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Abstract- Linearizability criteria for systems of two cubically semi-linear second
order ordinary differential equations (ODEs) were obtained by geometric means us-
ing real symmetry analysis (RSA). Separately, complex symmetry analysis (CSA)
was developed to provide means to discuss systems of two ODEs. It was shown
that CSA provides a class of linearizable systems of two cubically semi-linear ODEs.
Linearizability criteria for this class were also developed. It is proved that the two
classes of linearizable systems of two ODEs, provided by CSA and RSA, are inequiv-

alent under point transformations.

Keywords- Linearizability, geometric and complex symmetry analysis.
1. INTRODUCTION

Nonlinear ODEs are notoriously difficult to solve. Using perturbation methods one
can approximate the nonlinear ODE by a linear ODE. However these techniques
may miss key features of the nonlinearity, which could be important for the phe-
nomenon under discussion. Though these approximations could be improved by an
iterative series, its convergence would then need to be proved. Numerical schemes
also suffer from the same problems. All the first and linear second order ODEs
are equivalent under the change of dependent and independent variables [15]. Lie
derived a canonical method for obtaining the exact solution of an ODE, or system
of ODEs, provided these are invariant under certain transformations [14].

For second order ODEs to be linearizable they must be at most cubic in the first
derivative and the coefficients of the terms must satisfy a system of four equations
involving two auxiliary functions. Tressé [23] eliminated the auxiliary functions to
reduce to two constraint equations involving higher derivatives of the coefficients
with respect to the independent and dependent variables. Lie did not extend to
systems or higher order ODEs. His work has since been extended to third and
fourth order ODEs [6, 7, 8, 9, 12, 13, 21], where explicit linearizability criteria were
provided. A different approach [20] was also adopted for the linearization of third
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order ODEs. Linearizability conditions for systems of a class of second order quadrat-
ically semi-linear ODEs were derived in terms of the coefficients of the equations [16].
They provided procedures for constructing the linearizing transformations. This was
then extended to obtain linearizability conditions along with the linearizing trans-
formations for a class of systems of cubically semi-linear ODEs [17]. Separately
a classification of linearizable systems of quadratically semi-linear ODEs, [18] had
been provided.

In the above mentioned paper [17] the linearizability of systems of two semi-linear
ODEs of two dependent variables, were worked through explicitly. A linearizable
class of systems of semi-linear ODEs appeared in CSA [1, 2|, where linearizability
criteria for such systems were derived. The question arises whether the two classes
are distinct, have some overlap or are identical under point transformations. In this
paper we address this issue, and find that they are distinct.

The plan of the paper is as follows. The second section is on preliminaries,
where real and complex symmetry approaches are reviewed. Necessary and sufficient
conditions for the linearization of the two classes of linearizable systems are stated.
In the third section it is proved that there does not exist any point transformation
that maps one system to the other. The fourth section contains a summary and

discussion on all the classes of linearizable systems obtained by CSA and RSA.
2. PRELIMINARIES

2.1. Geometric linearization
The geometric linearization procedure is based on regarding the system of second
order ODEs as a (projective) system of geodesic equations. The system of geodesic

equations is
:U//i + F;kx/Jl’/k - 07 i?j? k = 17 """ ) n? (21>

where the prime refers to total differentiation with respect to the parameter s and F; &
are the Christoffel symbols, which depend on z* and are given in terms of the metric
tensor. These are symmetric in the lower indices and the number of coefficients is
n?(n + 1)/2. A necessary and sufficient condition for a system of n second order
quadratically semi-linear ODEs for n dependent variables of the form (2.1) to be
linearizable via point transformation and admit si(n + 2,R) symmetry algebra is
that the Riemann tensor vanishes [17]. Following Aminova and Aminov [5], the

system (2.1) can be projected down by one dimension as

Ia// + Abcxa/xb/xc/ + Bgcxbl$CI + ngb/ + D(l — 07 (22)
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where a = 1, ...... ,n — 1, and the prime denotes differentiation with respect to the

parameter x". The coefficients in terms of the I'f.’s are
Ape = =Ty, By, =T, = 2601,, Cf =20, = 6Ty, D" =T, (2:3)

For a concrete comparison of the systems obtained by the two different approaches
in the present section, consider the simplest non-trivial case, namely systems of two
second order ODEs. This can be done with the help of (2.2) which reads as

Frtaf?+20f% +asfg?+ Bif?+26:f g + Bag”

+nf 720 + 6 =0,

g +onf?g +20f g% + asg® + Buf P+ 2851 g + Bog”

+y3f = a9 — 0o, (2.4)

where prime denotes differentiation with respect to the independent variable x and
the coefficients are in general functions of x, f, g. The above system is linearizable
if the coefficient functions satisfy the fifteen conditions given in [17]. These fifteen
conditions were derived using the flat space requirement for the corresponding sys-
tem of three geodesic equations of type (2.2), imposed by means of the vanishing of

the Riemann tensor

(F;"Q)x - (Fé’l)f + F%JTQ - FinQF;’nl =0,

(P;‘s)a: - (F;l)g + F;MP% - Finslﬂﬁ =0,

(F;‘?,)f - (F;Q)g + anQF% - Fin:srz'nz = 0. (2-5)
These equations reduce to the fifteen linearizability conditions for semi-linear sys-
tems of two ODEs.

2.2. Complex linearization

Consider a second order ODE in general form

1

u = w(z,u,u), (2.6)

where u(z) is a complex function of a single real variable x and prime denotes
differentiation with respect to z. We can break the complex function into real and

imaginary parts

u(z) = f(x) +ig(x), (2.7)

to obtain a system of two second order ODEs for the two parts

/7

f/ = wl(m7f7gaflvg/)> g// = w2<m7f7g7f/7g/)' (28)
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The nonlinearity of (2.6) leads to a nontrivial system of coupled equations (2.8).
The invariance of ODEs of the form (2.6) can be used to study the invariance of
the systems of the same order (2.8). Notice that not every system of two ODEs can
be obtained from a scalar ODE by treating the dependent variable as a complex
function of a real (independent) variable. In [2], the linearizing transformations
of ODEs of the form (2.6) were used to linearize systems of two ODEs of the form
(2.8). If w is a nonlinear function, i.e if it is cubically semi-linear it will give two real
functions, w; and ws, which are also cubically semi-linear. Thus, we can generate
some general systems of two second order semi-linear ODEs that can be candidates

for linearization. A class of systems of two semi-linear ODEs

Fr= AP =302 = BAIf g% + A2g® + Bif? —2Bof g — Big®

+C1f — Cag + Dy,

g =Af?+3A1f% — 34 g% — Ag® + Baf * +2B1f g — Bag”?

+Cof + C1g + D, (2.9)

was obtained from a second order ODE of the form

1"

u' (x) = Az, u)u”® + Bz, u)u? + C(z,u)u’ 4+ D(z,u), (2.10)

where A, B, C, D are complex valued functions of  and wu, so the coefficients in (2.9)
A;, B;,C;, and D; are functions of z, f,g. The system (2.9) is linearizable if and
only if the coefficient functions satisfy the conditions

1244 40 + 12C1 A1, — 12C5A5 , — 6D1 Ay f — 6D1 Ay g + 6Dy Ag s—

6D3A; 5+ 12A,C1 5 — 124505 5 + C 55 — C1 g + 205 19—

12A1D1f — 12A1Dy g + 12A3D5 y — 12A5D1 g + 2B1C4 5 + 2B,1C5 4—

2B5C5 s + 2ByCh g — 8B1By ; +8ByBy, — 4By 45 — 485 59 = 0,

1245 40 + 1205 A1 4 + 12C1 Ay, — 6Dy Ay — 6Do Ay y — 6D1 Ay p+
6D, A1y + 1245C) 4 + 1241Cp + Cy g5 — Co gy — 2C fg—

1245D, f — 124305, — 12A, Dy + 1241 Dy y + 2B5Cy 5 + 2ByCl g+
2B,Cy s — 2B1Cy y, — 8By By — 8B1Byy — 4By ap 4+ 4B14g = 0,

24Dy Ay, — 24Dy Ay, — 6D, By ; — 6D, By + 6D3 By ; — 6D3 By -+
124,D1, — 124905 5 + 4By 4y — 4C1 of — 4Ch 4y — 6B, Dy j—
681Dy g + 6ByDyy — 6ByDy g+ 3Dy 55 — 3Dy g9 + 6Dy s + 4C1Cy
FAC) Cy g — 4C5Ch 5 + 4CC y — ACY By 4 + 4C3 By, = 0,
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24Dy Ay, + 24D, Ay, — 6Dy By — 6D3By g — 6D, By ; + 6D, By g+

1245D1 4 + 1241 Dy y 4+ 4By 4y — 4Ch 45 + 4C) 4y — 6By Dy j—

682Dy — 6B, Dy + 681Dy g + 3Dy 15 — 3D3 49 — 6Dy 4y + 4CHCY p—
4CyCh g+ 4C,Cy p — AC1Cy gy — 4C, By 5 — AC) By, = 0. (2.11)

Notice that the system (2.9) contains 8 distinct coefficients whereas the system (2.4)
has 15. It may appear that the system (2.9) is a subcase of the system (2.4). We
shall prove that this is not the case. These two classes do not coincide for the

cubically semi-linear case.

3. DISJOINT CLASSES OF CUBICALLY SEMI-LINEAR SYSTEMS
OF ODES

In order to investigate whether the linearizable classes mentioned above can be
related by point transformations or not, we start with a simple case i.e constant

linear transformations. We state the following theorem.

Theorem 1.

The linearizable classes of systems of ODEs provided by CSA and RSA are not

related by constant linear transformations of the form
f=aw+by, g=cw-+dy. (3.1)

Proof.

It is clear that the transformations must be invertible and hence ad — bc # 0.
For convenience in writing set ad — bc = 1. Using transformations (3.1) and it’s

derivatives in the system (2.9) yields

w' = (Ayd — Asb)[(a® — 3ac?)w™ + (3a2b — 3bc? — 6acd)w'?y + (3ab®

—6bed — 3ad®)w'y? + (b° — 3bd®)y®] — (Agd + A1b)[(3a%c — )w'

+(3a%d — 3¢*d + 6abc)w ™y + (3b%c — 3ed? + 6abd)w'y? + (3b°d — d®)y?)
+(By(a — c(ab + cd)) — By(a(ab+ cd) + ¢))w'? — (Byd + Byb) (b + d2)y'?
—2(Byc+ Bya)(0* + d®)w'y + (Cy — Co(ab + cd))w — (Cy(b* + d*)y’

+Did — Dyb, (3.2)
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y = —(Ajc — Aya)[(a® — 3ac®)w" + (3a®b — 3bc* — 6acd)w'y + (3ab®

—6bed — 3ad?)w'y? + (b° — 3bd?)y®] + (Aze + Aja)[(3a%c — E)w”®

+(3a%d — 3¢d + 6abc)w'?y + (3b%c — 3cd® + 6abd)w'y? + (30°d — d°)y*
+(Bic+ Bya)(a® + A)w'? + (By(b + d(ab + cd)) + By(b(ab + cd) — d))y”
+2(Byd + Byb)(a® + A)w'y + Cy(a® 4+ Aw' + (Cy + Cylab + cd))y

+Dsa — Dye. (3.3)

Equating coefficients of the cubic (in the first derivative) terms in the system (3.2),

(3.3) and (2.4), the linear independence of A;, Ay gives the following equations
VP +d =0, a'+c' =0, bd(b? +d°) =0, ac(a®+*) =0,

b?(ad — be) =0, ¢*(ad —bc) =0, b*(ab+cd) =0, c*(ab+ cd) = 0. (3.4)

These equations are incompatible with invertibility, as they require a =b=c=d =
0. Thus there does not exist a constant point transformations (3.1) that maps the
linearizable system of two ODEs obtained by a scalar second order complex ODE
to a system of two ODEs provided by the geometric method.

The above analysis can now be generalized to those point transformations for
which the coefficients are functions of the dependent and independent variables. The
following theorem provides inequivalence of the two linearizable classes of systems

provided by CSA and RSA, by using general point transformations.

Theorem 2.
The linearizable classes of systems of ODEs provided by CSA and RSA are not

related by arbitrary (point) transformations of variables
f=aw+ay, g=aw+awy, (3.5)

where aq, .., ay, are functions of w,y and x.
Proof.

To establish this result, we proceed as we did in Theorem 1. We have

f/ = a;w + a;y +aw + agy/, (3.6)
g = ayw+ay + asw +aqy (3.7)

where

a; = Qj,p —l—w'ai,w +y/ai,y (3.8)
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and
1 ! ! ! / /2
A; = gz + 20 Qi g + 2Y i gy + 20 Y Ay + W Q4w
/2 1 12
FY Uiy W Qg T Y Ay (3.9)
Hence

"

f = (Wayw + Yagw + a))w” + (wayy, + yasy + a2)y + (W1 e + Yaww
+201,)w? 4 (Wanyy + Yaz,y + 2a2,)y* + 2{(Wa1wy + Yasw, + 2a1y
+202,,)w'Y + (WAL zw + Y200 + A10)W + (WAL ey + Yazey + a2.2)y }

FWay g + Yaz gz, (3.10)

g = (Wagy + Yagw + az)w + (wasy + yas, + ag)y + (Wasww + Ysww
+2@3,w)w,2 + (wasyy + Yaay, + 2a47y)y/2 + 2{(was,wy + Yasuwy + asy
+a4,w)w/yl + (Was gw + Yaaew + a3,a:)wl + (Was oy + Yaszy + a4,m)y/}

FWa3 5y + Y g (3.11)

The coefficients of w” and y" appearing in (3.10) and (3.11) can be denoted by
a1 = a1 + Way + Yagw, G2 = A2 + Wayy, + Yyas,,
Q3 = a3 + WAz + YAayw, G1 = Q4+ WAz, + Yay, (3.12)

where @y, .., a4, are functions of w,y and z. Using (3.12) in (3.10) and (3.11) we

obtain

" ]_ ’
wo= —[(Al@ - Az@)((a? - 3a1a§)w S+ 3(a%a2 - agag

ajay — (a3
—2a1asa4)w 2y + 3(a1a? — aya? — 2azaza)w'y ? + (a3 — 3aza2)y’?)
+(Agay + A1as) (a3 — 3a2as)w™ + 3(alay — aay — 2a1aza3)w %y
+3(asa® — a2as — 2aqa0a0)w'y? + (a2 — 3a2a4)y®) + (Ayas — Asas)pr
+(Agay + A1a2)pz + (Biay — Baao)ps — 2(Boay + B1as)pa — Gaps
+aap5 + (Chay — Codz) f — (Cotig + Ch@z)g + Diay — Datia), (3.13)

"= m[(fhag — Ayay)((a — 3a1a§)wl3 + 3(afag — aza3
—2a1a3a4)wl2y’ + 3(aia3 — aa? — 2a2a3a4)w’y,2 + (a3 — SaQai)ylg’)
+(Agas + Aay) (a3 — 3a2as)w™ + 3(alay — aay — 2a1aza3)w 2y
+3(asa® — a2as — 2aya0a0)w'y? + (a2 — 3a2a4)y®) + (Ayas — Asay)pr
+(AgTs + Aya1)pz + (Biis — By )ps — 2(Bas + By )pi — sps

+a176 + (Chas — Coty) f — (Coais + Cyay)g + Dyas — Doay]. (3.14)
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Where pr, ..., pg in the above equations represent the quadratic, linear (in the first
derivative) and constant terms which are not required in the proof. These are given
in the appendix for completeness. The requirement here is that aia4 # acas, and
a1a4 7 Gsaz. Now equating the coefficients of the cubic (in the first derivative) terms
appearing in the system (2.9) and the system (3.13), (3.14) we obtain the following
set of equations

— 3ai) = 62a4(3a§ — ai), a262(a§ — 3ai) = a464(a?1 — 3a§),
2
1

a? — 3a3) + Gyaz(a; — 3a3) — 3as(alay — aza3 — 2aiasay)

( 2
2
ayas(a? — 3a3) = @yas(3a? — al), a,ai(a® — 3a3) = asas(a3 — 3a?),
( 2
1
—3a; (a3a4 — aay — 2a;1aza3) = 0,
—ay@z(a] — 3a3) + azay(a3 — 3ai) + 3a(ajay — aza; — 2aa3a4)

—353(a§a4 — aay — 2a1aa3) = 0,

asaz(a3 — 3a3) + ayay(al — 3a3) — 3ay(ara3 — ara; — 2azazay)
—3ay(azaj — asaz — 2a,aza,) = 0,

—ayaz(ay — 3a3) + azay(aj — 3a3) + 3ax(ara; — ajai — 2azaza4)
—3a4(asa’ — a2as — 2aiaza4) = 0,

a1 (azaj — asaz — 2a1a2a4) — Gx(azaq — atay — 2a1a203)
+as(aias — araj — 2asasay) — ay(alay — asai — 2aiazay) = 0,
ay(a1a3 — a1a; — 2asasay) — Gy(aiay — aza3 — 2a1a3a4)

—as(aza; — ajas — 2a1a0a4) + ay(a3ay — alay — 2ayaza3) = 0. (3.15)

There does not exist a solution for the above set of equations other then a; =0, i =
1,..,4. Thus, once again, we prove in the general case that the linearizable systems
obtained by CSA and RSA can not be related by general (point) transformations of
variables.

4. CONCLUSION

Two linearizable classes of systems of cubically semi-linear ODEs were provided
by CSA and RSA. The equivalence or inequivalence of these classes was investigated
under point transformations. It was shown that they are distinct for systems of
genuinely cubically semi-linear ODEs.

There are five linearizable classes of systems of ODEs [19] obtained by group
classification having 5,6, 7,8, or 15 symmetry generators . The class of linearizable

systems provided by the geometric method has 15 symmetry generators. It needs to
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be investigated whether CSA provides the remaining four classes mentioned above
or not. It is not even clear that CSA is limited to these five classes as it appears
that it does not yield a Lie algebra when complex functions of a single variable
are involved [3]. These issues, i.e the classification of linearizable systems of ODEs

provided by CSA, are being investigated [4].
5. APPENDIX

The extra terms appearing in the equations (3.13) and (3.14) are:

o 9 ! 1 9 ’ 9 ! 19 / 9
p1 = 3{(aja, — aya35 — 2a1a3a;)w + (ajayy — asa; — 2a1a3a,)ypw
/ / / ! ! ’ ’
—6{(a,asay + a1a5a4 + asaza; — aja,as)w + (agasay + ajaga, + asasay
/ 7 ! 2 / 2 / 2 / ! 2 / /2
—ayagaq)ytwy + 3{(ayas — aja; — 2asa3a4)w + (a3a5 — ayay — 2asa4a,)y}ty
/2 /2 ’ / 2 /2 /2 / / 2
+3{(ay"a1 — ara5 — 2a,a3a3)w” + (a1a5 — ara, — 2a5a3a4)y
/ ’ ! ’ ! / / / / /2 /2 / / 2
+2(arayay — ayaza, — ajasa, — agazas)wytw + 3{(a"ay — asays — 2a,a5a4)w
/2 /2 ’ / 2 / ’ / ! / / / / /
+(agas — asay” — 2a5a4a,)y” + 2(aya9a5 — aa4a, — 50504 — A2a50,)WY Y
/3 / /2 3 /2 / / /2 / / / 2 / /2 ! /2
+(ay” = 3aya5 )w’ + 3(a ay — agas — 2a,a5a,)w°y + 3(aya5 — aja,

! ! ’ 2 /3 I 12 3
—2a2a3a4)wy + (% — 3ayay)y”,

o 9 ! ’ 9 ! 9 ! / 9 ! 9
p2 = 3{(ajas + 2a1a a3 — aza;)w + (ajay + 2a1a9a3 — aza,)ytw
’ ! / / ! ! !
+6{(a1a2a5 + ayasaz + a1a,a4 — azazas)w + (a1a2a, + azayas + ajayay
!/ 7 2 / ’ !/ ’ 2 2 ’ ! 2 ’ /2
—azaqay)ytwy + 3{(azas + 2a,a2a, — azai)w + (aza, + 2asa5a4 — aja,)yty

/2 ’ / /2 2 /2 ’ / /2 2
+3{(a"az + 2a1a a5 — a5 az)w” + (ay ag + 2a1a9a, — aza,’)y

+2(a 0505 + 1010y + 010503 — azagay)wylw + 3{(a2as + 2a 0205 — adas)w?
+(a/22a4 + 2a2a/2a:1 — a4af)y2 + 2(a/1a/2a4 + aga;a; + allazail — a/3a4a;)wy}y/
—i—(3a/12a£3 — a;;g)w?’ + 3(@12@ + 2a/1a/2a;, — aga;)wzy

+3(as ay + 20,00, — azal)wy® + (3as'ay — i)y,

P3 = (a% — ag)w/2 + 2(ayas — a3a4)w,y, + (ag — ai)y/2 + 2{(&1(1/1 — aga;)w

2

Haray — azay)ytw’ + 2{(ayaz — agan)w + (az0; — asay)yty + (a7 — af)u?

+2(ayay — aza)wy + (a5 — a)y?,
71 = arazw’ + (aray + agaz)w'y + asasy? + {(ayaz + ayaz)w + (agas
+aray)ytw + {(ajas + asas)w + (ayay + asay)yly + ayagw’® + (a)a,

! / ’ 1 2
+a2a3)wy+a2a4y )
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75 = (W01 s + Yz + 201.0)W 2 4 (Way gy + Yagyy + 202,y 2

!

+2{(wa1 wy + Yao,uwy + 2a1 4 + 2a2,w)w/y’ + (Way g + Y2 200 + A1) W
(W1 2y + Y22y + Q2.2)Y } + WAL 20 + Y2 e

76 = (Wa3 w0 + YO + 2a3’w)w/2 + (wag gy + Yy + 2a47y)y/2

/

+2{(wa3,wy + ya4,wy + a3,y + a4,w)wlyl + (wa&xw + ya4,:1:w + a3,z)w
+(wa3,xy + ya'4,wy + a4,x)y/} + wa?:,xa: + ya47xw-
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