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Abstract- Conserved quantities play a central role in the solution of jet flow prob-
lems. A systematic way of deriving conserved quantities for the radial jets with
swirl is presented. The multiplier approach is used to derive the conservation laws
for the system of three boundary layer equations for the velocity components and
for the system of two partial differential equations for the stream function. When
the swirl is zero or at a large distance from the orifice (at infinity), the boundary
layer equations for the radial jets with swirl reduce to those of the purely radial
jets. The conserved quantities for the radial liquid, free and wall jets with swirl are

derived by integrating the conservation laws across the jets.
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1. INTRODUCTION

It is of great interest to study the three dimensional boundary layer flows, for ex-
ample the radial jets with swirl due to their extensive range of applications.

The concept of two-dimensional boundary layer flow of the purely radial liquid
jet was introduced by Watson [1]. The two-dimensional boundary layer flow of the
purely radial free jet was first considered by Schwarz [2]. Glauert in [3] studied the
two-dimensional boundary layer flow of the purely radial wall jet. Later, Riley in
[4] also discussed the two-dimensional boundary layer flow of purely radial liquid,
free and wall jets. In all these jet flow problems, the boundary conditions are
homogeneous and therefore the unknown exponent in the similarity solution cannot
be obtained from the boundary conditions. By integrating Prandtl’s momentum

boundary layer equation across the jet and using the boundary conditions and the
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continuity equation, a condition, known as the conserved quantity, was derived.
Riley [5] extended the problem of the purely radial jets to the radial jets with swirl.
Later, O’'Nan and Schwarz [6] also studied the problem of the radial free jet with
swirl. The governing equations consist of a continuity equation and two momentum
equations in the radial and swirl directions respectively. This problem consists of
homogeneous boundary conditions and thus also requires conserved quantities. The
conserved quantities for the radial jets with swirl were established using the same
idea as was used in [1, 2, 3, 4] to construct the conserved quantities for the purely
radial jets. By integrating the momentum equation in the swirl direction and using
the boundary conditions and the continuity equation, one conserved quantity for the
radial free jet with swirl and one for the radial wall jet with swirl were derived. The
second conserved quantity for the radial free and wall jets with swirl were established
by integrating the momentum equation in the radial direction and requiring that
swirl is zero at * = oo. The only conserved quantity for the radial liquid jet with
swirl [5] was obtained from a physical argument based on conservation of mass flux

in an incompressible fluid and is the same as for the purely radial liquid jet.

The conserved quantity for each problem has in general physical significance.
Riley [5] established the conserved quantities for the radial liquid, free and wall jets
with swirl. The only conserved quantity for the radial liquid jet with swirl is total
mass flux per radian which is constant. One of the conserved quantities for the radial
free jet with swirl is the radial flux of angular momentum about z = 0. The second
conserved quantity for the radial free jet with swirl is the radial flux of momentum
and is invariant only when the swirl is zero or at large distances from the orifice. For
a radial wall jet with swirl one conserved quantity is the flux of exterior momentum
flux and is constant only when the swirl is zero or at large distances from the orifice.
There is no obvious physical interpretation of the other conserved quantity for the

radial wall jet with swirl.

In this paper, we construct the conserved quantities for the radial liquid, free
and wall jets with swirl by the method recently introduced by Naz et al [7]. We
use the multiplier approach introduced by Steudel [8] (see also [9, 10]) to derive
the conservation laws for the system of three partial differential equations for the
velocity components as well as for the system of two partial differential equations
for the stream function. The radial jets with swirl behave as purely radial jets when
the swirl is zero or at large distances from the orifice as x becomes large the swirl
component will tend to zero more rapidly than the radial velocity component. Then
the boundary layer equations for radial jets with swirl reduce to that of purely radial

jets. The conservation laws for the purely radial jets were derived in [7] with the
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help of the multiplier approach. The conserved quantities for the radial, liquid, free
and wall jets with swirl are derived with the help of conservation laws. The radial
jets (liquid, free and wall) with swirl satisfy the same partial differential equations
but the boundary conditions for each jet are different. The derivation of conser-
vation laws depends only on the partial differential equations but the derivation of
the physical conserved quantities depends also on the boundary conditions. The
boundary conditions therefore determine which conserved vector is associated with

which jet.
2. CONSERVATION LAWS FOR RADIAL LAMINAR JET

We consider the radial liquid jet, free jet and wall jet with swirl.

The radial liquid jet with swirl is formed when a circular jet of liquid, with an
axially symmetrical swirling component of velocity, strikes a plane boundary nor-
mally and spreads over it. The radial free jet with swirl is formed when two circular
jets, each with an axially-symmetrical swirling component of velocity, impinge on
one another. When a circular jet, having axially symmetric swirling component of
velocity, strikes a plane surface normally which is surrounded by the same fluid as
the jet and spreads out radially over it then a radial wall jet with swirl is formed.
All these jets were described by Riley [5].

The fluid in the jets is viscous and incompressible. In the free jet and wall jet
the surrounding fluid consists of the same fluid as in the jet but for the liquid jet
the surrounding fluid is a gas. The cylindrical polar coordinates (x,6,y) are used
with x as radial coordinate and x = 0 is the axis of symmetry. All fluid variables
are independent of §. For the liquid jet the solid boundary is at y = 0 and the free
surface is at y = ¢(x). The wall jet has a solid boundary at y = 0 and the free
jet is symmetrical about y = 0. For all three jets an axially symmetrical swirling
component of velocity is considered.

The boundary layer equations governing the flow in a radial laminar jet with

swirl, in the absence of pressure gradient, are

Uy + VUy — — = Vily,, (1)
uw, + vw, + % = VlWy,, (2)
(zu), + (zv)y =0, (3)

where u(x,y) and v(x,y) are the velocity components in x and y directions respec-

tively, w(z,y) is an axially-symmetrical swirling component of velocity and v is the
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kinematic viscosity of the fluid. Equations (1) and (2) are the momentum equations
in the radial and 6 directions respectively and (3) is the continuity equation. The
boundary-layer equations (1)-(3) have been derived with the assumption that the
swirl velocity w and radial velocity u are of same order of magnitude whereas the
transverse velocity v is of lower order (see [5]).

The stream function ¢ (x,y) satisfies [11]

TU = Py, TV = —,. (4)

The radial free jet with swirl is symmetrical about the plane y = 0, therefore
v(x,0) = 0. For the liquid jet and the wall jet there is no suction or blowing of
fluid at the solid boundary y = 0 and thus v(z,0) = 0. Therefore v, (z,0) = 0 for
all three jets and thus ¥ (z,0) is a constant. We choose the constant as zero and

hence

¥(x,0) = 0. (5)

Let O be any reference point on the line y = 0 in the axial plane # = 6,, then the
stream function at P(z,0,,y) is (see [11])

bla,y) = / 2 fu(z, y)dy — v(z, y)da. (6)

o

Integrating (6) with respect to y from y = 0 to y = oo along a straight line with x
kept fixed yields

$(z, 00) = / " vule, y)dy. 7)

Now, ¥ (x, 00) is finite only if we assume u(x,y) — 0 sufficiently rapidly as y — oo.
Equation (3) is identically satisfied and equations (1) and (2) yield

1 1 1

;wywzy - ?wi - ;wxwyy — Uiy, —w® =0, (8)
and

1 1 1

;’l/}ywx - wawy + Pwyw — vy, = 0. 9)

We will derive the conservation laws for the system (1)-(3) and also for the system

(8)-(9) for the stream function, using the multiplier approach [8, 9].
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2.1. Conservation laws for system of equations for velocity components

Consider the multipliers of the form
Al = Al(xa Yy, u,v, ’U)), AQ = AQ(xa Y, u,v, w)andA3 = A3(-Ta Yy, u,v, w)
for the system of equations (1)-(3), such that
w? uw
Ay | wug + vuy — vy, — - + As (uwx + vwy + i I/wyy>
+As(u + 2uy + 20,) = D, T + D,T? (10)

for all functions u(x,y), v(z,y) and w(z,y) and not only for the solutions of system.

In (10), D, and D, are total derivative operators defined by

D——+u—+v—+wi+u i—ir'U i+w 9
Y “ou o “ow T Ouy, v, T ow,
0 0 0
- — 4. 11
ity Juy Uy vy T Wy Jw, T (11)
D= —+u,—+v,—+w,— +u i+v ier i
Yoy You o Yo Yow  Mou, ov, " ow,
0 0 9,
+“yxa—%+vyxa—%+wyxa—%+"' - (12)

The determining equations for the multipliers Ay, Ay and A3 are

w? uw
E, [Al (uuy + vuy — vy, — 7) + Ao (uw, + vw, + — YWy, )

+As(u + 2, + xvy)} =0, (13)
w? uw

Ey | A (uuy 4+ vuy — vy, — ?) + Ao (uw, + vwy, + - VWyy)

+As(u + 2u, + xvy)] =0, (14)

w? uw
E, {Al(uum + VU — Vg, — ?) + Ao (uw, + vw, + — - VWy,)

+As(u + zu, + xvy)] =0, (15)
where F,, E, and E,, are the standard Euler operators which annihilate divergence
expressions:

EUIQ—D i—D i+D2 0 +D,D 0 + D? 0 .. (16)

z Y T Y ’
ou Ou,, Ou, Oy Oy Y Ouy,
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0 0 5, 0 0 0
E,=——D,— — D,— + D? D,D D? - 1
Y ov * vy Y Ov, * T Oy T e o + Y Ovy, 17
0 0 0 5, 0 0
E,=——-D,— — D,— + D? D,D D? — (1
ow 0w, Y ow, * Y OWgy * Y 0wy + Y 0wy, (18)

The expansion of equations (13)-(15) yields

w? uw
Avy (wy + vy — vy, — ?) + Aoy (v, +vw, + — vwyy) + gy (u+ zu, + 20y)

F Ay + Asfw, + %] + Ay — Dyuly + zAg) — Dyfuhy] — vD2(A) =0,  (19)

w? uw
Aqy (uuy +vuy — vy, — ?) + Aoy, (uw, +vwy, + T VWyy) + Agy (u+ zu, + 20,)

+Auy + Agwy, — Dy(xA3) =0, (20)

and

w? uw
Ay (w4 vy — vy, — ?) + Aoy (vw, 4+ vw, + - vwyy) + Agy (U + zuy + 20,)

2
_?w AL+ §A2 — D,[uls] — Dy[uAs] — vD(As) = 0. (21)

Equations (19)-(21) must be satisfied for all functions u(z,y), v(z,y) and w(zx,y).
After expansion the highest order derivative terms in system (19)-(21) are second-
order derivative terms. Therefore, equating the coefficients of w,,, v,, and w,, to

zero, we obtain
Ay=0, Ay =0, Ay =0, Ay, =0, Ay, =0, Ay, =0, (22)
which in turn results in
Ay = A(x,y), Ay = B(z,y), As = C(x,y,u,v,w). (23)
Equations (19)-(21), with the help of (23), reduce to
xvav—i-vy(A—xC’u)—i-ww(xC’w—B)—uCu—%—l—qu-l—mC’ﬁ—vAy—l—vAyy =0, (24)
ru, Cp + uy(A — 2C,) — wy(xCyy — B) + uC, — xC,, = 0, (25)

2
(ugy + vy)(xCy — B) +uCy — %UA + gB —uB, —vB, —vB,, =0. (26)

Equating the first-order derivative terms wu,, u, and w, in (25) to zero, we obtain

C,=0, A—zC,=0, 2C,— B =0, (27)
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which yields

O = ~Alx,y) + = Ble,y) + D(x,y). (28)
Equations (24)-(26) become

2u <Ax - %) +vA, +w (BI - %) +aD, +vAy, =0, (29)

uA, +wBy, +xD, =0, (30)

u (Bx - %) +vB, + 2?wA +vB,, =0. (31)

The separation of equations (29)-(31) with respect to u, v and w finally gives
A =0, Ay = c2?, A3 = ¢ + oz, (32)

where ¢; and ¢y are constants. It is not difficult to construct the conserved vectors
by elementary manipulations with the help of the multipliers (32). Equations (10)
and (32) give

w? ) uw
Outly +VUy — Vg, — ?] + oz [uw, +vw, + - vwyy|+ (c1 + o) [u+zu, + 20,

= D,[cizu + car®uw] + Dyfcimv + cx® (vw — vw,)], (33)

for arbitrary functions u(z,y), v(x,y) and w(x, y) and therefore when u(z,y), v(z, y)

and w(z,y) are the solutions of the system of differential equations (1)-(3), then

D, [c1zu + cox*uw] + Dyjeyzv + coz®(vw — vw,)] = 0. (34)
Thus

T'=au, T?=av, (35)

T' = 2*uw, T? = 2*(vw — vw,), (36)

are the conserved vectors for the system of differential equations (1)-(3) correspond-

ing to multipliers of the form A; = Ay (z,y, u, v, w) and Ay = As(z, y, u, v, w).

2.2. Conservation Laws for the stream function formulation
Consider multipliers of the form Ay = Aj(z,y,¢,w) and Ay = Ay(x,y, ¥, w)
in order to derive the conservation laws for the system (8)-(9). The determining

equations for the multipliers A; and A, are

1 1
_%3 - E%wyy — Viyyy — w?)

xr2

1
Ezp Al (E¢ywxy -



R. Naz, I. Nacem and F. M. Mahomed 749

1 1
+A2( 77byUJm - ;wzwy + ﬁqbyw - way>:| = 07 (37)
and
1 1 1
Al(gwywmy - dej - ;%%y - wayy - w2)
1 1 1
—i—Ag(Ewywx - wawy + ;wyw — vwy,)| =0, (38)
where
0 0 0 0 0 0
Ey=—-—Dy=— — D,— + D? +D,D + D? — -, (39
v =50~ Do, ~ Pvag, ey, Y PPy, T Piag, (39)
0 0 0 0 0 0
E,=——-D — D,— + D? D,D D? —, (4
YT ow TTow, Yow, * L W,y e Y 0wy, * Y Owy, , (40)

are the standard Euler operators. In (39) and (40), D, and D, are the total deriva-

tive operators and are defined by

8 8 8 (9 ('9 0 0
0 0 0 0 0

—Hﬁ —i—@/} +w +Yye —|—wx +--- . (42)
yaw yya¢y yya Y a¢x Y Wy

Expansion of equations (37) and (38) yields

1 1 1 1 1
Alw[;¢y¢xy - E@ZJ; - Ed}l‘wyy — Viyyy — w?] + A2w[;¢ywx - 5¢xwy

1 1 1 1 2
+P¢yw - way] + Dw[gAlwyy + EAﬂUy] - Dy[A1<E¢xy — ?%)

i 1 1
+A2(w7 + %)] + DuDy [~ Authy] = D[ Avs] + vD[A] = 0, (43)

1 1 1 1 1 1
Alw[;¢y¢my - ﬁwg - E%ﬂ/’yy — Uiy, — W]+ A2w[51/’ywr - E%:wy + Fwyw

A A A
—vwyy] = 20As + 0y = Da[ 0] + D, [40] — vDj[Aa] = 0. (44)
Equating the coefficients of 1,,, and w,, in (44) to zero, we obtain
Alw = 07 AQw - O (45)

Now, since A; and A, are not functions of w, therefore separating the rest of the

terms in (44) (in expanded form) with respect to w yields
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Equations (43) and (44) reduce to

1 1 1 Ay w

Aw[;%wz — Wy + W — vy, — 2wy—5 + ?y[/\% + e Aoy
Wy W
=+ )2y + ¥y Az =0, (47)
and

A "
26,22~ Ay, 4 Agy] + Ay + Gy o]

X e e
_V[Any + Yy Nayy + Yy Aoy + Py Aayy + ¢§A2¢¢] =0. (48)

From equation (47), the coefficient of wy, (or in (48) the coefficient of 1, ) yields
Aoy = 0 and thus

Ay = A(z,y). (49)

Equations (47) and (48) become

24 A A
— - —]+w= =0, (50)

We =" + wy

2 x 22
A 24 A,
wr_y + wy[ﬁ - ] vAy,, =0, (51)

which finally yield A = c32? and
Al = O, A2 = 031'2, (52)

where c3 is an arbitrary constant.
The multipliers A; and Ay for the system (8)-(9) satisfy

1 1 1
Ay {;wywxy - ;wi - ;wxwyy — Vihyyy — UJQ]
1 1 1
+A, Ewywm — ;wxwy + Pwyw — YWy, (53)
=D, T"+ D,T?,

for all functions ¥(z,y) and w(z,y). From equations (52) and (53), we have

1 1

1 1 1
ﬁ% - wawyy — Uy — W]+ C3$2[;¢ywx - wawy + ﬁwyw — YWy,

O[i%%y -

= D,[eszwipy| + Dyles(—zwip, — V.Z’wa)], (54)
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for arbitrary ¢(z,y) and w(z,y). When ¢ (z,y) and w(z,y) are solutions of the
system (8)-(9), we have

D, [cszwiy,] + Dy les(—zwip, — vatw,)] = 0. (55)
Thus
T" = 2w, T? = —zwip, — va*w,, (56)

are the components of a conserved vector for the system (8)-(9). Notice that the
conserved vector (56) is equivalent to the conserved vector (36).

The multiplier approach gives multipliers only for the local conserved vectors.
The multipliers for the non-local conserved vectors cannot be obtained with the help
of the multiplier approach as presented. Notice that if we multiply equation (8) with

zero and equations (9) with z21, we have

1 1 1 1 1 1
O[;wywzy - ;wi - wawyy — Vyyy — w2] + 5’72¢[Ewywx - wawy + ?wyw — Vwy,]
= D,[zypwyp,| + D, [—xwdjlpx — va*pw, + va? /y wywydy] , (57)

for arbitrary ¢ (z,y) and w(x,y). When ¢(z,y) and w(z,y) are solutions of the
system (8)-(9), we have

D, [zypwip,] + D, [—xwwwx — va*w, + va? /y wywydyl = 0. (58)
Thus
T' = vpwip,, T? = —vwipth, — va*pw, + va® /y wy Yy, dy, (59)

are the components of a non-local conserved vector for the system (8)-(9). It may
be possible that the non-local conservation law (59) which does not arise from local

multipliers can be derived through a potential system associated with the system
(1), (2) and (3) or the system (8) and (9).

2.3. Conservation laws for radial jets at large distance from the orifice
The radial jets with swirl at large distance from the orifice, correspond to a radial
jet with zero swirl. When & — oo, w — 0, then the system (1)-(3) reduces to

Uy + VUy = Vily,, (60)

(zu), + (zv), =0, (61)

Y
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which is same as the boundary layer equations for purely radial jet flows. The system
(8)-(9) for the stream function, when x — oo, reduces to a single third-order partial

differential equation

1 1 1

;wy@bmy - ﬁwz - E@Dxd]yy — Vyyy = 0. (62)
The local conserved vectors for system (60)-(61) derived in [7] are

T =2u, T? = v, (63)

T' = au?, T? = 2w — vau,. (64)

The conserved vectors for the third-order partial differential equation (62) (see [7])

are
T = l¢2 T? = —lwxw — v (65)
T Y T Y yy»
and
T = 2yy2 7 = ~Lyyou, + L2 — iy (66)
z Y x TETY 9Ty vy

The conserved vectors given in equations (64) and (65) are equivalent.
3. CONSERVED QUANTITIES FOR RADIAL LIQUID JETS

In this section, we derive the conserved quantities for the radial liquid, free and
wall jets with swirl by the technique used in [7]. We first consider the conserved
vectors (35), (36) and (64) for the system of equations for the velocity components
and derive the conserved quantities for the radial liquid and the free jets with swirl.
Then we consider the stream function formulation to give an alternative derivation
of the conserved quantities for the radial free jet with swirl and also derive the
conserved quantities for the radial wall jet with swirl.

All the conserved vectors (T, T?) derived here depend on u(x,y), v(z,y),
w(zx,y) or ¥(x,y) and satisfy

ort  or*?

D, T'+D/T? = — + —. 67

But for a conserved vector D, T* + D, T? = 0 and therefore equation (67) yields

oTt  OT?
il (68)
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The conserved quantities for the radial liquid, free and wall jets with swirl are ob-
tained by integrating equation (68) for the corresponding conservation law across

the jet and imposing the boundary conditions.

3.1. Conserved quantity for the radial liquid jet with swirl

The conserved quantity for the radial liquid jet with swirl is derived with the help
of conserved vector (35). The derivation for conserved quantity for radial liquid jet
with swirl is same as in [7] for the purely radial jet flow. The boundary conditions

for the radial liquid jet with swirl are

y=¢(x): wu,=0, w,=0. (70)

The velocity component v(z, ¢(zx)) is

o 8(x)) = 1 [6(@)] = (e, () 20, ()
where
= )5 o) (72)

is the material time derivative. The conserved quantity for the radial liquid jet with
swirl is obtained by integrating (68) with respect to y from y = 0 to y = ¢(z)

keeping « as fixed. For the conserved vector (35), we obtain

o(x)
/0 [%(azu) + (%(:L’v)]dy =0. (73)

Differentiating (73) under integration sign [12], we have

d [ do(z)
7o), [wuldy —aulz,o(@) =g

+ [zo(z,y)]§ = 0. (74)

The boundary condition (69) for v(x,0) and expression (71) for v(z, ¢(z)), reduces
(74) to

o(x)
T / udy = constant, independent of =z, (75)
0

which gives that the total mass flux is constant along the jet. Therefore

o(x)
F= x/ udy (76)
0
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is the conserved quantity for the radial liquid jet with swirl [5].

3.2. Conserved quantities for the radial free jet with swirl

The boundary conditions for the radial free jet with swirl are
y=0: v=0, u,=0, w,=0, (77)

y==2o00: u=0, u, =0, w=0, w, =0. (78)

For the conserved vector (36), equation (68) on integration with respect to y from

y = —o0 to y = oo with z kept as fixed during the integration, yields

%[ﬁ /OO (uw)dy] + [2*vw — va*w,) iooo = 0. (79)

—00

We assume that v(z, £00) is finite. The boundary conditions (77) and (78) on (79)

gives
21> / uwdy = constant, independent of x. (80)
0

The conserved quantity for the radial free jet with swirl is

F = 2:1:2/ uwdy, (81)
0

where F'is a constant independent of x. If p is the density of fluid, then the constant
pF is the total radial flux of angular momentum about = 0 (Riley [5]). The second
conserved quantity which is valid only when there is no swirl or at large distance
from the orifice can be obtained from the conserved vector (64). Integrate (68) with

respect to y for the conserved vector (64), we obtain

d o o
%[x/ w’dy] + [zuv — vru,])* = 0. (82)

—00

The boundary condition (78) and v(z, £00) is finite, yields
2x / h u?dy = constant, independent of z. (83)
0
Thus
G =2 /OO u*dy (84)
0

and pG is the second conserved quantity for the radial free jet with swirl and is valid

only at large distance from orifice.
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The conserved quantities for the radial free jet with swirl can also be derived for
the stream function formulation. We now outline an alternative derivation of the
conserved quantities for the radial free jet with swirl. Also we derive the conserved
quantities for the radial wall jet with swirl.

In terms of the stream function the boundary conditions (77) and (78) take the

following form:

y=0: ¢x:07¢yy:07wy:07 (85)
y==xo00: 1, =0, ¢, =0, w=0, w,=0. (86)
Integrate equation (68) with respect to y form y = —oo to y = oo keeping x as fixed.

For the conserved vector (56), we have

o [ wtdy] + [, - vatu,]% =0 (87

de™ J_o o0
Equation (87) with the help of boundary condition (86) and requirement 1, (x, £00) =
—zv(x,+00) is finite, gives

2x / wi,dy = constant, independent of . (88)
0

Equation (88) is equivalent to (80) and thus we finally obtain the conserved quantity
F given in (81). The second conserved quantity which is valid only when there is
no swirl or at large distance from the orifice can be obtained from conserved vector
(65). Integration of (68) with respect to y with x kept as fixed for the conserved
vector (65) gives

d 1 [~ 1 >

%[; /oo %dy] + {_;¢z¢y - ’”pyy} = 0. (89)
Equation (89) with the help of boundary condition (86) and the requirement ¢, (x, +00) =

—zv(x,+00) is finite, yields
2 [ .
- ¥, dy = constant, independent of . (90)
T Jo

Equation (90) is equivalent to (83) and hence we obtain the conserved quantity (84).

3.3. Conserved quantities for the radial wall jet with swirl

For the radial wall jet with swirl the boundary conditions are

y=0: u=0 v=0, w=0, (91)
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y=o00: u=0,u,=0 w=0, w,=0. (92)

In terms of the stream function, we obtain
y=0: ¢,=0,%,=0, w=0, (93)

y=o00: P, =0,1,=0 w=0, w,=0. (94)

By integrating equation (68) with respect to y from y = 0 to y = oo keeping z as
fixed and considering the conserved vector (59), we have

d [ v =
%[x/o Ywip,dy| + {—xwwwx — va*w, + VJZ’Q/ wywydy] = 0. (95)

0

But 9(x,0) = 0 whereas ¥ (x, 00), ¥,(z,00) and w,(z,0) are assumed to be finite.
Thus boundary conditions (93) and (94) reduce equation (95) to

d (e.) 9 o0 B
. [x/o wwwydy] +vx /0 wy Yy dy = 0. (96)

Integrating equation (96) by parts and using boundary conditions, we deduce

LCL e[ m)s) o [

and in terms of the velocity components, we have

d oo oo oo
— <x3/ u(/ wudy*) dy) = ng/ wu,dy. (98)
dx 0 y 0

To make the right side of equation (98) zero, Riley [5] assumed that u/w is a function
of x only and this condition is satisfied by the similarity solution. Thus in the

similarity solution regime, we have

a:3/ u (/ wudy*) dy = constant, independent of . (99)
0 Y

Therefore

M = :c3/ u </ wudy*) dy, (100)
0 y

is a conserved quantity. Riley [5] used p?M as a conserved quantity for the radial wall
jet with swirl. There is no obvious physical significance of this conserved quantity.
The second conserved quantity is derived with no swirl or at large distance from

the orifice and the conserved vector (66) is used in its derivation. Integrating (68)
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with respect to y from y = 0 to y = oo keeping = as fixed during the integration,
we have

d .1 [* 1 Vo, >

T [ wvian + {—;wwy oYy, | =0, (101)

0

The boundary conditions (93) and (94) yield
1 [e.e]
- / 1/1w§dy = constant, independent of =, (102)
T Jo

we have used the requirements ¢ (z,0) = 0, ¥(z,00) and ¥, (z,00) are finite. Inte-

grating (102) by parts, we obtain

1 o0 (o)
V=1 Tu( / ) dy. (108)

or equivalently

N = x2/ u(/ u2dy*)dy, (104)
0 y

which is valid only for no swirl or at large distance from orifice. The constant p?N

is interpreted as the flux of exterior momentum flux.

3.4. Comparison between conservation laws for radial jets with swirl and
purely radial jet flows

The results for radial jets with swirl and for purely radial jets derived in [7] are
displayed in Table 1. The boundary layer equations for the velocity components as
well as for the stream function formulation are given in Table 1 for both the radial
jets with swirl and for the purely radial jets. The conservation laws for the purely
radial jet flows hold for the radial jets with swirl but only at large distances from
the orifice (as x — 00). The multiplier approach on the system of equations for
the velocity components for purely radial jets yields two local conserved vectors and
for the stream function formulation also two local conserved vectors are obtained.
The multiplier approach on the system of equations for the velocity components for
radial jets with swirl yields three conserved vectors, one of these conserved vectors
is valid only when z — oco. For the stream function formulation for the radial jets
with swirl four conserved vectors are obtained and two of them are valid only when
x — 00. The conserved vectors for the radial jets with swirl as z — oo and for the
purely radial jets are the same.

The conserved quantity for the radial liquid jet with swirl and the purely radial

liquid jet are the same. The only conserved quantity for the purely radial free jet
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is that the total radial flux of momentum is constant in the jet. The radial free jet
with swirl has two conserved quantities. One conserved quantity for the radial free
jet with swirl is the total radial flux of angular momentum about z = 0 which is
constant. The second conserved quantity is the same as for the purely radial free
jet but it holds only as # — oo. The conserved quantity for a purely radial wall jet
is the flux of exterior momentum flux in the wall jet which is constant and holds for
the radial wall jet with swirl at £ — co. Another conserved quantity for the radial
wall jet with swirl is established with the help of a non-local conserved vector for
the system of two partial differential equations for the stream function formulation.

There is no obvious physical interpretation of that conserved quantity.
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Radial jets with swirl

Purely radial jets

’LU2
Uy + VUy — —-

Boundary layer = Vlyy
equations
uw, + vwy, + “F = vwy,
(zu),; + (2v), =0
Conserved vectors T! = 2%uw
for T? = 2% (vw — vw,)
velocity components
T! = 2u
T? = av
Asz — o0
T = zu?

T? = z(uv — vuy,)

Uy + VUy = Vilyy

(zu), + (zv), =0

T = zu
T? = xv
T = au?

T? = z(uv — vu,)

Stream function %wywmy — x%tﬁf, — %iﬂzl/}yy
—Vipyyy —w? =0

1 1 1

;wywx - ;wxwy + ;%w

—VWyy =0

formulation

Conserved vectors T' = 2wy,
T? = —zwip, — va*w,
T' = zpwi,
T? = —zwip, — va*yw,
+ foy vatwyby
Asz — o0
- L
1% = _iwwwy — Vibyy
T = 2y
T? = — ety + 537
— vy,

for stream function

%wyl/}my - x%¢321
_%@Z’Iwyy — Vihyyy, =0

Tl — lw2
x Y

1% = _iwxwy - way
' = L2

T2 = — Ly, + 50
—vihy,
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Conserved quantities

For liquid jet x f0¢($) udy x fo(b(x) udy
For free jet 247 [° wwdy

2 [ utdy as v — oo 2a [ utdy
For wall jet 2 [ u <fy°o wudy*) dy

z? [ u(fyoo quy*) dy * [° u(fyoo u2dy*) dy
as T — 00

Table 1: Comparison between radial jets with swirl and purely radial jets

4. CONCLUDING REMARKS

The conserved quantities for the radial liquid, free and wall jets with swirl derived
by Riley [5] can be constructed with the help of conservation laws. The radial jets
with swirl behave as purely radial jets at large distances from the orifice. At large
distances from the orifice as * — oo, the swirling component w — 0 and the
boundary layer equations for radial jets with swirl reduce to that of purely radial
jets. Therefore, as x — oo the conservation laws for radial jets with swirl coincide
with those of the purely radial jets.

The multiplier approach gave two local conservation laws for the system of equa-
tions for the velocity components. One of the conserved vectors gave the conserved
quantity for the radial liquid jet with swirl and the second conserved vector yielded
one conserved quantity for the radial free jet with swirl. Also, another conserved
vector for this system was obtained as z — co. The second conserved quantity for
the radial free jet with swirl was obtained from that conserved vector. The con-
served quantities for the wall jet with swirl cannot be obtained from the conserved
vectors for the system of equations for the velocity components.

For the system of two partial differential equations for the stream function for-
mulation one local and one non-local conserved vector were obtained. The local
conserved vector gave one conserved quantity for the radial free jet with swirl and
the non-local conserved vector was used to establish one conserved quantity for the

radial wall jet with swirl. Also, two conserved vectors for the stream function for-
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mulation were obtained as x — oo which were used to derive the second conserved
quantities for the radial free and wall jets with swirl.

It is of interest to notice that the non-local conserved vector for the system of two
partial differential equations for the stream function formulation cannot be obtained
by the multiplier approach. The reason is that the multiplier approach only gives
multipliers for the local conserved vectors. It may be possible that the non-local
conservation law which does not arise from local multipliers can be derived through

a potential system associated with the system (1)-(3) or the system (8)-(9).
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