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Abstract- In this paper, the variational iteration method (VIM) is employed to solve a 

system of fuzzy differential equations of first order. Since every ordinary fuzzy 

differential equations of higher order can be converted into a fuzzy system of the first 

order, this method can be used for solving n -th order fuzzy differential equations.  Also 

the convergency of VIM for this system is proved. Finally to more illustrate several 

examples are solved. 
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1. I�TRODUCTIO� 

 

Many authors have been worked about variational iteration method (VIM) that 

for more information sees [6]-[9]. In this paper, the VIM is extent to solve n -th order 

fuzzy differential equations and obtain approximate fuzzy solution. 

The VIM is proposed by He [9,10] as a modification of a general Lagrange multiplier 

method  [11]. To illustrate its basic idea of the technique, we consider following general 

nonlinear system: 

),())(())(( tgtu�tuL =+  

where L is a linear operator, N is a nonlinear operator, and g(t) is a given construct a 

correction functional for the system, which reads 
 

∫ −−+=+
x

a

kkkk dssgsu�suLtutu )]()(~)([)()( ][][][]1[ λ  
 

where λ is a general Lagrange multiplier which can be identified optimally via 

variational theory [9,10,11], the subscript k denotes the n -th order approximation 

and ][~ ku denotes a restricted variation, i.e 0~ ][ =kuδ                           

The structure of this paper is organized as follows. In section 2, some basic 

definitions and notations which will be used are brought. In section 3, the numerical 

method to solve n -th order fuzzy differential equations is proposed. In section 4, 

convergency of VIM for this system is proved. In section 5, the application of 

mentioned method VIM is brought by solving some numerical examples and finally the 

results are compared with exact solutions. Conclusion is drawn in section 6. 

 

2. PRELIMI�AR 

 

An arbitrary fuzzy number is represented by an ordered pair of functions 

))(),(( ruru   for all ]1,0[∈r , which satisfy the following requirements [2] 

)(ru  is a bounded left continuous non-decreasing function over [0,1] , 
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)(ru  is a bounded left continuous non-increasing function over [0,1] , 

)()( ruru ≤ , .10 ≤≤ r  
2.1. Remark  [1]  

        Let ))(),(()(~ rururu = , 10 ≤≤ r  be a fuzzy number, we take 

.
2

)()(
)(,

2

)()(
)(

ruru
ru

ruru
ru dc −

=
+

=  

It is clear that 0)( ≥ru d  and  )()()( rururu dc +=  and )()()( rururu dc +=  also a 

fuzzy number Eu ∈~ is said symmetric if )(~ ru  is independent of r  for all 10 ≤≤ r . 

2.2. Remark [1]  

          Let  ))(),(()(~ rururu = , ))(),(()(~ rvrvrv =  and also sk ,  are arbitrary real 

numbers.  

If vsukw ~~~ +=  then  

).(||)(||)(

),()()(

rvsrukrw

rvsrukrw

ddd

ccc

+=

+=

 

2.3. Definition [2]  

           Let )),(),((~)),(),((~ rvrvvruruu == be fuzzy numbers then the Hausdorff 

distance between vu ~,~  is 

|}.)()(|,|)()(max{|sup)~,~( ]1,0[ rvrurvruvuD r −−= ∈  

2.4. Remark  [1]  

            Clearly from remark (2.2) we have 

 

.|)()(||)()(||)()(|

|,)()(||)()(||)()(|

rvrurvrurvru

rvrurvrurvru

ddcc

ddcc

−+−≤−

−+−≤−
 

Hence for all ]1,0[∈r  

 

|,)()(||)()(||})()(||,)()(max{| rvrurvrurvrurvru ddcc −+−≤−−  

and then 

|}.)()(||)()({|sup)~,~(
10

rvrurvruvuD ddcc

r

−+−≤
≤≤

 

Therefore if |)()(||)()(| rvruandrvru ddcc −− tend to zero then )~,~( vuD  tend to zero. 

Let E  be the set of all upper semi-continuous normal convex fuzzy numbers with 

bounded r -level intervals. This means that if Ev ∈~  then the r -level set 

},)(~|{]~[ rsvsv r ≥=  

is a closed bounded interval which is denoted by 

.]~[]~[

],1,0()](),([]~[

]1,0(0 U ∈
=

∈=

r r

r

vvand

rforrvrvv

 
Two fuzzy numbers u~ and v~ are called equal, vu ~~ =  , if )(~)(~ svsu =  for all Rs∈  or 

rr vu ]~[]~[ = for all ]1,0[∈r . 
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2.5. Lemma [13] 

            If Evu ∈~,~ , then for ]1,0(∈r , 

],max,[min]~.~[

)],()(,)()([]~~[

kkvu

rvrurvruvu

r

r

=

++=+

 where 

)}.()(),()(),()(),()({ rvrurvrurvrurvruk =
 

2.6. Lemma  [13]  

             Let 
]1,0()],(),([ ∈rrvrv
  be a given family of non-empty intervals. If 

                 

,0)](),([)](),([)( srforsvsvrvrvi ≤<⊃

 
and 

)],(),([]),(lim),(lim[)( rvrvrvrvii
k

k
k

k =
∞→∞→

 

whenever )( kr  is a non-decreasing sequence converging to ]1,0(∈r , then the family 

[ ,10)],(),( ≤< rrvrv represent the r -level sets of a fuzzy number v in E . Conversely if 

10)],(),([ ≤< rrvrv , are the r -level sets of a fuzzy number ,~ Ev ∈  then the conditions (i) 

and (ii) hold true. 

2.7. Definition  [14]    

            Let I be a real interval. A mapping EIv →:~ is called a fuzzy process and we denote the 

r -level set by )].,(),,([)](~[ rtvrtvtv r = The Seikkala derivative )(~ tv′  of v~  is defined by 

)],,(),,([)](~[ rtvrtvtv r
′′=′

 
provided that is a equation defines a fuzzy number .)(~ Etv ∈′

 
2.8. Definition  [14]  

              The fuzzy integral of fuzzy process v~ , ∫
a

b
dttv )(~  for Iba ∈, , is defined by 

∫∫∫ =
x

a

x

a

x

a
r tdrtvtdrtvdttv )](),(,)(),([])(~[

 provided that the Lebesgue

 

integrals on the right exist. 

 

3. � -TH ORDER FUZZY DIFFERE�TIAL EQUATIO�S 

 

           In this section, we are going to investigate solution of n -th order fuzzy 

differential equations. Let 







≤≤==′=

++′+=
−

−

bxaayayay

yxayxayxaxy

n

n

n

n

n

,~)(~,...,~)(~,~)(~

,~)(...~)(~)()(~

)1(

21

)1(

21

)(

ααα
  (3.1) 

where 1,,1,0,~ −= nii Kα  are fuzzy constant numbers and ),(xai  are continuous on 

)(~].,[ xyba  is the solution to be determined. 

Using the following assumptions 

.~~,...,~~,~~,~~ )1(

321 n

n
yyyyyyyy ==″=′= −
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Then equation (3.1) is transformed to the following system of fuzzy differential equations of 

first order. 

)2.3(

,~)(...~)(~)()(~

~~

~~

~~

2211

43

32

21

bxa

yxayxayxaxy

yy

yy

yy

nnn

≤≤















+++=′

=′
=′
=′

M

 
with fuzzy initial conditions 

.~)(~,...,~)(~,~)(~
11201 −=== nn ayayay ααα

 
Let 

bxaandrrxyrxyrxyrxyrxyrxy nn
≤≤≤≤ 10)),;(),;((...,)),;(),;(()),;(),;(( 2211

are 

parametric form of )(~),...,(~),(~
21 xyxyxy n respectively. 

Then, parametric form of (3.2) is 

)3.3(

).;()();()();(

),;();(

),;()();()();(

)11(),;();(

0)( 0)(
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1


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+=′
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+=′

−≤≤=′
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∑ ∑
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+

> <

+

xa xa iiiin
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xa xa iiiin

jj

i i

i i

rxyxarxyxarxy

rxyrxy

rxyxarxyxarxy

njrxyrxy

 To solve this system by VIM the following formulas are obtained 

∑−∑−′+=

−′+=

∑−∑−′+=

−′+=
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+

+
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dtrtyrtytxrxyrxy

dtrtytartytartytxrxyrxy

dtrtyrtytxrxyrxy

λ

λ

λ

λ

 

where ),( txλ  is a general Lagrangian multiplier which can be identified optimally via 

variational theory,
][][ ~

,~ kk
yy denote a restricted variation, i.e. 0

~
,0~ ][][

== kk
yy δδ , k  is 

the number of iteration step and note that .0
~

,0~ ][][
== kk

yy δδ  

The variation is calculated with respect to 
][][

,
k

j

k

j
yy (j=1, 2, …, n), respectively, then we 

have 
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dtrtytartytartytxrxyrxy

njdtrty
dt
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For arbitrary ,,...,2,1,
][

njy
k

j
=δ  the following stationary conditions are obtained 

,0
),(

....
),(),( 2 =

∂
−==

∂
−=

∂
−

dt

tx

dt

tx

dt

tx ni λλλ
 

and the natural boundary condition 

.,..,2,1,0),(1 njxxj ==+ λ  

The Lagrange multipliers, can be identified as  

.,..,2,1,1),( njtxj =−=λ  

Similar to above we have 

,,..,2,1,1),( njtxj =−=λ  

and the following iteration formula can be obtained as 

)4.3(

.)];()();()();([);();(

,)];();([);();(

,)];()();()();([);();(
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Beginning with ),();(),();( ]0[]0[
rrayrray jjjj

αα == by the iteration formula (3.3), we 

can obtain the numerical solution of Eq.(3.1).

 

 

4. CO�VERGE�CE 

 

           In this section we analyze the convergency of VIM for (3.1). Similar to Remark 

(2.1), let 

.
2

)()(
)(,

2
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ryry
ry

ryry
ry dc

−
=

+
=

 
Then the fuzzy version of (3.1) can be written as 
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Similarly from (3.4) we can obtain the following formula 

)6.4(

.)];()();()();([);();(

,)];(~),([);();(

,)];()();()();([);();(

.1,...,2,1,)];();([);();(

0)( 0)(

][][][][]1[

][

1

][][]1[

0)( 0)(

][][][][]1[

][

1

][][]1[
















−−′−=

−′−=

−−′−=

−=−′−=

∫ ∑ ∑

∫

∫ ∑ ∑

∫

> <

+

+
+

> <

+

+
+

x

a ta ta

dk

ii

dk

ii

dk

j

dk

n

dk

n

x

a

dk

j

dk

j

dk

j

dk

j

x

a ta ta

ck

ii

ck

ii

ck

j

ck

n

ck

n

x

a

ck

j

ck

j

ckck

j

i i

i i

dtrtytartytartyrxyrxy

dtrtyrtyrxyrxy

dtrtytartytartyrxyrxy

njdtrtyrtyrxyrxy

 

Let 

),;();();( ][][ rxyrxyrxe c

j

ck

j

ck

j −=  

obviously 









−−′−=

−=−′−=

∑∫ ∑

∫

<>

+

0)(0)(

1

.)];()();()();([);();(

1...,,2,1,)];();([);();(

ta

c

ii

x

a ta

c

ii

c

j

c

n

c

n

x

a

c

j

c

j

c

j

c

j

ii

dtrtytartytartyrxyrxy

njdtrtyrtyrxyrxy

 Then 

)7.4(

.)];()();()();([);();(

1,...,2,1,)];();([);();(

0)(

][

0)(

][][][]1[

][

1

][][]1[









−−′−=

−=−′−=

∑∫ ∑

∫

<>

+

+
+

ta

ck

ii

x

a ta

ck

ii

ck

j

ck

n

ck

n

x

a

ck

j

ck

j

ck

j

ck

j

ii

dtrtetartetarterxyrxe

njdtrterterxerxe

 Relation of (4.7) can be written as follow 
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and similarly we can obtain 
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In similar way, it can be proven that 
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and (4.8), (4.9) imply the convergency of method. 

 

5. APPLICATIO� 

 

In this section, three numerical examples are solved by MATLAB for illustration and 

the obtained solutions are compared with the exact solutions. 

Example 1. Consider the two-order Fuzzy differential equation 



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−+=′−+=

+′=′′

),4,2()0(~),4,2()0(~
),(~)2/1()(~)2/1()(~
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the exact solution for this problem is .)4,2()(~ xerrxy −+=  
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Table1. 

)~,~( ][

exact

k

H yyd     

x  k=2 k=5 k=10 

0.2 0.0056 3.6597e-007 2.6645e-015 

0.4 0.0473 2.4124e-005 4.3476e-012 

0.6 0.1685 2.8320e-004 3.8261e-010 

0.8 0.4222 0.0016 9.2191e-009 

1 0.8731 0.0065 1.0925e-007 

 

Example2. consider the four-order Fuzzy differential equation numerical result for 

example 
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The exact solution for this problem is .)1,1()(~ xerrxy −−=  
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Table2. 

 

Example3. Consider the six-order Fuzzy differential equation numerical result for 

example 
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We can obtain following results: 

)~,~( ][

exact

k

H yyd     

x  k=2 k=5 k=10 

0.2 1.4028e-003 9.1494e-008 6.6613e-016 

0.4 1.825e-002 6.0310e-006 1.0869e-012 

0.6 4.2119e-002 7.0800e-005 9.5652e-011 

0.8 1.0554e-001 4.1026e-004 2.3048e-009 

1 2.1828e-001 1.6152e-003 2.7313e-008 
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Table3. 

)~,~( ][

exact

k

H yyd     

x  k=2 k=5 k=10 

1.2 0.0672 0.0032 0 

1.4 0.0.5632 0.0512 0 

1.6 1.9872 0.2591 0 

1.8 4.9152 0.8192 0 

2 10 2 0 
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6. CO�CLUSIO� 

 

        In this paper, we used He's variational iteration method (VIM) to obtain fuzzy 

solution of the n-th order fuzzy differential equations. Convergency of VIM for this 

system is proved. The effectiveness of the method was shown by different examples. 
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