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Abstract - In this puper, we extend generalized imphicit comgplementarity problem and study the
existence of the solution of this new problem using variationsal inequality teckmigue. An algorithm
is given to find the approximate solution and prove that this approximate solution converges to the
exact solution of the problem. We also study the sensitivity analysis for generalized variational
mequality. Several special cases are also discussed.

LINTRODUCTION

Due to applications of multivalued mappings in different branches of science,Engineering
and Operation Researches, in 1976, Saigal {14], studied the variational inequality for multivalued
mappings. Since then, different types of variational mequalities have been extented for multivalued
mappings, see for exaraple {2], [7], {9]. The theory of complementarity problem is very close to
the theory of variational inequalitics and it was intreduced in sady sixtees. In 1971, Karamardian
{7] showed that if the set involved in varational ipequality and complementarity problem is a
convex cone then both problems have the same solution set.

In the last two decades it has also been extended for multivalued mappms, see [5], [2].

The study of the qualitative behaviour of the solution of the variational nequalities when
the given operator and the feasible comvex set vary with a parameter 15 known as sensitivity
analysis, which is alse important and meaningful Sensitivity analysis provides us useful
wformation for designing, planning various equilibrium systerns, predicting the future changes of
the equilibria as a result of the changes in the goveming systems. Sensitivity analysis for variational
mequalities has been studied by Tobin [151, Kyparises [8], Dafermos [3], Qui and Magnanti [13],
Brokate and Siddigi [1] and Noor [10] by using different techuiques.

Recently Chang and Yuang [2] generalized implicit complementarity problem for
multivalued mappings and gave an equivalent formulation of variational inequality which is called
generalized multivalued vanational inegushity.

In this paper,we extend generalized multivalued complementarity problem and give an
algorithm to find the approximate sofution, which is more general than the algorithm of Chang and
Huang {2]. In last section,we study the sensitivity analysis of extented generalizied multivalued
variational inequality, by following the idea and techmigues of Dafermos [3], which is based on
the projection techniques.

2.PRELIMINARIES

Let H be a Hilbert space, whose inner product and uorm are denoted by (.,.) and ||.||

respectively. Let K be a closed convex cone m H and K* be dual cone of K, that is

K¥*={ uvweH(uv}=0, foraive K}
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IfD < His a subset of Hand g : D -» H is a single-vaiued map, T, A : D — 2" are
multivalued mappings. Then we consider the problem of findingu € D, p € A(u), q € T(u) such
that

g(u) € K, prq e K*, (g(u), p+q)=0 (2.1
and we shall call it the generalized complementarity problem.
SPECIAL CASES:

(i) fT,A : D->H are single-vatued mappings, then the problem (2.1) is equivalent to find u € D
such that

8(u) € K, AQupT(u) e K*, (g(w), AQw)+T(u))=0 (2.2)
which is called the generalized implicit complementarity problem.
{1} If T(u)=0 then (2.2) is equivalent to find u € D such that

gu) € K, A{u) € K*, (g(u), A(u))=0 (2.3)

which is known as implicit complementarity problem, considered and studied by Isac [5] [6] and
Noor [11] recently.

(i) If glu)=u € K, then (2.3} is equivalent to find v € K such that
Afu) e K*, (u, A(u))=0 (2.4)
which is known as complementarity problem and smdied by Karamardian [7] and Habitler and
Price [4].
In the sequel, we need the following definitions and concepts.
DEFINITION 2.1. [6]. Given a subset D < H, g: D—H, a single-valued mapping and A:D—>C(H)
is a multi-valued mapping, where C{H) denctes the family of all nonempty compact subsets of H.
We say that
A is strongly monotone with respect to g, if there exists a constant o > 0 such that
(P-q,8(w)-g(v)) = o || g(u) -g(v) If%, for allu,v e D, for all p € A(u), for all ¢ € A(v).
DEFINITION 2.2. Let D <= H be a subset, g: D—H, a single-valued mapping and T: D—>C(H), a
multi-vaiued mapping, we say that T is h-Lipschitz continucus with respect to g, if there exists a
constant v> 0 such that
B(T(w), T(v)< v llgw) -gll, foralluyveD,

where h(_,.) is the Hausdérff metric on C(H).
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LEMMA 2.1. fK < g(D)cH is a closed convex cone in H, thenu € D, p € A(u), q € T(u)isa
solution of the generalized complementarity problem (2.1) if and only ifu € D, p € A(u), qeT(u)
satisfy the generalized variational mequality problem.

glu) € K, (g(v)-g(u), ptq) 20, forallg(v) e K 2.9)
PROOF. Letu € D, p € A{u), q € T(u) be the solution of the problem (2.1) that is,

gu) € K, ptq € K*, (g(u), p+q) =0,
then for all g(v) € K, we have

{(&(v)-g(a), prg)= (g(v), p+q)- (g(w), p+q)

~(g(v), p+q) 20
which shows that u € D, p € A{u), q € T(u) satisfies the inequality (2.5).
Conversely suppose thatu € D, p € A(u), q € T(u) satisfy the inequality (2.5). Since g(u)

e K and K < g(D)cH is a convex cone, we know that 0 € K, 2g(u) € K, hence there exists an
element veD such that

2g(u)=g(v)

Putting g(v)=0 and g(v)=2g(u) in insquality (2.5) respectively we have
(g(w), p+q) <O (2.6)
(g(u), p+q) 20 (2.7)

Therefore, from(2.6) and (2.7), it follows that
(g(u), prq)=0
Next,we prove that p+q € K*. In fact, for any v € K © g(D), there exists a w € D such that
g(w)=v e K. It follows from (2.5) that
0= (g(w)-g(w), prg)= (8(w). p+q)- ((u), p+q)
= (&w), ptq)
=(v.ptq)

which implies that (v, p+q) 20, for all v € K and which shows that p+q € K*.
This completes the proof.
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LEMMA 2.2. Let DcH be a subset, then u € D, p € A(u), ¢ € T(u) is a solution of the
generabzed variational inequality problem (2.5) if and only ifu € D, p € A(u), q & T(u) satisfy
the following relatinn.

gu)y= Pc[g(u)- p(ptq)]
where o> 0 is a constant and Py is the projection of H on K.
PROOF. The proof'is similar to the proof of Lemma 2.2 of Chang and Huang [2].
LEMMA 2.3. The prajection Py is nonexpansive, that is

l Pku-kaHS“u-dg,forallu,v e H.

3.EXISTENCE THEORY
In this secticn, we give an algorithm to find the approximate solution of generalized

complementarity problem (2.1). Further, we prove the existence of solutions for the problem (2.1)
and the convergence of the iterative sequence constructed by Algorithms.
ALGORITHM 3.1. Let DcH be a subset, g:D—>H be a single valued mapping, T,A: D—>C(H) be

two multi-valued mappings, where C(H) denote the family of all nonempty compact subsets of H.
Let K cg(D)cH be a closed convex cone. For any given ug & D, take py € A{ug), qo € T(uo) and

wi= Py [g(tio)~ p(porqo)]
Since K —g(D), we can choose u; € D such that
glui= wi= Py [g(uo)- p(potqo)]

Since qo € T(uo) € C(H) and po € A(uo) € C(H), by Nadler [9], there exists a q; € T(u;) and
pr€A(u,) such that

lIpo- piil< h( Aduo), A(ur))
llgo~ qull< h( T(uo), T(ur))
we can choose u; € D such that
gluzj=wz= Py [g(u1)- plprtqu)]
By induction, we can obtain sequences {u,},{p.} and {(.} as tollows.
Pa € Alu,), |Ipn -Pert]] £ BIA(DL), A(Uim1))
G € T(ua), [[qn ~qursll < B(T(ua), T(0ne1))

et)= Wonr= P [8(0a- pPtqa)] 00, 1,2, ... 34
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where p > 0 is a constant.

If T: D-5H and A: D-»H are single-valued mappings, then from Algorithm 3.1 ;we can
obtain the following:

ALGORITHM 3.2. For a given ug € D, we can cbtain s sequence {u,} as follows.
8lucer = P [g(u)- p(Adu) +T(ua))]
1=0,1, 2, ....
where p > 0 is a constant.
If T=0, then from Algorithm 3.2, we have the following.
ALGORITHM 3.3. For a giver us € D), we can obtam & sequence {u,} as follows.
v = Py [g(ua)-pA(un)} s 0=0, 1, 2, ...
where p > 0 is a constant.
If g is an identity mapping, then Algorithm 3.3 becomes
ALGORITHM 3.4, For a given wy € K, we can obtain a sequence as follows.
U= Py [ue- pA(m)], 20, 1, 2, ...
where p > 0 is a coustant.
THEOREM 3.1, Let D be a subset, g D--H ; AT: D—C(H) and K —g(D)cH be a closed convex
cone. Suppose that A is strongly monotone with respect to g and h-Lipschitz continnous with
respect to g and T is h-Lipschitz continuous with respect to g. If

2(a—v)
b

O<p< pv<l, v<a 3.2)

where o and 3 are the strongly monotone and h- Lipschitz constants of A respectively and v is h-
Lipschitz constant of T.

Then there exists u € D, p € Afu), g € T(u), which are the solution of the generalized
complementarity problem (2.1) and

&(ua)-» g(u), (1> )
Pn—> p (0> ), gn—> g (B—> o)

where {u.}, {p.} and {q.} ave the three sequences generated by the Algorithm (3.1).
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PROOF. From Algorithm 3.1 and Lemma 2.3, we have
(Wt 1= Walt= || 8(uar1)- &(ua)]
=il Pe [8(ua)- pPat )}~ P [8(00-1) pPr1+qu1)1
< |l 8- &(ua) - PP~ Pot) I P [ (0~qe-1) |l

Since A is strongly monotone with respect to g, we have

l| 8(ta)- 8(Ua1) = PXPa= Poci) IF = }} 8(0) Ba1) I + P7 [l Pa= Pt I - 20( () 8(Ue1) , Po= Pot)

< | 8(un)- 8(ue) I - 200 |} 8(ua)- 8(2a) I + 971l Pa Pt I
Since A is h-Lipschitz continmous with respect 1o g, from (3.1), we have
[IPe= Po-1liS B( A(ua), Alua.1))
< B 1l 5(ua)- g(uat) |}
Therefore,
I (un)- (a1 - P(Pa Do) IS (1- 2pactp’B?) || g(ua)- gluns) |
Further, since T is h-Lipschitz continuous with respect to g, from (3.1), we have
llge~ Qu-tlls B T(wn), T(ua1))

< v || g(un)- glua) ||
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Thus, we have

(W 1= WallS © 1] (1) £l O [[War Wot| (3.5)
where
0=(1-2po+p?B? ) +pv< 1 By (3.2)].

From (3.5), we know that {w,} is a Cauchy sequence in K. Letting w,—>w € K (n—>). Hence
there exist anu € Dsuch that glu)=we K (. K < gD)). By (3.3) and (3.4), we have

ltoa- Pa-tli< B 1} ua)- &una) |l
=B [[We~ Waatl]
and
Il Go= Gas < VIWar Weatl]
This implies that {p.} and {q.} are also Cauchy sequences in H.
Let ph—> p (n—> ) and g,—> q (»—> =) and let
w=Pi{g(u)-p(p-q)]
It follows from Algorithm (3.1) and Lemma 2.3 that
Wi W= Pi [2(un)-p(patqa)l- P [8(u)-p(p+Q)] ||
< |f g(un)-g(w) | +p [ipa-pli+p lige-gll
< [} g(ua)-g(a) [|+08 || g(ua)-glu) Hpvif glud)-glu) i
which implies that w=w', that is
g(u=Pug)-plp+q)] (3.7
Next we prove that pe A{u), geT(u). In fact, we have
d(p,AQu))< |ip-pall+ d(p.,Au))

< lip-pulit (Au,),A(w))
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< {lp-pallt Bl &(ua)-g(u)il
< Bl w-walH+B]| wa-wij=0
where d(p,A(u))=mf {|| p-z ||: ze A(u}},
But from the above inequality,
d(p,A(u))=0=> pe A(u).
Similarly, we have qeT(u).

By Lemma 2.1, Lemma 2.2 and (3.7), it follows that ueD, peA(u), qeT(u) are the solution of
the generalized complementarity problem (2.1) and,

g(u)—> g(u), (n—> )

P> p (0> ), qG—> q (n—> )
This completes the proof.

4,SENSITIVITY ANALYSIS
In this section we study the sensitivity analysis of the generalized variational inequality of

the type (2.5). To formulate the problem, let M be an open subset of H in which the parameter A
takes values and assume that {K,: AeM } is a family of closed convex subsets of H. The
parametric generalized variational mequality is to find ueD, (p,A)eA(u, 1), (q,A)eT(u, 1) such
that

g(ujekK;
and

(&(v)-g(u),(p, A)H(gq, 1))=0 4.1

for all g(v)eK

where A(u,)) and T(u,}) are multivalued mappings, which are defined on the set of (u,A) with
AeM. We aiso assume that for some AeM, the problem (4.1) admits a solution T.

We want to investigate those conditions under which, for each A in a neighbourhood of X,
the problem (4.1) has a unique solution w{A) near U and the function u(}) is continuous and

differentiable. We assume that B is the closure of a ball in H centered at 4.
We need the following concepts.

DEFINITION 4.1. The single-valued operator A{u,A) defined on BxM is said to be,
(i) Strongly monoione, if there exists a constant o>0 such that
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(AuA)-AVA)u-v)za fu-vi?,
for all AeM, u,veB;
(ii) Lipschitz continuous, if there exist a contant 3>0 such that
HAGLA)-ACv,A) [isBliu-vi],
for all LeM, wveB;
Int particular, it follows that o<f.

DEFINITION 4.2 A multivalued mapping T(u,2) defined on B>xM to C(H) is said to be h-
Lipschitz continuous, if there exist & contant v>0 such that

h(T(u,A), T(v,A)) sviu-vi]
for all u,veB, where h{.,.} is the Hausdorff metric on C(H).

DEFINITION 4.3 A multivalued mappimg A(u,A) defined on BxM to C(H) is said to be strongly
monotone if there exist a countant >0 such that

(1, M)p2 M) u-v)2 @ Jju-vi?
for all u,veB, (p,A)eA(u,N) and (p2, A )e A(V,A).

From Lemma (2.2), we conclude that the problem (4.1) can be transformed to a fixed
point problem of the map.

F(u,A)=u-glu)t Py, [(u)-p{(p:A)H(q,2)] (4.2)

for all AeM, p>0 is a constant, where P, is the projection of H on the family of closed convex
sets K.

Since we are interested in the case, when the solution of the problem (4.1) lies the mterior
of B, so we consider the map F*(u,1) defined by

F*(w,A=u-gu)+ P [g)-p((p, M)+, M)] (4.3)
for all (u,A)eBxM.

We have to show that the map F*(u,A) has a fixed point, which by (4.2) is also a solution
of (4.1). First of all we prove that the map F*(u,\) is a contraction map with respect to u,
uniformly in AeM, by using sirongly monotonicity and h-Lipschitz continuity of the operator
A(u,A), strongly monotonicity and Lipschitz continuity of g(u) and h-Lipschitz continuity of
T(w,A).
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LEMMA 4.1. For all u;, u,€B and A=M, we have

NE*(ui,A)-F*(uz,A) | < Bfus-u2i]

where
6=k+pv+\/r1—-—2-;—)z:ﬁi? for v{1-k)<a,
vk (8 ~v?)k(2-K) and

| a+pk-D]  yloruk-D* (8 - )k2 - 1)
- 2 2 ’( > =
B —-v | B v
/'-——*'—- _______

with k=2 /(1-2&+07)

where Z is the strongly menctone constant of g(u).

PROOF. Using (4.3), we have

k<1

[E*(u1,2)-F*(uz, M=l {ur-g(u)*+ P [g(a)-p((pr,2)H(q1,2))]}

~{uz-g(uz)+ Py [(uz)-p((p2, 1) (g2 A N1 |

and using the fact that the projection operator is nonexpansive, we have

E* (ui,2)-E* (0, M= 2fjui-uz-(glui)-glu))lHiu-uz-p((pr M-(p2, A))IFlI((q.2)(q2. M)l

Now, the operator g{u) is both strongly monotone and Lipschitz continuous and the operator
A(u,A) 1s swongly monotone and h-Lipschitz continuous, so by the method of Noor [10]

fur-ua~(g(u -g(u))|P=liur-us|Hig(u)-glua)l-2(wi-uz, g(u1)-g(u2))

L(1-28+07)jui-ua?

where o is the Lipschitz constant g(u). And

(4.4)

P52 1, M) AP2, ANl 0|1, M2, M- 2002, (p1, 1) (P2, )

(P, A)(p2, Mlish(A(ur,A),A(uz,1))
<Blfui-ua|

(ui"llz,(p1,}\)-(p2’)\,))2a”ul_u2”2
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Therefore
lhas-uz-p((p1, 2Pz, MNSlur-wal+p B us-va*-2porffu -ua|?
=(1-2por+p*B?)jur-uzlf® (4.5)

where 8 and o are h-Lipschitz continuous constant and strongly monotone constants of A(wA)
respectively.

fi(n, A(q2, AlI<h(T(ws,A), Tz, )]
Sviju-u| (4.6)
since T(u,A) is h-Lipschitz continuous.
Using (4.4) to (4.6), we have
E* (e A)-F*(uz,A)]ls Bijui-us||

where

Now, using the techniques of Noor [12], cne can show that 8<1 from which it follows that the
map F*(u,A) defined by (4.3) is a contraction map. We now proceed to show that (i) u(1) depends
continuously upon A and (if) for A near A, u(A) is in fact a fixed point of F(u,)A), ie. a solution
of the variational inequality (4.1). We also know by assumption, the function U, for A= A is a
solution of the parametric generalized variational inequality problem (4.1). We see that U is a
fixed point of F(u, X) and it is also a fixed point of F*(u, %), consequently we have
u( A)=u=F*(u{ 1), A).

We now show that the solution u(A) of the problem (4.1) is continuous (Lipschitz
continuous).

LEMMA 4.2. If the multivalued operators T(,A), A(T,7), the single-valued operator g(1) and
the map

AP, [&(0)-p((P, AT, )]

are continuous (Lipschitz continuous), in A at i, then the solution u(A) of (4.1) is continuous
(Lipschitz continuous) at A= A.

PROOF: Fix AeM. Then using the trisngle inequality and Lemma (4.1), we have
lha(r)-ul RYI=IE*@)0)-E*a( MMHE*( 2),0)-F*( 1), D))
<8l )-u( MHIE*a( A)A»FHu( 1), M) (4.7)
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From {4.3) and the fact that the projection map is nonexpansive, we have
IF*(u( 2),2)-F*u( 2), MR, , 26l M)-e(p( 2),0Ha( 2]
{iPy,, [BCu( A))-pl(2( &), R)+(a( &), M)
<plip( ) A-( 21MIplical R).Aa 21
P, [ D))-pi( 1) Ay+a( A), M)
Py, [g( 2)-p(p( 7). Ay(a A, Il (4.8)

Now from Remark (4.1) and combiniug (4.7) and (4.8), we have

uu(;.)-ausl—f’—é I RA-C R D=2 lal DaHa( ). D

D Al A A

o

+

P irs Ty sy oy Ta, A .
=6 fitaC 2).2)-(q( ), k)!s*-ljé'HPk,,.: (2 y-p((p(

-P, [(T)-p((p( 1), 2)HaC 2) A
From which the required result follows.

The foliowing result follows by sinular arguments as given in Lemma 4.2,

LEMMA 4.3. Under the assumption of Lemma 4.2, there exists a neighbourhood NcM of *
such that 2eN. u(%) is the unique solution of problem (4.1) in the interior of B.

Combining the above results we arrive at the following:

THEOREM 4.1. Let U be the solution of the parametric generalized variational inequality
problem (4.1) at A= A, the multivalued T(T,A) be h-Lipschitz continuous and the multivalued
mapping A{T,)) is strongly monotone and locally h-Lipschitz continuous, the map g() be locally
strongly monotone and localty h-Lipschitz continuous.

Suppose that T(4,A), A(T,A), g(U) and the map

A—P, (TP, MHT, V)]

are continuous (Lipschitz continuous) at A= A, then there exists a neighbourhood NcM of A such
that for AeN, the problem(4.1) has a unique solution u(}) in the interior of B, u( A)=1 and u(})
are continuous (Lipschitz continuous) at A= A.
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REMARK 4.2. The function u() as defined in theorem 4.1 is continuously differantiable on some
neighbourhood N of A. For this see Dafermos [3].
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