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Abstract: Injection of Newtonian fluids to displace pseudoplastic and dilatant fluids, governed by
the power-law viscosity relationship, is common in many industrial processes. In these applications,
changing the viscosity of the displaced fluid through velocity alteration can regulate interfacial
instabilities, displacement efficiency, the thickness of the static wall layer, and the injected fluid’s
tendency to move toward particular parts of the channel. The dynamic behavior of the fluid–fluid
interface in the case of immiscibility is highly complicated and complex. In this study, a code was
developed that utilizes a multi-component model of the lattice Boltzmann method to decrease the
computational cost and accurately model these problems. Accordingly, a 2D inclined channel, filled
with a stagnant incompressible Newtonian fluid in the initial section followed by a power-law
material, was modeled for numerous scenarios. In conclusion, the results indicate that reducing the
power-law index can regulate interfacial instabilities leading to dynamic deformation of static wall
layers at the top and the bottom of the channel. However, it does not guarantee a reduction in the
thickness of these layers, which is crucial to improve displacement efficiency. The impacts of the
compatibility factor and power-law index variations on the filling pattern and finger structure were
intensively evaluated.

Keywords: lattice Boltzmann method; multi-component flow; He–Chen–Zhang method; power-law
non-Newtonian fluid; displacement flow

1. Introduction

In many industrial applications, such as oil recovery [1], food processing, coating, and
the transfer of crude oil in pipe-like paths [2], a fluid is injected to displace another fluid in
the desired direction. For example, injecting a hydrocarbon solvent or carbon dioxide to
displace crude oil in a reservoir can significantly enhance oil recovery. Similarly, displacing
water-based polymer muds, nail polish, silicone oil, ketchup, whipped cream, and corn-
starch water solution, which are power-law non-Newtonian fluids, is of paramount interest.
Using a Newtonian fluid such as water to displace these non-Newtonian fluids may
produce an immiscible mixture with a complex interface between the fluids, which is rarely
addressed in the literature.

Injection of a fluid with a low viscosity into a highly viscous fluid can create a two-
layer/two-core annular flow in the pipe. Depending on the miscibility [3–5] or immis-
cibility [6–8] of the displacement, the occurrence of interfacial instabilities (such as the
Kelvin–Helmholtz instability) is inevitable. Goyal and Meiburg [9] investigated miscible
displacements of highly viscous fluids by other fluids. They observed that increasing
flow rate could turn two-dimensional instabilities (caused by the shear stress between
the two fluids) into three-dimensional instabilities. This result is in good agreement with
laboratory [10] and theoretical [11] investigations. Taghavi et al. [12,13] numerically and
experimentally investigated miscible displacement flows in low flow rates to analyze the
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interfacial instabilities triggered in exchange flows. Sahu et al. [14] analyzed the impacts of
inclination angle and dimensionless numbers on the miscible displacement of a fluid by
another lighter and less viscous fluid. The observation of tiny instabilities in such flows was
in good agreement with their previous studies analyzing the linear stability of fingering
structures [15]. Yang and Yortsos [16] studied miscible Stokes flows between parallel plates
and showed that increasing the viscosity ratio intensifies fingering instabilities and reduces
displacement efficiency. In conclusion, the findings indicate that a higher viscosity of the
injected fluid can stabilize the fingering structure. However, by lowering the viscosity
of the invading fluid, the flow becomes unstable. As a result, roll-up structures are ob-
served in miscible displacements [17,18], while sawtooth structures occur in immiscible
displacements [19].

On the other hand, Dimakopoulos and Tsamopoulos [20] studied the displacement of
viscoplastic fluids by air and evaluated the residual wall layer left unyielded at the corners
of convergent channels. Papaioannou et al. [21] analyzed air-displaced viscoplastic fluids
and described the conditions required to separate the injected fluid from channel walls.
Ebrahimi et al. [22] and Wielage and Frigaard [23] studied the displacement of Bingham
fluids by other fluids possessing the same densities and investigated the thickness of the
static wall layers for different Bingham numbers. Frigaard and Nouar [24] studied the
effects of viscosity models [25–27] on the flow dynamics, and they showed the advantages
of using the Papanastasiou model over other models to accurately simulate the problem.

In recent years, multiple studies have been conducted to simulate immiscible
flows using a multi-component model of the lattice Boltzmann method (LBM) called
Shan–Chen [28,29]. Auto-separation of phases, less computational cost, more effortless cod-
ing, and local calculation of shear rates are the advantages of utilizing the lattice Boltzmann
method over other numerical approaches such as smoothed particle hydrodynamics [30–32]
and finite element [33]. However, the Shan–Chen model is not capable of simulating fluids
with different densities in displacement flows. Moreover, when very low Reynolds num-
bers are imposed, interfacial instability cannot be observed. Redapangu et al. [19] used the
model offered by He et al. [34] to improve the accuracy of other studies and investigate
displacement flow for two immiscible Newtonian fluids at medium Reynolds numbers.
Finally, they succeeded in observing sawtooth-structure instabilities at the interface of the
two fluids. It is worth noting that despite the promising advantages of this numerical
method over other numerical approaches, it is not capable of modeling displacement flows
with high density ratios and its stability at high Mach numbers is a controversial issue.

Although the dynamics of generated finger-like structures have been simulated in
both miscible and immiscible states, the displacement of non-Newtonian fluids by other
fluids has rarely been investigated. Due to the widespread industrial application of non-
Newtonian displacement flows and considerable difficulties in the mathematical descrip-
tion of the fluid–fluid interface, numerical simulation of these problems requires special
attention. This study’s primary purpose is to analyze the complicated displacements of
water-based polymer muds, which are better described by the power-law equation than
any other two-parameter model describing their viscosity. Therefore, the investigation of
power-law fluids displacement caused by the injection of Newtonian fluids is the key focus.

The importance of this research is related to the widespread application of pseudo-
plastic and dilatant fluids displacement by Newtonian fluids (e.g., water) in industrial
processes. The compatibility factor and power-law index in the viscosity determination
function of these fluids play a crucial role in regulating the resisting forces against the
invading fluid movement. Hence, we used the He–Chen–Zhang model, which enabled us
to perform the simulation for a wide range of viscosity ratios and evaluate the impact of
these factors on the flow behavior without any simplification. Moreover, two groups of
figures are presented to exhibit the displacement efficiency and the apparent flow shape.
These figures show the displacement efficiency in each longitudinal and cross-sectional
area of the channel, the development of interfacial instabilities, and the amount of displaced
fluid over time. Then, the injected fluid’s tendency to move toward particular parts of the
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channel was analyzed. Assessment of this tendency is helpful to provide guideline for
reducing the thickness of the static residual layer left on the channel walls.

2. Methodology

A 2D channel was initially filled with a stagnant incompressible Newtonian fluid,
Fluid 2, with a viscosity of µ2 and density of ρ2. Fluid 2 was immiscibly displaced by
Fluid 1, which possesses a viscosity of µ1 and density of ρ1. As shown in Figure 1, the
inlet, outlet, upper wall, and lower wall of the channel are located at x = 0, x = L, y = 0, and
y = H, and the channel’s height-to-length ratio is considered to be 1/30. A hydrodynamic
boundary condition was used at the upper and lower walls of the channel. Additionally,
a developed velocity profile and a Neumann boundary condition for the pressure (by
extrapolating) were applied at the inlet and outlet.

Figure 1. A schematic illustration of the geometrical configuration (not to scale) and initial flow structure.

2.1. Numerical Approach

A particular version of the He–Chen–Zhang method [35,36], developed by Sahu
and Vanka [37] for fluids with unequal viscosities, was employed in this study, and it is
described briefly in this section. The two distribution functions (f and g) are defined in the
collision step as:

fα(x + eαδt, t + δt)− fα(x, t) = − fα(x, t)− f eq
α (x, t)

τ
+

2τ − 1
2τ

(eα − u)·∇ψ(ϕ)

c2
s

Γα(u)δt (1)

gα(x + eαδt, t + δt)− gα(x, t) = − gα(x,t)−geq
α (x,t)

τ
2τ−1

2τ (eα − u)·
[
Γα(u)(Fs + G)− (Γα(u)− Γα(0))∇

(
P− ρc2

s
)]

(2)

where

Γα(u) = tα

[
1 +

eα·u
c2

s
+

(eα·u)2

2c4
s
− u2

2c2
s

]
(3)

u and τ represent the velocity vector and relaxation time, respectively. The relaxation
time is calculated by γ = (τ − 0.5)c2

s δt as a function of kinematic viscosity. cs = c/
√

3 is
the lattice speed of sound in which c = δx/δt is the lattice speed, and δx and δt are the grid
spacing and time step, respectively. The value of c2

s is 1/3. The mesoscopic velocity at the
lattice scale is calculated by:

eα =


(0, 0)← α = 0[

cos(α− 1)π
2 , sin(α− 1)π

2
]
← α = 1, 2, 3, 4√

2
[
cos( (α−5)π

2 + π
4

)
, sin( (α−5)π

2 + π
4 )]← α = 5, 6, 7, 8

(4)
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The values of weight functions are listed below:

tα =


4
9 ← α = 0
1
9 ← α = 1, 2, 3, 4
1

36 ← α = 5, 6, 7, 8
(5)

The equilibrium values of the distribution functions are obtained as follows:

f eq
α (u) = tα ϕ

[
1 +

eα·u
c2

s
+

(eα·u)2

2c4
s
− u2

2c2
s

]
(6)

geq
α (u) = tα

[
P + ρc2

s

(
eα·u
c2

s
+

(eα·u)2

2c4
s
− u2

2c2
s

)]
(7)

The index function, ϕ, pressure, P, and velocity, u, are calculated using:

ϕ = ∑ fα (8)

P = ∑ gα −
1
2

u·∇ψ(ρ)δt (9)

ρuc2
s = ∑ eαgα −

c2
s

2
(Fs + G)δt (10)

To calculate the density, ρ, and kinematic viscosity, γ, the following relationships
are utilized:

ρ(ϕ) = ρ1 +
ϕ− ϕ1

ϕ2 − ϕ1
(ρ2 − ρ1) (11)

γ(ϕ) = γ1 +
ϕ− ϕ1

ϕ2 − ϕ1
(γ2 − γ1) (12)

where the subscripts of 1 and 2 represent the properties of Fluid 1 and 2. The values of the
index functions for the heavy and light fluids are 0.2508 and 0.02381, respectively.

∇ψ in Equation (1) plays a crucial role in phase separation and the determination of
intramolecular interactions between non-ideal fluids. This function can be calculated using
the Carnahan–Starling equation [38–41].

ψ(ϕ) = c2
s ϕ

[
1 + ϕ + ϕ2 − ϕ3

(1− ϕ)3 − 1

]
− aϕ2 (13)

where a determines the magnitude of intermolecular interactions, and its critical value is
3.53357. It means that if a is greater than this value, the generated flow remains immiscible.
It is worth noting that choosing larger values of a can violate solution convergence. In this
study, a is set to 4, and the fourth-order compact scheme is utilized to discretize ∇ψ while
the second-order discretization is used to calculate ∇2ψ.(

∂ψ

∂x

)
(i,j)

=
1
3
[
ψi+1,j − ψi−1,j

]
+

1
12
[
ψi+1,j+1 − ψi−1,j−1

]
+

1
12
[
ψi+1,j−1 − ψi−1,j+1

]
(14)

(
∂ψ

∂y

)
(i,j)

=
1
3
[
ψi,j+1 − ψi,j−1

]
+

1
12
[
ψi+1,j+1 − ψi−1,j−1

]
+

1
12
[
ψi−1,j+1 − ψi+1,j−1

]
(15)

∇2ψ =
1
6
[ψi+1,j+1 + ψi−1,j−1 + ψi−1,j+1 + ψi+1,j−1 + 4

(
ψi+1,j + ψi−1,j + ψi,j+1 + ψi,j−1

)
−20ψi,j] (16)

Surface tension and gravitational forces are computed using:

Fs = kϕ∇∇2 ϕ (17)
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G = (ρ− ρm)g (18)

where ρm is defined by ρm = (ρ1 + ρ2)/2, and k determines surface tension intensity,
which is obtained by:

σ = k
∫ (

∂ϕ

∂ξ

)2
dξ = kI(α) (19)

I(α) =
0.1518(a− ac)

1.5

1 + 3.385(a− ac)
0.5 (20)

where ξ is the direction perpendicular to the contact surface.

2.2. Enforcing Boundary Conditions

The Zou–He boundary condition [42] used to calculate unknown distribution func-
tions at boundaries is not consistent with the approach of the He–Chen–Zhang method to
obtain the macroscopic characteristics of a fluid. Noble et al. [43] proposed hydrodynamic
boundary conditions as a different kind of bounce-back boundary conditions. Based on
this approach, a no-slip boundary condition was used to find unknown distribution func-
tions in this paper. The most straightforward way of applying hydrodynamic boundary
conditions is to assume equilibrium conditions at the walls, and then the streaming process
should take place. Therefore, the streaming distribution functions should not be replaced
by the distribution functions at the walls, and all the distribution functions should be set
to their equilibrium values. Known values for the density and velocity can possibly be
used to compute equilibrium distribution functions at the walls. Guo et al. [44] devel-
oped the boundary condition presented by Chen et al. [45] to introduce a special kind of
boundary condition in which the non-equilibrium part of distribution functions in internal
points is extrapolated and added to its equilibrium value at boundaries to obtain values
of distribution functions. This method is of second-order accuracy. Finally, in the present
study, we used a particular kind of hydrodynamic boundary condition based on the ghost
fluid approach and extrapolation of the non-equilibrium values of distribution functions.
This approach is also of second-order accuracy and is explained below. By placing walls
between lattice points and applying zero gradients to the index functions, ϕ, the index
function is obtained as:

ϕi,0 = ϕi,1 , ϕi,Ny = ϕi,Ny−1 i = 0, Nx (21)

where Nx + 1 and Ny + 1 are the number of points in the lattice in the directions of x
and y. Velocities are reflected in mirror forms to impose non-slip and non-penetration
conditions as:

ui,0 = 2uw − ui,1 , ui,Ny = 2uw − ui,Ny−1 i = 0, Nx (22)

vi,0 = 2vw − vi,1 , vi,Ny = 2vw − vi,Ny−1 i = 0, Nx (23)

where uw and vw are the tangential and vertical velocities of the wall, which are assumed
to be zero. Distribution function, f, and pressure are given by:

fi,0 = f eq
i,0 + f neq

i,1 , fi,Ny = f eq
i,Ny0 + f neq

i,Ny−1 i = 0, Nx (24)

Pi,0 = Pi,1 , Pi,Ny = Pi,Ny−1 i = 0, Nx (25)

This pressure is used to compute the equilibrium value of the distribution function,
g. Additionally, the substituted velocity in this function must be zero, which leads to its
ghost value being ignored. By adding non-equilibrium values to the equilibrium values, it
is feasible to calculate g like f in Equation (24).

On the other hand, in hydrodynamic problems, boundary conditions are usually
given for macroscopic properties (e.g., velocity and pressure) while values of distribution
functions are required at boundaries in the lattice Boltzmann method. A comprehensive
strategy is required to compute distribution functions as a function of macroscopic values.
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Therefore, to obtain unknown distribution functions at boundaries with known velocities or
pressures, the extrapolation method can be used. This approach is similar to hydrodynamic
boundary conditions except, in the streaming step, distribution functions in internal points
should be moved toward walls and replaced [46].

2.3. Modeling of Non-Newtonian Fluids

Time-independent non-Newtonian fluids have no memory of their motion, and their
uniform shear behavior can be expressed as:

.
γyx = f

(
τyx
)

(26)

where τyx, and
.
γyx represent shear stress and shear rate, respectively. The subscript yx

underlines the direction of the stress in the fluid. For these fluids, either the curve of shear
stress vs. shear rate (σ− .

γ) does not pass through the coordinate system’s origin, or shear
stress may be a nonlinear function of shear rate [47–49]. Accordingly, the apparent viscosity
(σ/

.
γ) is not constant. The behavior of time-independent non-Newtonian fluids can be

categorized into three types:

1. Shear-thinning or pseudoplastic behavior;
2. Viscoplastic behavior;
3. Shear-thickening or dilatant behavior.

The apparent viscosity of power-law materials, as a general non-Newtonian fluid, is
obtained by [50–52]:

µ = λ
(∣∣ .

γ
∣∣)n−1 (27)

where n and λ are the power-law index and compatibility coefficient, respectively.
∣∣ .
γ
∣∣ is

the magnitude of the shear rate tensor, calculated by:

.
γ = ∇V +∇VT (28)

∣∣ .
γ
∣∣ =

√
∑i ∑j

.
γij

.
γij

2
(29)

For n = 1, the compatibility coefficient is equivalent to the fluid viscosity, and the fluid
behaves as a Newtonian fluid. If n < 1, by increasing the shear rate, the apparent viscosity
decreases, and the fluid will have thinning behavior. Finally, if n > 1, by increasing the
shear rate, the apparent viscosity increases, and the fluid exhibits dilatant behavior. For high
shear rates, the apparent viscosity is equal to the constant value of µ∞, and the relationship
between the shear rate and shear stress becomes linear. Regardless of the power-law index,
shear rate growth causes an upward trend in fluid stress as shown in Figure 2. These trends
have different behaviors in terms of concavity, which is the main reason for variations in the
viscosity of non-Newtonian fluids as a function of shear rate (Figure 3).

Figure 2. Stress changes versus shear rates in power-law fluids for different n (λ = 0.4).
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Figure 3. Viscosity changes versus shear rates in power-law fluids for different n (λ = 0.4).

In LBM, for Newtonian fluids, the relaxation time, which is a function of viscosity,
possesses a constant value at any point of the lattice. However, the relaxation time of
non-Newtonian fluids at each lattice point is different due to variable viscosity.

3. Numerical Modeling
3.1. Code Validation

Based on the He–Chen–Zhang method and 9-speed square lattices, a multi-purpose
code was developed in FORTRAN 95 to simulate immiscible multiphase flows in 2D. The
possibility of imposing hydrodynamic, bounce back, slip, no-slip, fully developed, and
open boundary conditions enabled us to implement the code for modeling a large variety of
multiphase flows. Using this numerical tool and the He–Chen–Zhang method to simulate
the problem of this study reduced the simulation time to less than 7 h, whereas it might
take a few days if other computational fluid dynamics methods were used.

In this study, the following non-dimensional numbers are used to explain flow be-
haviors: Reynolds (Re = Qρ1/µ1), Atwood (At = (ρ2 − ρ1)/(ρ2 + ρ1)), viscosity ratio
(m = µ2/µ1), Richardson (Ri = gH3/Q2) and capillary (Ca = Qµ1/σH), where Q is the
volumetric flow rate per unit length, H the channel width, g the gravity acceleration, and
σ is the surface tension in the lattice. Dimensionless time is also defined as t = H2/Q.
The developed code was validated against the results of a study by Redapangu et al. [19]
for a simple Newtonian displacement in a horizontal channel with At = 0, m = 2, Ri = 0,
Ca = 0.263, and Re = 100, as shown in Figure 4.

3.2. Lattice Layout Study

The independence of the results from lattice size was studied for the geometry and
configuration shown in Figure 1. Figure 5 shows the dimensionless volume of Fluid 2
(Mt = Mx/M0) for At = 0.2, m = 2, Ri = 0.1, Ca = ∞, Re = 100, and θ = 45 in the three lattice
layouts; 55 × 1650, 80 × 2400, and 110 × 3300. S is the dimensionless time, and M0 and
Mx are criteria for the initial and time-varying volumes of Fluid 2, respectively, which are
calculated by:

S = H2/Q (30)

M0 =
ϕ− ϕ1

ϕ2 − ϕ1
LH (31)

Mx =
∫ L

0

∫ H

0

ϕ− ϕ1

ϕ2 − ϕ1
dydx (32)

Figure 6 shows the alteration in the mean thickness of the static layer left on the
lower wall of the channel for At = 0.2, m = 20, Ri = 1, Ca = ∞, Re = 100, and θ = 45. The
following equations were used to evaluate these thicknesses at the lower and upper walls,
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respectively. Eventually, due to the negligible difference between the results of the two
denser layouts (110 × 3300) was selected for this study.

Hb =
1

xl − xb

∫ xl

xb

∫ Ny/2

0

ϕ− ϕ1

ϕ2 − ϕ1
dydx (33)

Ht =
1

xl − xt

∫ xl

xt

∫ Ny

Ny/2

ϕ− ϕ1

ϕ2 − ϕ1
dydx (34)

3.3. Numerical Procedure

After the initialization of distribution functions, it is necessary to calculate the new
relaxation time for the next time step in each iteration by calculating the velocity gradient.
In the initial time steps, it is probable that there will be a zero velocity gradient at some
points. Furthermore, the velocity gradient at the center of the channel may approach zero
in the non-Newtonian fluid. Accordingly, a small value, ε, is added to the velocity gradient
to avoid singularity in Equation (27). In general, the required steps for progressing a time
step are as follows:

(1) Initialization of distribution functions and relaxation time;
(2) Calculation of the macroscopic velocity and density;
(3) Calculation of equilibrium distribution functions;
(4) Calculation of the velocity gradient;
(5) Calculation of viscosity using the structural equation of non-Newtonian fluids;
(6) Calculation of the new relaxation time for non-Newtonian fluids;
(7) Calculation of new distribution functions in the collision step;
(8) Streaming distribution functions toward their adjacent points (propagation step);
(9) Calculation of a new relaxation time, velocity field, and distribution functions for the

next time step;
(10) Repeating this process from step 2 to 9 for the next time step.

Figure 4. A comparison between the results of the present study and Redapangu et al. [19].



Processes 2021, 9, 742 9 of 22

Figure 5. The effects of changes in the lattice layout on changes in Mt at different times.

Figure 6. The effects of changes in the lattice layout on the mean thickness of the static layer left on
the lower wall of the channel at different times.

4. Results

The viscosity changes for different velocity gradients, as explained in Section 2.3,
play a crucial role in interpreting the dynamics of non-Newtonian fluids displaced by
Newtonian fluids. In general, three main points should be taken into account:

1. The location of max and min shear rates;
2. The location of max viscosity;
3. Max and min viscosity ratio at different cross-sectional areas.

4.1. Impacts of Power-Law Index

Initially, the impacts of the power-law index were investigated to analyze pressure-
driven displacement flow in a channel. Three power-law indices of 0.9, 1, and 1.3 were
studied, while the rest parameters are provided in Table 1. Figures 7–10 qualitatively show
the impacts of the different power-law indices on the flow dynamics, including the density,
longitudinal velocity, transverse velocity, and viscosity profile, at t = 1000δt.
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Table 1. Dimensionless numbers and parameters used in simulations.

m Re Ri At Ca Inclination Angle Pr T

20 100 1 0.2 ∞ 45 1 50

Figure 7. The apparent shape of the finger structure for different n.

Figure 8. The longitudinal velocity of the mixture for different n.

Figure 9. The transverse velocity of the mixture for different n.

Figure 10. The viscosity contour for different n.

According to the observations shown in Figure 10, for n = 0.9, the displaced fluid vis-
cosity has much larger values than those of other displaced materials (i.e., Newtonian and
dilatant fluids). This increment in viscous resistive force against injected fluid movement
significantly mitigates the total displacement efficiency (Figure 11). Removing the layers
near the channel walls is particularly essential since they are under the severe influence of
shear stress.
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Figure 11. Displacement efficiency versus time for different n.

4.1.1. Displacement Shape Analyses

To evaluate the displacement shape in a channel, several measures were defined as
shown in Figure 12; these measures are concisely described in the caption.

Figure 12. A schematic demonstration of the displacement shape. Xt is the location of the invading
fluid front at the top of the channel, and Xb is a similar location at the bottom of the channel. XL is
called the attacking front, which is the front of the finger-like structure in the longitudinal direction.
ft and fb represent the length of the finger structure ( ft = XL − Xt, fb = XL − Xb). HL is the height
of the attacking front.

In the case of displacing pseudoplastic materials (n < 1), the maximum value of
viscosity, as a function of velocity gradient, occurs near the channel’s central axis. On
the contrary, for dilatant fluids (n > 1), the displaced fluid possesses smaller viscosities,
and their minimum value occurs near the channel’s central axis. Therefore, the attacking
front, XL, in the flow with n = 1.3 possesses larger values over time (Figure 13). This
behavior is also repeated for Xt while Xb is significantly smaller in value compared to the
other displacement flows shown in Figures 14 and 15. The lower density of the invading
fluid due to buoyancy effects and the lower viscosity of the displaced fluid are the main
reasons for such behavior. Consequently, the finger structure’s tail tends towards the
top of the channel. The development of interfacial instabilities is another contributory
factor manipulating injected fluid movement in the channel. In the case of n = 0.9,
the higher viscosity ratio between the fluids considerably mitigated the magnitude of
interfacial instabilities (Figure 7). The stable behavior of the finger structure penetrating
in the pseudoplastic fluid (n = 0.9) counterbalances the impacts of viscous forces on the
location of Xt. Consequently, Xt shows the same behavior over time in displacing both
pseudoplastic and Newtonian fluids.
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Figure 13. The attacking front location, XL, over time for different n.

Figure 14. The invading fluid front at the top of the channel, Xt, over time for different n.

Figure 15. The invading fluid front at the bottom of the channel, Xb, over time for different n.

Figures 16 and 17 show the thickness of the static layers at the top and bottom of the
channel, Ht and Hb, respectively. Since the buoyancy force is a function of the Atwood
number, the injected fluid initially experiences the same driving force toward the top wall of
the channel for all the cases. Nevertheless, due to the lower viscosity of the displaced fluid
with n = 1.3, a smaller viscous force restricts the upward movement of the injected fluid.
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In this case, the higher tendency of the injected fluid to move upward is represented by a
greater difference between thicknesses of static wall layers adjacent to the channel walls.
The viscosity ratio between two fluids at different cross-sections significantly impacts
their transverse mixture and penetration. This penetration, along with the transverse
velocities (as shown in Figure 9) and vortices, causes interfacial instabilities and alters
the displacement structure. It similarly affects the thickness of the static layer adjacent
to the walls. Therefore, in the case of displacing the dilatant fluid (n = 1.3), enormous
fluctuations of the static wall layers attest to the magnification of interfacial instabilities
due to the viscosity ratio decrement.

Figure 16. The mean thickness of the static layer at the top of the channel, Ht, over time for different n.

Figure 17. The mean thickness of the static layer at the bottom of the channel, Hb, over time for
different n.

Figure 18 shows the effect of the power-law index on the development of instabilities
in terms of transverse fluctuations in the attacking front height, HL.
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Figure 18. The attacking front height, HL, over time for different n.

Viscosity ratio and extension of interaction surface between fluids are the two main
factors in regulating interfacial instabilities. Increasing the power-law index causes the
viscosity of the displaced fluid to approach the viscosity of the invading fluid, which
intensifies interfacial instabilities in the finger structure, leading to intense fluctuations
in the attacking front height for dilatant fluids. Figure 19 shows the frequency domain
analysis of fingertip transverse fluctuations. For this plot, 101 points with a sampling
period of 0.5 (dimensionless time) were taken from each line of Figure 18 to compute
the Fourier transform of fluctuations. Subsequently, single-sided spectrums were plotted
for each power-law index. Comparing Figures 18 and 19 reveals that despite the noisy
fluctuations in the fingertip for n = 0.9, these fluctuations are bigger and more regular when
n = 1.3. Therefore, diminishing the viscous forces promotes the injected fluid’s tendency to
move upward and downward regularly.

Figure 19. Frequency domains of fingertip transverse fluctuations for different n.

4.1.2. Evaluation of Displacement Efficiency

The advance rate of the injected fluid, the magnitude of interfacial instabilities, and
the attacking front fluctuations are evaluated by:

Cx =
1
H

∫ H

0

ϕ− ϕ1

ϕ2 − ϕ1
dy (35)
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Cy =
1
L

∫ L

0

ϕ− ϕ1

ϕ2 − ϕ1
dx (36)

The Cx and Cy indices (concentration of displaced fluid) are 1 when the corresponding
sections are completely filled by the displaced fluid, and they become 0 when the injected
fluid fully displaces the other fluid. Figures 20 and 21 present the displacement efficiencies
in the longitudinal and transverse axes of the channel. As mentioned before, with the
increase of the power-law index, the advance rate of the injected fluid and the displacement
efficiency are enhanced in most cross-sections (Figure 20). Also, severe fluctuations in Cx
show the growth of instabilities with the power-law index enhancement. This trend is
repeated for Cy with the exception that for n = 1.3, the velocity perturbations in longitu-
dinal sections close to the channel axis are severe enough to considerably influence the
displacement efficiency and turn the fingering shape of this curve into a line parallel to
the y-axis.

Figure 20. Transverse displacement efficiency over the channel length for different n.

Figure 21. Longitudinal displacement efficiency over the channel height for different n.
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4.2. Impacts of Compatibility Factor

All the simulations in this section were conducted for the power-law index of 1.3. In-
creasing the displaced fluid’s viscosity through enhancing the compatibility factor reduces
the displacement efficiency, as shown in Figure 22.

Figure 22. Displacement efficiency over time for different m.

4.2.1. Displacement Shape Analyses

Figures 23–25 show the effects of the compatibility factor on the velocity of the ad-
vancing fronts at the upper part, lower part, and the area between these two sections in the
channel. By increasing the viscosity through the compatibility factor growth, the momen-
tum transfer between the fluid’s layers is more severe. This means that displacing static
wall layers, which are under the influence of wall shear stress, is more difficult. Therefore,
increasing the compatibility factor can magnify the distance between the attacking front
and finger structure tails. Nevertheless, given that the injected fluid path is closer to the
channel’s upper wall (due to gravitational effects), the attacking front momentum transfers
to the tails more severely at the top of the pipe. As a result, by enhancing the viscosity ratio,
the distance between the attacking front and lower tail of the finger structure increases,
while it has a negligible impact on the upper tail. Moreover, by increasing the viscosity
ratio, a more stable flow occurs in which fewer vortices are observed. This provides strong
evidence that for lower viscosity ratios, the invading fluid collides with the channel walls.

Figure 23. The location of the attacking front over time for different m.
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Figure 24. The location of the advancing front at the top of the channel over time for different m.

Figure 25. The location of the advancing front at the bottom of the channel over time for different m.

Figure 26 shows the influence of the compatibility factor on the height of the attacking
front, which is affected by three primary forces: inertial, viscous, and buoyancy. Because
there is little alteration in the buoyancy and inertial forces, Figure 26 focuses on the effect of
viscous force alteration on the attacking front’s perturbation. The impacts of the compatibil-
ity factor on the mean thickness of the static layers are illustrated in Figures 27 and 28. The
changes in the mean thickness of the static layer can be attributed to the generated vortices
(as a function of viscosity ratio) and alteration in the injected fluid’s power to transfer the
momentum to layers near the channel walls.

Figure 26. The attacking front height versus time for different m.
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Figure 27. The mean thickness of the static layer over time at the top of the channel for different m.

Figure 28. The mean thickness of the static layer over time at the bottom of the channel for different m.

4.2.2. Evaluation of Displacement Efficiency

Figures 29 and 30 show displacement efficiencies in the longitudinal and cross-
sectional areas of the pipe for different compatibility factors. Decreasing the viscosity
ratio can magnify both Kelvin–Helmholtz and Reighley–Taylor instabilities, which are
represented by the high fluctuation of Cx in Figure 29. In other words, because of enhanced
interfacial instabilities and more severe mixing of the fluids, the mass fraction of the sec-
ondary fluid changes more strongly in every cross-section of the channel. It is worth noting
that Cx should fluctuate minimally (in the sections where the fingering structure exists) for
a stable penetration with the least perturbations at the fluids’ interface.

Figure 29. Transverse displacement efficiency over the channel length for different m.
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Figure 30. Longitudinal displacement efficiency over the channel height for different m.

5. Discussion

The outcomes of the investigations are discussed below according to the follow-
ing categories:

Displacement total efficiency: The viscosity ratio can regulate the displacement effi-
ciency in two main ways; firstly, by altering the viscous forces against the invading fluid
movement, and secondly, by adjustment of interfacial instabilities. Because of the higher
viscosity of pseudoplastic fluids (compared to dilatant materials), it is more difficult for
the injected Newtonian fluids to displace them. On the contrary, dilatant materials’ lower
viscosity can magnify interfacial instabilities and violate the finger structure’s integrity,
leading to higher efficiency. Therefore, the total displacement efficiency is not an appropri-
ate criterion to determine the successful removal of the static wall layer. Consequently, we
decided to investigate the displacement efficiency in each longitudinal and cross-sectional
area of the channel over time.

Static wall layers: Removing static wall layers is an important issue when dealing
with displacement flows and fingering problems. For dilatant materials, the viscous force
mitigation against the injected fluid promotes the invading fluid’s tendency to go upward.
Therefore, in comparison with other cases, it is expected there will be a thicker wall layer
at the bottom of the channel and a thinner one adjacent to the top wall. However, as time
elapses, the extension of the finger structure (i.e., interaction surface) magnifies interfacial
instabilities. As a result, the static wall layer thickness does not behave according to the
expectation for specific periods. In contrast, pseudoplastic fluids possess greater viscosities,
and the maximum viscosity takes place around the centerline of the channel. Therefore,
the invading fluid tends to move toward the channel walls leading to compression of the
static wall layers. This compaction effect causes the static wall layers to initially possess
smaller values in displacing pseudoplastic materials.

Finger structure shape: Buoyancy, viscous, and inertial forces control the invasion
angle of the finger structure. While the buoyancy force pushes the injected fluid towards the
channel walls, the viscous force moderates the finger structure’s upward and downward
movement. Accordingly, small fluctuations of the fingertip in displacing pseudoplastic
fluids represent the stabilizing effect of the forces. However, due to the low viscosity
of dilatant fluids and viscosity ratio, the finger structure looks asymmetric along the
longitudinal axis.

Displacing pattern: By tracing the tails of the finger structure, the sweeping power
adjacent to the channel walls can be investigated. In pseudoplastic fluids, the higher
viscosity of displaced fluid prevents the injected fluid from moving upward. On the
other hand, the maximum viscosity of the displaced fluid occurs at the channel centerline,
directing the invading fluid toward the channel walls. The two factors counterbalance the
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effects of each other. As a result, the location of the finger tail at the top of the channel
does not change. The higher viscosity of pseudoplastic leads to compaction of the finger
structure. Accordingly, the injected fluid tends to completely fill the cross-sectional areas at
the beginning of the channel and move ahead. However, the injected fluid tends to reach
the end of the channel rather than filling the cross-sectional areas when a Newtonian fluid
is injected to displace a dilatant fluid.

Compatibility factor vs. power-law index: There is a linear relationship between
viscosity and the compatibility factor. As expected, increasing the compatibility factor of
the displaced fluid results in a reduction in displacement efficiency. However, compared to
the nonlinear impact of the power-law index, compatibility factor alteration has a negligible
effect on the location of the fingertip and top tail.

6. Conclusions

In this study, a multi-component model of the lattice Boltzmann method, called the
He–Chen–Zhang model, was used to simulate the pressure-driven displacement of non-
Newtonian fluid (power-law) by Newtonian fluids in 2D inclined channels. Based on this
approach and 9-speed square lattices, a multi-purpose code was developed in this study
that enabled us to carry out simulations with high viscosity ratios. Several simulations
were conducted to evaluate the impacts of viscosity determination criteria on flow pattern,
the development of interfacial instabilities, and sectional efficiency of displacement flow.

It was demonstrated that the fingertip structure is enforced by the interaction of buoy-
ancy, viscous, and inertial forces while it is stabilized by the growth of the viscosity ratio in
pseudoplastic fluids. It was found that the viscosity ratio can regulate the displacement
efficiency while the total displacement efficiency is not an appropriate criterion to assess the
successful removal of static wall layers. Furthermore, the thickness of static wall layers at
the top and the bottom of the channel, due to interfacial instabilities, dynamically changes
over time. As a result, the injected fluid tends to completely fill the cross-sectional areas at
the beginning of the channel and move ahead for pseudoplastic fluids, while the injected
fluid tends to reach the end of the channel rather than filling the cross-sectional areas in
the case of dilatant fluids. In addition, increasing the compatibility factor of the displaced
fluid linearly reduces the displacement efficiencies, and it has negligible impact on the
finger structure.

Enhancement of immiscible two-phase displacement flows in industrial applications
requires a deep understanding of fluid’s behavior and implementing innovative approaches
to control fluid motion in the desired direction. This study and another research project
regarding the impact of electro-and magneto-hydrodynamics on the fingering pattern [8]
were devised to improve the performance of displacement flows. Investigation of the
near-interface dissociation-recombination layers and EHD conduction pumping inside
non-Newtonian material is an interesting topic that would be another step forward in
this direction.
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