shape adjustment by altering the value of the shape parameter, even if the control
points are fixed. The corresponding cubic a-Catmull-Rom spline interpolation function has the
same characteristics with the spline curves, and the optimal interpolation function can be obtained by
choosing proper values of the shape parameter. The examples illustrate the feasibility of those methods.

Furthermore, the corresponding spline surfaces and binary interpolation function with shape
parameters could be constructed by using tensor products. The spline surfaces and binary interpolation
functions would enjoy the same characteristics with the one-dimensional models. Some results in this
area will be presented in the following study.
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