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Abstract- The approximate partial Noether operators for a system of two coupled
van der Pol oscillators with linear diffusive coupling are presented via a partial La-
grangian approach. The underlying system of two equations, in general, do not ad-
mit a standard Lagrangian. However, the approximate first integrals are constructed
by utilization of the partial Noether’s theorem with the help of approximate partial
Noether operators associated with a partial Lagrangian. These approximate partial
Noether operators are not approximate symmetries of the system under study and
they do not form an approximate Lie algebra. Moreover, we show how approxi-
mate first integrals can be constructed for perturbed ordinary differential equations

(ODEs) without making use of a standard Lagrangian.
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1. INTRODUCTION

The system of two coupled van der Pol oscillators with linear diffusive coupling was

first proposed by Rand and Holmes [1]
' +ely’ =1y +y=Alz —y) + B(' — ),

(-1 4 2=Aly—2)+ Bly — 7)), (1)

where A and B are coupling parameters that give the strength of the interaction
and y and z are dependent variables which model the state of the oscillators and
prime denotes the differentiation with respect to x. The study of coupled van der
Pol oscillators has been of great interest for mathematicians and engineers due to its
extensive range of applications. The system of two equations under study frequently

arise in nonlinear oscillations, nonlinear dynamics and mathematical physics etc.
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The main goal here to study the system (1) for approximate partial Noether oper-
ators and the corresponding approximate first integrals. These are important the
physics and for reduction of the system. Secondly we show how one can obtain
approximate first integrals for perturbed ODEs without a variational principle in a

simple manner.

The approximate first integrals for perturbed equations which have Lagrangians can
be constructed by using the classical Noether’s theorem [2, 3, 4, 5]. Now, for various
equations it is difficult to find the standard Lagrangian and many equations that
arise in applications do not have Lagrangians. For the system of two weekly coupled

nonlinear oscillators

V] 2 2
Yy = —wiy +eajz,

" 2
2 = —wyz + 2e1yz,

where wq, wy, € and oy are positive constant and prime denotes the differentiation
with respect to x, no variational problem exists. Likewise, for the simple system of
two equations y” + ey’ + €22 = 0, 2” + €22 = 0, the curve family is also non-extremal.
For an account of this theory to the inverse problem, we refer to the interesting paper
[6] in which the complete classification for a system of two second-order ODEs that

has Lagrangian was presented.

The theory of the approximate partial Noether operators and approximate con-
servation laws for differential equations with a small parameter has been recently
introduced by Johnpillai et al in [7] (see also [8] for ODEs). We give an easy way
to construct approximate partial Noether operators and approximate first integrals
for perturbed equations without making use of a Lagrangian. We first compute
the approximate partial Noether operators and then approximate first integrals are
constructed by utilization of the Noether-like theorem with the help of approximate
partial Noether operators associated with a partial Lagrangian. Such a system is
known as an approximate partial Euler-Lagrange system. This approach will give
further impetus for studies in constructing approximate first integrals of perturbed

systems of ODEs without making use of standard Lagrangians.
2. PARTIAL NOETHER OPERATORS

In this section we derive the approximate partial Noether operators for zeroth and
first order approximations of e for the system of two coupled van der Pol oscillators
(1) via a partial Lagrangian.
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A partial Lagrangian of system (1) is

Lzlyﬂ 1212_(A+1>

2 2

and the corresponding partial Euler-Lagrange equations are
OL/oy = e(y* — 1)y — B(z' —y') — Az,

SL/0z=¢(2* —1)2 — By — ') — Ay.

Now, the approximate operator

X:X0+€X1
where
0 0 0 0 0
X — e 1~ 2 7 1 - 2 7
0 50890+n08y+n082+<0x8y’+gox82’+ ’

_ d 1 0 5 0 1 2
Xl_glax—i_nlay—i_nlaz—i_glxay,+C1maz/+ )

(6)

is said to be an approximate partial Noether operator corresponding to a partial

Lagrangian L in (2) if it satisfies the zeroth and first approximation in e determining

equations, respectively (cf. [8])
ny =0, §Oz =0,

1 1
55030 = —B&, np, — §§Om = —B&o, 1y, + 15, = 2B,

Noe = By — B + Az& + foy, Moy = —Bng + Bg + Ay&o + fos,

1
Toy —

no(A+ 1)y +ni(A+1)z+ M(?ﬁ + 200

—Azng — Ayng — for = 0.

gly = 07 élz = 07
1

n%y - §§1x = _<y2 - 1)60 - Bgl?
1

n%z - 5511 = _(22 - 1)&) - Bgla

n%z + 77%;; = 23517
My = (y* — 1)ng + Bny — Bnj + Az& + fuy,
N = (22 = )y — Bny + B} + Ayéo + fia,

(10)

(11)

(12)

(13)
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A+1
mA+ Dy A+ Dz B e e,

—Aznt — Aynt — fi. = 0.

Solving equations (7)-(9), we obtain

50 = Oé(iL')7

m = (5 — Ba)y + 2E(x) + F(z),

Of,

B = (5 = Ba)s — yB(z) + 2Bya + H(z)

o 2 2 o
fo= (7 - Ba’)% +yzE + yF' — B%(; — Ba)

/

—ByzE — ByF — Ayza + Byz(% — Ba)
2
—B%E + B2y® + BHy + K(z,2),

where F, F, H and K are arbitrary functions of x and

2 3 B
K(z,z) = zzo/' — ZBZZO/ + EZQE + H'z

B2
+BFz+ 704,22 — BHz+ M(x).

723

(18)

(19)

The replacement of (15)-(19) in (10) and then comparison of the coefficients of

powers of y and z lead to

Bdo' — B*a— E' + BE =0,

"3 3 B
o ZBo/’ + (A4 1D’ + 5B%/ — Ba — 3ABa — EE’ + AE =0,
n 3 B2 / B

%—ZBO/’—F(A—FDO/—F - — ABa — Ba+ S E'— AE =0,

B

Eo/’ —2Ad/ — B*o/ + 4ABa+2Ba+ E" — BE' =0,

F"—BF' +BH' + (A+1)F — AH =0,
H"+ BF'— BH'+ (A+1)H — AF = 0.

(20)

(21)

In order to proceed with equations (20)-(25), two cases arise, viz. B =0 and B # 0.

Case 1: B =0.
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The simple calculations reveal that the following subcases arise when we solve equa-
tions (20)-(25) for B = 0.

Case 1.1: A=0, B=0.

Case 1.2: A#0, B=0.

The subcases of Case 1.2 are

Case 1.2.1: A+1#0, B=0.
Case 1.2.2. A+1=0, B=0.

For Case 1.2.1, there are two subcases

Case 1.2.1.1: A+ —1/2, B =0.
Case 1.2.1.2. A= —-1/2, B=0.

Case 2: B # 0.

For the solution of equations (20)-(25) when B # 0, two subcases arise:

Case 2.1: If A+ B?/2, B #0.
Case 2.2. A= B?/2, B #0.

One can easily see that two subcases of Case 2.1 arise when we solve for the first
order approximation.
Case 2.1.1: It A# —1/2, B #0.
Case 2.1.2: If A=—1/2, B #0.

We provide detailed calculations for the Case 1.1. However, all the possibilities
are listed in the table.
Case 1.1: If A =0 and B = 0, then equations (20)-(25) yield

a(x) = dy + ds cos 2x + dysin 2z, (26)

E(z) =dy, F(x)=dscosx + dgsinz, (27)

H(z) = dycosx + dgsinz, (28)
where dy, - -+ ,dg are constants.

Equations (15)-(19) together with (26)-(28) give rise to

& = dy + d3 cos 2x + dy sin 2z, (29)
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n y(—dssin 2z + dy cos 2x) + dyz + d5 cos x + dg sin z,

1
0
ne = z(—dgsin 2z + dy cos 2x) — diy + dy cos x + dgsin

fo = (—dscos 2x — dy sin 22)(y* + 2%) + y(—ds sinx + dg cos x)

+z(—dysinzx + dg cos x).
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(32)

In order to construct the partial Noether operators for the first order approximation

of € for Case 1.1 of system (1), we solve equations (11)-(14).

One can easily construct the solution of determining equations (11)-(14) for the

case when A =0, B=0 as

or

and

dlzoa d2:o7 d3:05 d4:07 dSZOa d6:0; d7:O7 d8:07

&1 = go + g3 cos 2x + gy sin 2z,
n = (—gssin2z + g4 co822)y + g1z + gs cos T + gg sin z,
n? = (—g3sin 2z + g4 cos 27)z — g1y + g7 cosx + ggsin x,

fi = (*+ 2%)(—gscos 2z — gy sin 2x) + y(—gs sinx + gg cos x)

+2(—grsinx + ggcosx).

(33)

(38)

The approximate partial Noether operators are constructed by setting each constant

one by one equal to unity and the remaining constants to zero. In this case the ap-

proximate partial Noether operators from equation (4) are

0
X2_6%7 f_07

0 0
X3 = €(cos 235% — ysin Qxa—y — zsin 295%), f = —e(y® + 2*) cos 2,

0 0 0
X4 = €(sin 2:10% + y cos 2xa—y + 2z cos 2x§), f = —e(y® + 2*)sin 2z,

X5 = €cosr—, [ = —eysinx, xg=e€esinr—, f = —eycosuz,

oy dy

X7 =€cosr—, f=—ezsinx, yg=e€sinr—, f =ezcosz.

0z 0z
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3. FIRST INTEGRALS

The first integrals for a system of coupled van der Pol oscillators (1) with the help
of approximate partial Noether operators corresponding to the partial Lagrangian

(2) are determined from the formula (see [8])

I= =L+ (" @) e £ O(), a=1,2 (40)

T

where

E=&+ ek, =ny+en, P =ni+en} and f= fo+efi.

The first integrals, partial Noether operators and guage terms for each case are
presented in the following table.

Partial Noether Operators x; | Guage-like Terms f First Integrals I;
Case 1.1 (A=0, B=0)
Y= 2 —y2), F=0, =~z +u7),
X2 = €5, f=0, 12=5(y2+z2+y’2+z/2),
X3 = €(cos 2z 2 f=—€y*+ 2% cos2x, | I3 = e(— cos2x(y? + 2% —
—ysin Zxa% — zsin2z ), —2%) + (yy' + 22') sin 230)
Xa = €(sin 2z f=—e(y?+ 2¥)sin2x, | I, = e<— sin 2z (y? + 2% —
+y cos 2z .+ zcos 202, —2%) — (yy' + 22') cos Qx)
X5 = €COS T 6;9 f = —eysinz, Is = e(—ysinx — y cosx),
X6 = €8in gz:é,i f = —eycosuz, Is = e(ycosx — y sinx),
X7 =€coszL, f = —ezsinz, I; = e(—zsinx — 2’ cos z),
Xs = esinz . f =ezcosz. Iy = €(zcosx — 2'sinx).
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Case 1.2.1.1: (A#0,—1,—-1/2,

f = —€eAyz,

f=5(y+z2)cosuz,

f= e[\/2A+1><

f= —e{\/QA—i—lx

f=—5y+2)sinz,

sin[(v2A + 1)z|(y — 2)],

cos[(vV2A + Dz|(y — 2)).

I, = e( — Ayz + 2 (y* + =)
A +22)>,

I, = f((y + z)sinx
+(y' + 7)) cosa:),

I3

5((y+z) cos T
—(y +72) sinx>,

I, = 6<\/2A + 1(y — 2)x
sin (vV2A+ 1)z

+(y' — 2') cos (V2A + 1)x>,

Is = e(— V2A+1(y — 2)x
cos (V2A+ 1)z

+(y' — ') sin (V2A + 1)x)




728 Approximate First Integrals for Coupled Van Der Pol Oscillators

Case 1.2.1.2: (A=-1/2, B=0)

X1 =€, f=%tyz, I, = g{yz + 3(y* + 22)
+y’2+z’2},
X2 = gcosx(%—i-%), f=—5y+2)sinx, Iz—f{(y—l—z)sinx
+(y' + 7)) COSJZ:|,
nggsin:c(a%—l—%), [ =5+ 2)cosw, 13:§|:(y+Z)COSZ'
—(y’—l—z’)sinx},
X4:e(—8%+%), f=0, I4:e<y’—z’),
X5:—E$(§y—%), f=—-5u—2), [5:e(z—y+x(y’—z')),
X6 = — 5 + a5 f=e(3(* = 2°) —y +2). =y — 7
+€{§(93—Z3) —y+4
Case 1.2.2: (A+1=0,B=0)
X1= €2, [ =eyz, L =e<yz+%(y’2+2’2)),
nggcosa:(a%—i—%), f=—5y+2)sinx, Ingl(y—i—z)sinx
+(' +72) cosx],
X3:§sinx(8@y+%), [ =5+ 2)cosuz, ]3:§|:(y+Z>COSZE
—(y’—l—z’)sina:},
Xa=e(—g T g)exp(z), | f=—ely+z)exp(x), I4=e{—y+2+y’—2’}x
exp (z),
o=+ Bexp(-a). | f=—cly+ e (o) | h=ely—zty-¥|x
exp (—x).
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Case 2.1.1: (A # B2%/2,—1/2, B #0)

X2 = ;Slnl‘(% + %)7
X3 = 6(—% + %)X

exp (B +vV—1—2A + B?).

f=—5y+2)sinz,

[ =5+ 2)cosuw,

f= 6{(—y+2)><
(B—+—-1-2A+ B?)
—l—QB(y—z)} X
exp (B — v—1— 24 + B?),
f= 6[(—y+2)><
(B++v/—1— 247 B?)
—I—QB(y—z)} X

exp (B ++v—1—2A+ B?).

I = 5| (y + 2)sinx

+(y' + 2') cos x|,

Iy=5|(y+z)cosx
—(y + 2)sinz|,
Is=¢| —(y—2)x

(B—v/—1— 24+ B?)
+2B(y —2) +y — z’} X
exp (B —+v—1—2A+ B?),
hze{—(y—z)x
(B++vV—-1-2A+ B?)
+2B(y —2) + —z’} X

exp (B +v—1—2A+ B?).

Case 2.

1.2: (A B2, A=—1/2,

B #0)

0

X1 = gcos.r(a% +52)

X2 =

oy 0z

X3 = 6(_% + %)7

X4 = 55 exp (2Bz)
X(_agy +%)7
X5 = —8% + %.

f==5(y+z)sinz,

[ =5y +z)cosu,

f:2€B(y_Z)7
f:()7
f=2B(y—z)
+e(§—§—y+z)

L = %ﬂ(y—i—z) sin x
+(y + 2') cos x|,
I = g{(y—l—z) cos

—(y' 4+ 2)sinz|,

Iy = e<2B(y —2)

+y/ _ Z/)7

Iy = 6(% exp (2Bx)

)




730 Approximate First Integrals for Coupled Van Der Pol Oscillators

Case 2.2: (A= B?/2, B#0)

W=y o) | F= =R | D= eu e B )
x exp (Bzx), exp (Bx), x exp (Bzx),
X2 :E(_a%‘l'%) f:e{(—yjtz)(cosx I, :e{(—y—l—z)(cosx+Bsinx)
X sin z exp (Bx), +Bsinx) +2B(y — z)sinx + (y' — 2’) sin x}
+2B(y — z) sin x} x exp (Bx),
x exp (Bz),
Xg,:e(—a%—l—%) f:e{(y—z)(sina: ]3:6{(y—z)(sinx—Bcosx)
X cos x exp (Bx), —Bcosx) +2B(y — z)cosx + (y — 2') sin x}
+2B(y — z) cos x} x exp (Bz),
x exp (Bz),
X4:§cosaz(a%+%), f=5(y+z2)sinz, Iy = 5%
((y + z)sinz + (v + 2) COSl‘>,
X5:§sinx(a%+%). f =35+ z)coswz. Is = §x

<(y +z)cosz — (3 + 2) sin x) .

4. CONCLUDING REMARKS

We have shown how one can construct approximate first integrals of perturbed
ordinary differential equations without a variational principle. The approximate
partial Noether operators corresponding to a partial Lagrangian for a system of two
coupled van der Pol oscillators were constructed by using the partial Lagrangian
approach. Then the approximate first integrals were computed by invoking the
partial Noether’s theorem with the help of partial Noether operators via a partial
Lagrangian for the system under consideration. All the special cases with respect
to coupling parameters A and B are listed in the table. Out of all the first integrals
obtained here, two were stable and the rest unstable. These approximate partial
Noether operators are not approximate symmetry generators of the given system of
equations therefore they do not admit an approximate Lie algebra and under what

condition the approximate algebra is generated is given elsewhere [8].
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