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Abstract: An off-line robust linear model predictive control (MPC) using an ellipsoidal invariant
set is synthesized based on an uncertain polytopic approach and then implemented to control the
temperature and fuel in a direct internal reforming solid oxide fuel cell (SOFC). The state feedback
control is derived by minimizing an upper bound on the worst-case performance cost. The simulation
results indicate that the synthesized robust MPC algorithm can control and guarantee the stability of
the SOFC; although there are uncertainties in some model parameters, it can keep both the temperature
and fuel at their setpoints.
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1. Introduction

A solid oxide fuel cell (SOFC) is a promising fuel cell technology that can be used in co-generation
systems for widespread commercial applications [1]. No moving parts, quiet operation, low pollution,
and high efficiency are the advantages of fuel cells. Many researchers have discussed the considerable
environmental benefits of fuel cell technology [2]. Using SOFC technology also involves the depletion
of greenhouse gas emissions when compared with traditional energy generation methods. Moreover,
there is interest in the development of the fuel cell technology as a substitute for internal combustion [3].
In general, a SOFC is operated over a wide temperature range, from 873–1273 K, which leads to
high energy conversion efficiency, fuel flexibility, and the possibility for combined heat and power
systems [4].

The SOFC can use various fuel types, such as methane, methanol, ethanol, and other hydrocarbons,
due to its high operating temperature range. Even though high-chain hydrocarbons, such as n-dodecane,
can be used as a fuel for the SOFC system, methane is generally considered for SOFC operation,
due to its availability, highest hydrogen to carbon ratio in hydrocarbon substances and low cost [5,6].
As the long-chain hydrocarbon fuel contains high carbon and it has a low hydrogen-to-carbon ratio,
fuel processing is required for breaking this fuel down into small substances and increasing the
hydrogen-to-carbon ratio for the avoidance of a carbon formation in SOFC [7]. In general, methane can
be synthesized, as a major product or a by-product, from many chemical processes, or even formation
process [8]. In addition, methane in biogas can be directly fed to SOFC under dry conditions; however,
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there is a risk that is associated with contaminants in biogas when it is introduced to commercial SOFCs
while using Ni-YSZ anode [9,10]. Therefore, either commercialized material development or fuel
processing with cleaning technologies is required. There are many hydrogen production processes to
convert methane into hydrogen-rich gas, such as steam reforming, partial oxidation, and autothermal
reforming. However, the methane steam reforming process is perhaps the most well-established
technology and it is widely used to produce hydrogen in the conventional SOFC system [11]. Internal
reforming process can occur within the fuel cell to directly convert hydrocarbon fuel into hydrogen-rich
gas since SOFC is operated at high temperatures [12]. The direct internal reforming (DIR) includes
the reforming and water gas shift reaction rates and enthalpies, with these reactions occurring on the
surface of the anode. The DIR of methane in an anode of the SOFC can possibly be due to the high
temperatures that are present in the SOFC anode and it enables high energy conversion efficiency
for the system [13]. However, the complete DIR-SOFC showed poorer performance when compared
to the DIR-SOFC with partial external reforming, and thus using the pre-reformer with DIR-SOFC
might be a suitable operational option [14]. Nevertheless, the internal reforming reaction that occurred
at the anode leads to complicated dynamic behavior. Additionally, the steam reforming process is
a highly endothermic reaction [15]. The endothermic cooling effect creates a temperature gradient
inside the fuel cell stack. The thermal gradient in the cell stack is significantly managed to minimize,
because this gradient results in thermal stresses that leads to cell degradation and failure [16,17].
Consequently, efficient control is needed for preventing thermal cracking and ensuring system stability
for this process.

The model of SOFC in cell, stack, and system levels has been proposed, and each type of the SOFC
model is employed for different purposes, i.e., design, improvement, control, and optimization [18].
Dynamic modeling is especially beneficial for dynamic system analysis, as well as in control design.
SOFC operations are often subjected to transient conditions, and, as a result, the fuel cell dynamics have
been increasingly considered in modeling activities [19]. Several published works have concentrated
on the dynamic modeling and the control of solid oxide fuel cells [20,21]. Li and Choi [22] studied the
control of the power output of an SOFC by applying proportional-integral (PI) controllers to maintaining
fuel utilization and voltage as the current of the stack changed. To keep the voltage output under load
changes, Chaisantikulwat et al. [19] developed an SOFC dynamic model and a feedback control scheme
with a PI controller to control cell voltage by manipulating the concentration of H2. The low-order
dynamic model that was derived from the step responses was used for designing feedback control.
The results showed that the feedback PI controller was able to maintain a constant SOFC voltage for
small step changes in the current load. Furthermore, a dynamic model was used to investigate the
dynamics of the SOFC stack and design control strategies [23]. A proportional-integral-derivative
(PID) controller was implemented to maintain the outlet fuel temperature and the fuel utilization of a
planar anode-supported, direct internal reforming solid oxide fuel cell under intermediate-temperature
operation. The feed air was used to maintain the outlet fuel temperature when a disturbance in the
current density occurred. A control strategy must be more effective in avoiding oscillatory control
action as well as in preventing potentially damaging temperature gradients under a higher magnitude
of load changes. Stiller et al. [24] developed a dynamic model for the control of an SOFC and gas
turbine hybrid system. The SOFC power, fuel utilization, air flow, and cell temperature were controlled
while using a proportional–integral–derivative (PID) type controller. However, the conventional PID
controller cannot guarantee stability and performance when large disturbances occur.

Model predictive control (MPC), which is a multivariable control algorithm, computes a controller
action while using a process model to predict the processes output trajectory in the future [25].
The implementation of MPC requires the identification of an internal process model. Therefore,
applying model-based controllers, such as MPC, is more challenging when compared to PI or PID
controllers for which explicit controller equations exist [26]. Zhang et al. [25] developed the nonlinear
MPC controller (NMPC) for a planar SOFC while using the moving horizon estimation (MHE)
method. The current density and molar flow rates of fuel and air were manipulated variables to
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control the output power, fuel utilization, and cell temperature. The proposed NMPC controller
can drive the SOFC following the desired output trajectory when the power output was changed
under constant fuel utilization and temperature. In addition, many real chemical processes involve
a high degree of parameter uncertainty. Some studies have focused on the development of a robust
MPC to handle nonlinear systems and guarantee system stability, as a traditional MPC algorithm is
unable to address plant model uncertainties [27,28]. Kothare et al. [29] synthesized a robust MPC
algorithm that explicitly incorporated plant model uncertainties. The state feedback control law was
obtained by minimizing the worst-case performance cost. This worst-case scenario was used by the
simultaneous design and control methodologies to evaluate the process cost function and constraints
that were considered in the process [30]. Manthanwar et al. [31] studied the derivation of the explicit
control strategy while using a min–max formulation to safeguard against the worst-case uncertainty
problem. This guarantee process feasibility as well as process stability for efficient plant operation.
A convex optimization problem with linear matrix inequalities (LMIs) constraints was formulated.
Bumroongsri and Kheawhom [32] proposed a robust MPC for uncertain polytopic discrete-time
systems. In addition, an ellipsoidal off-line MPC strategy for linear parameter varying (LPV) systems
was studied. The smallest ellipsoid that contained the present measured state was determined in each
sequence of ellipsoids and the scheduling parameter for LPV was measured on-line. Pannocchia [33]
also developed a robust MPC algorithm to stabilize the system that was described while using a
linear time-varying (LTV) model. Kouramas et al. [34] focused on the design of an MPC controller
to control the cell voltage and cell temperature. The results showed that the controller was able to
maintain the SOFC voltage and temperature at the desired values. A comprehensive model of SOFC
behavior involves numerous complex phenomena, which include electrochemical reaction and the
thermal and mechanical properties of the materials. Thus, the SOFC model involves a great deal of
parameter uncertainty; the control design should take the model uncertainty into account. For an
on-line synthesis approach, the optimization requirement leads to significant amounts of on-line MPC
computational time. When MPC incorporates the model uncertainty, the resulting on-line computation
will significantly grow with the number of vertices of the uncertainty set. As a result, an off-line
synthesis approach is a focus for generating a robust MPC for an uncertain model. With the off-line
approach, the computation of a robust MPC is significantly reduced, with only minor losses in its
control performance. Wan and Kothare [35] implemented an off-line LMIs for robust MPC while using
an asymptotically stable invariant ellipsoid. An off-line robust output feedback MPC approach can
certify the robust stability of the closed-loop system in the presence of constraints and it can stabilize
both polytopic uncertain systems and norm bound uncertain systems.

A model-based control system should be designed, while taking uncertain parameters into
account, to avoid physical damage and achieve high energy efficiency, as the dynamics of SOFC,
especially with a DIR operation, are complicated and its model consists of many key parameters. This
study concentrates on control design for the DIR SOFC fed by methane-rich gas. The investigation of
transient responses of an SOFC by changing the current density, the air and fuel inlet temperatures,
and the air and fuel inlet molar flow rates in terms of velocity, is reported. A MIMO control approach
using an off-line robust MPC algorithm with LTV system is implemented to control the SOFC with
uncertainty in cell voltage. The paper is organized, as follows: Section 2 presents the mathematical
model for the SOFC; Section 3 gives a brief review of the robust MPC algorithm; Sections 4 and 5
outline the application, and results and discussion of the proposed off-line robust MPC to the SOFC;
and lastly, Section 6 presents the conclusions.

2. SOFC Model

The mathematical model of the solid oxide fuel cell (SOFC) consists of mass balances, energy
balances, and the electrochemical model. The assumptions for the lumped model of the SOFC are
as follows: (i) heat loss to the surroundings is negligible; (ii) all the gases are ideal gas; (iii) pressure
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gradients inside gas channels are negligible; (iv) the heat capacity of all gases is temperature independent;
and, (v) the exit fuel and air temperatures and the cell temperature are the same.

Typically, the SOFC consists of a ceramic ion-conducting electrolyte and two porous electrodes
with a sandwich structure (Figure 1). To generate electricity with an SOFC, methane-rich gas is directly
fed into the anode side while air, which is the oxidant, is continuously delivered into the cathode
side. At the cathode side, oxygen is reduced, which forms oxygen ions. The oxygen ions can diffuse
through the ion-conducting electrolyte to the anode/electrolyte interface. At the anode side, the oxygen
ions chemically react with hydrogen in the fuel, producing water and electrons. The electrons are
transported via the external circuit and back to the cathode/electrolyte interface, thus producing
electrical energy. Exhaust gases and heat are also produced by the SOFC as by-products. The reforming,
electrochemical, and energetic models are simultaneously solved to obtain an exact solution [36].
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2.1. Mass and Energy Balances

The internal methane steam reforming (MSR) reaction in porous-supported SOFC is the most
important factor for determining the performance of the SOFC [37]. Furthermore, it is the main reaction
for hydrogen production. Table 1 shows the reactions that occurred within the SOFC, which include
steam reforming, water-gas shift (WGS), and overall redox reaction [38]. These reactions are used
in mass and energy balances. In the fuel channel, it is assumed that methane can only be reformed
to hydrogen, carbon monoxide, and carbon dioxide and, therefore, cannot be electrochemically
oxidized [23]. In the endothermic steam reforming reaction, fuel in the presence of a catalyst produces
hydrogen and carbon monoxide. Table 1 shows the rate expression of the steam reforming reaction
R(i) [38], where k0 is the pre-exponential constant, being equal to 4272 mol s−1 m−2 bar−1, and Ea is
the activation energy, equal to 82 kJ mol−1. Excess steam is used to prevent carbon formation on
the catalyst and force the reaction to completion. An associated reaction to the reforming reaction is
the water-gas shift reaction. Unlike the steam reforming reaction, the water gas-shift reaction is an
exothermic reaction. The rate expression of the water gas shift reaction is written as R(ii). The overall
redox reaction R(v) associates with the electric current density (j), according to Faraday’s law.
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Table 1. Reactions and reaction rates considered in a solid oxide fuel cell (SOFC) [38].

Reactions No. Reaction Equations Reaction Rates ∆H (kJ mol−1)

Steam
reforming (i) CH4 + H2O↔ 3H2 + CO R(i) = k0pCH4 exp

(
−

Ea
RT

)
206.10

Water-gas
shift (ii) CO + H2O↔ H2 + CO2 R(ii) = kWGSRpCO

(
1−

pCO2 pH2 /pCOpH2O

Keq

)
−41.15

Hydrogen
oxidation (iii) H2 + O2−

→ H2O + 2e−

Oxygen
reduction (iv) 1/2O2 + 2e− → O2−

Overall redox
reaction (v) H2 + 1/2O2 → H2O R(v) =

j
2F −241.83

The lumped-parameter modeling, when only considering changes in time, is a simple approach for
describing the dynamic modeling of the solid oxide fuel cell. Xi et al. [39] showed that lumped-parameter
models are adequate for systems-level analysis and control through experimental validation. Moreover,
the lumped model has been implemented for analysis and control of the planar SOFC systems [40].
Consequently, this work has used the lumped-parameter model for analysis, design, and control of
the SOFC.

Equations (1) and (2), respectively, give the mass balances in the fuel and air channels, which
provide the amount in moles of each species in the SOFC. The gas compositions in the fuel channel
consist of CH4, H2O, CO, H2, and CO2, while O2 and N2 are the gas species in the air channel. The mass
balances are:

dni, f

dt
=

.
nin

i, f −
.
ni, f +

∑
k∈{(i),(ii),(v)}

υi,kRkA (1)

dni,a

dt
=

.
nin

i,a −
.
ni,a + υi,(v)R(v)A (2)

where
.
ni, f and

.
ni,a are the molar flow rate of species i in the fuel and air channels, respectively; υi,k

is the stoichiometric coefficient of component i in reaction k; Rk is the rate of reaction k; and, A is a
reaction area.

The temperature change within the cell is neglected for the energy balance. Equations (3) and (4)
are used to compute the SOFC temperature (TFC).

dTFC
dt

=
1

ρSOFCCpSOFCVSOFC

 .
Q f ,in −

.
Q f ,out +

.
Qa,in −

.
Qa,out +

∑
k∈{(i),(ii),(v)}

(−∆H)kRkA− jAVFC

 (3)

.
Qi =

∑
j

.
n jCp j(Ti − Tre f ) (4)

where
.

Qi is the enthalpy flow in/out each fuel cell channel.

2.2. Electrochemical Model

The Nernst equation explained the difference between the thermodynamic potentials of the
electrode reactions is used (Equation (5)) to determine the reversible cell voltage or theoretical
open-circuit voltage (EOCV).

EOCV = E0 −
RTFC

2F
ln

 pH2O

pH2p0.5
O2

 (5)
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where E0 is the open-circuit potential at the standard pressure, which is related to the SOFC temperature,
as shown in Equation (6) [41].

E0 = 1.253− 2.4516× 10−4TFC(K) (6)

When an external load is combined, the actual voltage (VFC) is lower than the open-circuit voltage,
owing to the voltage losses: ohmic losses (ηOhm), concentration overpotentials (ηconc), and activation
overpotentials (ηact), which rely on the SOFC temperature, current density, and fuel compositions.
Consequently, the cell voltage can be calculated by subtracting the open-circuit voltage with the
voltage drops due to the various losses from the theoretical open circuit voltage, as reported by
Aguiar et al. [23]:

VFC = EOCV − (ηOhm + ηconc + ηact) (7)

ηOhm = j
(
τanode

σanode
+
τelectrolyte

σelectrolyte
+
τcathode

σcathode

)
(8)

ηconc =
RTFC

2F
ln

(
pH2O,TPBpH2

pH2OpH2,TPB

)
+

RTFC
4F

ln
(

pO2

pO2,TPB

)
(9)

pH2,TPB = pH2,f −
RTτanode

2FDeff,anode
j (10)

pH2O,TPB = pH2O,f +
RTτanode

2FDeff,anode
j (11)

pO2,TPB = P− (P− pO2) exp
(

RTτcathode

4FDeff,cathodeP
j
)

(12)

j = j0,anode

[
pH2,TPB

pH2

exp
(
αnF

RTFC
ηact,anode

)
−

pH2O,TPB

pH2O
exp

(
−
(1− α)nF

RTFC
ηact,anode

)]
(13)

j = j0,anode

[
pH2,TPB

pH2

exp
(
αnF

RTFC
ηact,anode

)
−

pH2O,TPB

pH2O
exp

(
−
(1− α)nF

RTFC
ηact,anode

)]
(14)

j0,{anode, cathode} =
RTFC

nF
k{anode, cathode} exp

(
−

E{anode, cathode}

RTFC

)
(15)

where τanode, τelectrolyte, and τcathode are the thickness of the anode, electrolyte, and cathode layers,
respectively; σanode and σcathode are the electronic conductivity of the anode and cathode, respectively;
σelectrolyte is the ionic conductivity of the electrolyte; pi,TPB is the partial pressure of component i at
three-phase boundaries (TPB); Deff,anode stands for the effective diffusivity coefficient in the anode, while
considering a binary gas mixture of H2 and H2O with equi-molar, counter-current, one-dimensional
diffusion due to a major difference in the concentration of these two key components at TPB and flow
channel that are caused by the electrochemical reaction [23]; Deff,cathode stands for the oxygen effective
diffusivity coefficient in the cathode (a binary gas mixture of O2 and N2) (the diffusion coefficient for
the electrode is assumed to be constant [42]); α is the fraction of the applied potential that promotes
the transfer coefficient, which is usually taken to be 0.5 [23]; and, n is the number of electrons that
are transferred in the single elementary rate-limiting reaction step represented by the Butler–Volmer
equation. The activation energies of the electrode exchange current densities (E{anode, cathode}) are 137
and 140 kJ mol−1 for the cathode and anode, respectively [23]. The pre-exponential factors of the
cathode and anode exchange current densities (k{anode, cathode}) are 2.35 × 1011 and 6.54 × 1011 Ω−1 m−1,
respectively [23].

The power density (P) is the amount of power per unit area, which can be determined by
multiplying the cell voltage by the current density, as expressed:

P = jVFC (16)
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The fuel utilization factor (Ufuel) is the ratio between the total fuel consumption for electricity
production and the total inlet fuel, as defined:

Ufuel =
jLW

(8Fy0
CH4

+ 2Fy0
H2

+ 2Fy0
CO)F

0
fuel

(17)

The air ratio (λair) is the inverse of the air utilization factor, which is defined as:

λair =
y0

O2
F0

air

jLW/4F
(18)

where L is the cell length (cm2), W is the cell width (cm2), j is the average current density (A cm−2), F is
the Faraday constant (C mol−1), y0

i is the mole fraction (–), and F0
i is the molar flow rate (mol s−1).

3. Robust Model Predictive Control

A linear time-varying (LTV) system is defined for a multi-model paradigm or polytopic uncertainty
to synthesize a robust controller:

x(k + 1) = A(k)x(k) + B(k)u(k)
y(k) = Cx(k)[

A(k) B(k)
]
∈ Ω

(19)

where x(k) is the state of the plant, u(k) is the control input, and y(k) is the plant output. Furthermore,
the set Ω to be the polytope for polytopic systems is defined as:

Ω = Co
{[

A1 B1
]
,
[

A2 B2
]
, ...,

[
AL BL

]}
(20)

where Co represents the convex hull and
[

Ai Bi
]

are the vertices in the convex hull. If the system is

the nominal linear time-invariant (LTI) model, it follows that L = 1. For other cases,
[

A(k) B(k)
]
∈ Ω,

being defined by L vertices as:

[
A(k) B(k)

]
=

L∑
i=1

λi
[

Ai Bi
]

L∑
i=1

λi = 1, 0 ≤ λi ≤ 1
(21)

The nonlinear system can be represented by a polytopic uncertain linear time-varying system.
Liu [43] has shown that every trajectory (x, u) of a nonlinear system is a trajectory of Equation (19) for
some linear time-varying system in the polytope (Ω).

3.1. Robust MPC Algorithm

In this section, the explanation of the robust constrained MPC problem that is constituted of
input and output constraints integrated with linear matrix inequality (LMI) constraints is presented.
At each sampling time k, a robust performance objective is a min–max problem (minimization of
worst-case performance cost) in terms of the quadratic objective for the LTV system, which is given by
Equation (22):

min
u(k+i|k),i=0,1,...,m

max
[ A(k + i) B(k + i) ]∈Ω,i≥0

J∞(k)

J∞(k) =
∞∑

i=0

[
x(k + i|k)TQ1x(k + i|k) + u(k + i|k)TRu(k + i|k)

] (22)

where Q1 > 0 and R > 0 are the symmetric weighting matrices.
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The optimization problem at each sample time step is formulated as a convex optimization
problem that is related to linear matrix inequalities constraints [29]. The Lyapunov function V(i,k),
which is defined as: V(i,k) = x(k + i/k)TP(i,k)x(k + i/k), where ∀k,∀i ≥ 0 and P(i,k) > 0, is utilized to ensure
stability for the MPC algorithm. It is noted that, for a vector x, x(k/k) represents the state measured at
real time k, and x(k + i/k) represents the state at prediction time k + i predicted at real time k.

3.2. Off-Line Robust MPC Algorithm Using Ellipsoidal Invariant Sets

The state-feedback control law can be defined as:

u(k + i|k) = Fx(k + i|k), i ≥ 0 (23)

The state feedback gains F in the control law are defined as F = YiQ−1
i to stabilize the closed-loop

system within the ellipsoidal invariant set ε =
{
x|xTQ−1x ≤ 1

}
. The matrix variables Qi > 0 and Yi are

achieved from the result of the linear objective minimization problem J∞(k), with the upper bound γ
on the worst-case MPC. The symbol ∗ represents the corresponding transpose of the lower block part
of the symmetric matrices. Therefore, it is determined that:

min
γ,Qi,Yi

γ (24)

subject to [
1 ∗

xi Qi

]
≥ 0 (25)


Qi ∗ ∗ ∗

A jQi + B jYi Qi ∗ ∗

Q1/2
1 Qi 0 γI ∗

R1/2Yi 0 0 γI

 ≥ 0, j = 1, 2, ..., L (26)

Input constraints that are limited by the process equipment impose hard constraints on the
manipulated variable u(k). Boyd et al. [44] proposed the basic idea to handle these constraints for
continuous-time systems. However, the discrete-time robust MPC is presented here, as follows:[

X ∗

YT
i Qi

]
≥ 0, (27)

with
Xhh ≤ u2

h,max, h = 1, 2, ..., nu (28)

For output constraints, performance terms impose constraints on the process output y(k), as: S ∗(
A jQi + B jYi

)T
CT Qi

 ≥ 0, (29)

with
Srr ≤ y2

r,max, r = 1, 2, ..., ny (30)

It is noted that Equation (27) is used to guarantee input constraint satisfaction, whereas Equation
(29) is used to guarantee output constraint satisfaction.

4. SOFC Operation

In this work, the SOFC models that are mentioned above are implemented and simulated while
using Matlab for analysis, design, and controls study of the SOFC. The lumped parameter model of
SOFC is created by the relation between mass and energy balances and is used to investigate steady
state and dynamic behavior. Table 2 shows the model parameters and operating conditions for the



Processes 2019, 7, 918 9 of 16

SOFC. Regarding the steady-state analysis of the cell voltage, power density, and cell temperature
related to the current density, the SOFC is designed to be operated at a current density (j) of 0.45 A cm−2,
at which the SOFC efficiency is optimized [45]. Under this operating condition, the cell voltage (VFC)
is 0.72 V, the power density (P) is 0.32 W cm−2, and the cell temperature (TFC) is 1058 K.

Table 2. Model parameters and operating conditions used in SOFC simulation.

Model Parameters
Anode effective diffusivity coefficient (Deff,anode) 3.66 × 10–5 m2 s−1

Cathode effective diffusivity coefficient (Deff,cathode) 1.37 × 10–5 m2 s−1

Electronic conductivity of anode (σanode) 9.5 × 107/TFC exp(−1150/TFC) Ω−1 m−2

Electronic conductivity of cathode (σcathode) 4.2 × 107/TFC exp(−1200/TFC) Ω−1 m−2

Ionic conductivity of electrolyte (σelectrolyte) 33.4 × 103 exp(−10,300/TFC) Ω−1 m−2

Anode thickness (τanode) 500 µm
Cathode thickness (τcathode) 50 µm
Electrolyte thickness (τelectrolyte) 20 µm
Fuel channel height (hf) 1 mm
Air channel height (ha) 1 mm
Cell length (L) 0.4 m
Cell width (W) 0.1 m

Operating conditions
Pressure (P) 1 bar
Fuel inlet temperature (Tf

0) 1023 K
Air inlet temperature (Ta

0) 1023 K
Fuel utilization factor (Ufuel) 70%
Air ratio (λair) 8.5
Fuel feed S/C = 2, 10% pre-reforming
Air feed 21% O2, 79% N2

5. Results and Discussion

5.1. Dynamics of SOFC

In this part, the dynamic behavior and performance of the SOFC simulated by using nonlinear
mass and energy balance equations (Section 2), coupled with initial operating conditions (Section 4),
are given. By varying the current density, the inlet air and fuel temperatures, and the inlet air and
fuel molar flow rates, the responses of the cell temperature and cell voltage are investigated. Figure 2
shows the open-loop response of the cell temperature and voltage that result from step changes of
±10% in the current density, the inlet air and fuel temperatures, and the inlet air and fuel molar flow
rates, given in terms of velocity. It can be seen that, in the initial period between 0 and 3000 s, the cell
voltage and cell temperature move to 0.72 V and 1058 K, respectively, which are the nominal operating
points in the dynamic model. Step changes of +10% in each input are present during the second period.
For the third period, which occurs between 6000 and 9000 s, the responses are a result of step changes
of −10% in each input. The last period shows a return to the initial conditions.

As seen in Figure 2a, cell voltage depends on the cell operating temperature, which relies on the
gas inlet temperatures and current density. The transient response of the cell voltage and temperature
is considered by a step change in current density, with the gas inlet temperatures and molar flow rates
maintaining the nominal values. The result provides that the increase of cell operating temperature
is caused by an instantaneous increase in hydrogen consumption within the cell when the SOFC is
operated at high current densities. In addition, the cell voltage suddenly drops, which is associating
with ohmic losses, although the increase in cell temperature will ultimately decrease the activation
overpotentials and the internal resistance in ohmic losses. The cell voltage is dependent on the
magnitude of ohmic losses [40]. The step changes of ±10% in the inlet air and fuel temperatures
are also investigated with the other inputs being kept at their nominal values (Figure 2b,c). The
results show that the dynamic response of fuel cell voltage and cell temperature depend on the inlet
temperatures of the fuel and air. The increase in fuel and air inlet temperatures causes an increase in
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the cell temperature and voltage. However, it can be seen that the air inlet temperature significantly
affects the fuel cell voltage and temperature. High air feed increases the heat input to the fuel cell,
which promotes the reforming reaction rate; more H2 generated leads to high power generation. The
inlet flow rates of both air and fuel can be expressed in terms of air and fuel velocity, being calculated
from air ratio and fuel utilization factor, respectively. Figure 2d,e show the transient responses of fuel
cell voltage and cell temperature for step changes of ±10% in the inlet flow rate of air and fuel. All
other inputs, such as the current density and the inlet temperatures of air and fuel, are kept constant.
Changes in the fuel cell voltage and cell temperature are observed when the molar flow rates are
changed. The increase in inlet molar flow rate of fuel causes an increase in the hydrogen production
rate, which is associated with an increase in the reforming reaction rate. Heat for the reformer, which
is provided by heat produced in the fuel cell, results in a decrease of the cell temperature, because of
the endothermic steam reforming reaction. However, the fuel cell voltage increases due to an increase
in the partial pressure of hydrogen and the partial pressure of water decreases as a result of an increase
in the fuel flow rate. It is noted that the overshoots in fuel cell voltage that occurred after step changes
could be attributed to numerical errors, which are generated by the discontinuity in time [19].Processes 2019, 7, x 11 of 17 
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5.2. Control of SOFC

In this part, the implementation of the ellipsoidal off-line robust MPC algorithm for LTV systems
is presented and performed while using SeDuMi [46] and YALMIP [47]. The cell voltage (VFC) is
considered as the uncertainty parameter and it is assumed to be arbitrarily, varying in time within the
indicated range. The lumped-parameter model of the SOFC that is represented by the nonlinear mass
and energy balance ODEs is linearized, as follows:

.
x = Ax + Bu

y = cx
(31)

where x is the state variables of the SOFC, i.e., the moles of each species in the fuel and air channels
and the cell temperature, u is the inputs, such as the inlet molar flow rates of air and fuel, A and B are
the matrices obtained from linearization, and y is the output variables.

Next, the linearized model is discretized while using an Euler first-order approximation in the

discrete-time model expressed in Equation (32), with a sampling period of 5 s. Let
¯
x(k) = x− xSS and

¯
u(k) = u−uSS, where the subscript ss denotes the corresponding variable at the steady-state condition,
which results in the following:

¯
x(k + 1) = A(k)

¯
x(k) + B(k)

¯
u(k)

¯
y(k) = c

¯
x(k)

(32)

An increase in cell temperature causes the material stresses, which is a potential problem, resulting
in the anode and electrolyte material cracking. Additionally, the voltage must be controlled to make a
high-efficiency SOFC. The objective is to control the cell temperature and the moles of methane at their
desired values by manipulating the inlet molar flow rate of air and fuel with weighting matrices Q1= I
and R= 0.1 I. In this study, the polytopic uncertainty model includes two vertices due to the existence
of one uncertain parameter, VFC. This parameter is randomly varied between 0.6 and 0.8 V in time.

Figure 3 shows the schematic diagram of the MIMO control system for the SOFC. The dashed
line shows the off-line robust MPC algorithm in which the optimization problem is solved to obtain
the corresponding state feedback gain, F. The solid line represents the measured on-line states at each
sampling time and the corresponding state feedback control law, u. The SOFC non-linear model is
linearized (the state, input, and output variables are expressed in the deviation variables) and then
discretized while using an Euler first-order approximation, which results in a discrete-time model.
The uncertain parameters are implemented with the discrete-time model to generate the vertices sets.
After the LTV system is obtained, it is implemented with the robust MPC algorithm. To obtain the gain
F, the values of Qi and Yi are determined after optimization. Lastly, the state feedback control, u, can
be calculated and implemented in the control of the SOFC.

Figure 4 shows the closed-loop responses of the SOFC for the robust MPC based on the LTV
systems. Figure 4a shows the closed-loop response of the cell temperature of the SOFC, whereas
Figure 4b shows the closed-loop response of the moles of methane in the fuel channel. Figure 5a,b,
respectively, show the control inputs of the SOFC, i.e., the inlet molar flow rates of air and fuel in
velocity terms. Figure 6 shows the response of the cell voltage; the proposed MPC controller can
indirectly drive the cell voltage to its desired value. The results show that when fuel cell temperature
shifts from its steady-state value (1058 K), the mole fraction of methane has a slight change from the
control action. The controller raises a small flow rate of fuel to reduce the temperature by enhancing
the endothermic reforming reaction, which results in a slight increase in methane. In addition, the
air flow is initially reduced to decrease the heat input. The robust MPC reduces the fuel flow while
increasing the air flow to minimize its impact on controlled variables due to the increased methane. As
a change in inputs could affect both of the controlled variables due to the inputs-outputs interaction,
the MPC controller had to adjust both of the control inputs, which results in fluctuations in the initial
control input profiles. The simulation results show that the proposed control algorithm obtains good
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results. The MPC controller for the LTV system can maintain the cell temperature and the moles of
methane at their setpoints by manipulating the inlet molar flow rates of air and fuel, respectively.Processes 2019, 7, x 13 of 17 
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6. Conclusions

In this paper, an off-line robust MPC algorithm for a discrete-time LTV system with polytopic
uncertainty while using the ellipsoidal invariant set was synthesized and designed for controlling a
solid oxide fuel cell. The state feedback control law minimizing an upper bound on the worst-case
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objective function was implemented. The lumped-parameter model was employed to explain the
SOFC’s dynamic behavior and design the MPC controller. In the open-loop dynamic simulations,
the inlet fuel and air temperature, and the current density are related to the fuel cell temperature
and voltage. Regarding the performance of the SOFC control, the off-line robust MPC algorithm can
guarantee the stability of the SOFC under the model uncertainty. The controller can keep the operating
temperature and the moles of methane at their setpoints by manipulating the inlet molar flow rate of
air and fuel. Consequently, the cell voltage also moves to its desired value.
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