
Citation: Wei, B.; Nie, X.; Zhang, Z.;

Ding, J.; Shayireatehan, R.; Ning, P.;

Deng, D.; Cao, Y. Productivity

Equation of Fractured Vertical Well

with Gas–Water Co-Production in

High-Water-Cut Tight Sandstone Gas

Reservoir. Processes 2023, 11, 3123.

https://doi.org/10.3390/pr11113123

Academic Editors: Jan Vinogradov

and Qingbang Meng

Received: 7 September 2023

Revised: 30 September 2023

Accepted: 25 October 2023

Published: 31 October 2023

Copyright: © 2023 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license (https://

creativecommons.org/licenses/by/

4.0/).

processes

Article

Productivity Equation of Fractured Vertical Well with
Gas–Water Co-Production in High-Water-Cut Tight Sandstone
Gas Reservoir
Benchi Wei 1,2, Xiangrong Nie 1,2,*, Zonghui Zhang 3, Jingchen Ding 4, Reyizha Shayireatehan 5, Pengzhan Ning 1,2,
Dingtian Deng 1,2 and Yi Cao 6,7

1 College of Petroleum Engineering, Xi’an Shiyou University, Xi’an 710065, China;
21211010041@stumail.xsyu.edu.cn (B.W.); ningpengzhan@163.com (P.N.); 17868486640@163.com (D.D.)

2 Shaanxi Key Laboratory of Well Stability and Fluid & Rock Mechanics in Oil and Gas Reservoirs,
Xi’an Shiyou University, Xi’an 710065, China

3 No.2 Gas Production Plant, Sinopec North China Company, Xianyang 712000, China; zhang.zh1208@163.com
4 Exploration and Development Research Institute, SINOPEC North China Company,

Zhengzhou 450006, China; dingjingchen@163.com
5 College of Geology and Mining Engineering, Xinjiang University, Urumqi 830046, China;

15319012916@163.com
6 State Key Laboratory of Petroleum Resources and Prospecting, China University of Petroleum,

Beijing 102249, China; caoyi3891@xsyu.edu.cn
7 Key Laboratory of Shaanxi Province for Well Stability and Fluid and Rock Mechanics in Oil and Gas

Reservoirs, Xi’an Shiyou University, Xi’an 710065, China
* Correspondence: nxrcup@163.com; Tel.: +86-18691955927

Abstract: Due to the high water saturation in high-water-cut tight sandstone gas reservoirs, factors
such as threshold pressure gradient (TPG) and stress sensitivity (SS) cannot be overlooked in terms
of their impact on seepage parameters. Therefore, this paper primarily investigates the seepage
mechanisms in tight, high-water-cut sandstone gas reservoirs. While considering the influence of
water saturation on various seepage mechanisms, it establishes a gas well productivity equation
under stable seepage conditions and presents an analysis of the influencing factors. In a comparison of
the unobstructed flow rates calculated using the productivity equation developed in this paper with
those obtained from conventional gas well productivity equations and actual gas well productivity
tests, the new equation demonstrates smaller errors. This provides a theoretical basis for evaluating
productivity and making rational production allocation decisions in high-water-cut tight sandstone
gas reservoirs.

Keywords: tight water-bearing gas reservoir; water saturation; slippage effect; stress sensitivity;
threshold pressure gradient

1. Introduction

In recent years, there has been a noticeable disparity worldwide between the demand
for petroleum and natural gas and the production from conventional oil and gas fields.
Consequently, both domestically and internationally, there has been a heightened focus
on the exploration and development of unconventional oil and gas resources. China,
endowed with substantial reserves of low-permeability tight gas reservoirs, has witnessed
the emergence of tight gas as a pivotal component of the nation’s oil and gas production.
At the individual well level, low-permeability gas reservoirs inherently exhibit very low
natural productivity, owing to their low porosity and permeability characteristics. However,
recent advancements in hydraulic fracturing and reservoir enhancement technologies have
made the development of low-permeability gas reservoirs economically viable, playing
a crucial role in alleviating global energy challenges [1–3]. In the later stages of tight gas
reservoir exploitation, the transition of fluids within the reservoir and fractures from a
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single-phase to a two-phase state (gas and water) significantly impacts the stress sensitivity
(SS) and threshold pressure gradient (TPG) of a tight reservoir. This, in turn, has a profound
effect on gas well productivity [4–11]. To address these challenges and effectively exploit
tight gas reservoirs while enhancing gas production capacity, experts both domestically
and internationally have undertaken extensive research efforts.

Compared to conventional gas reservoirs, the permeation mechanisms in tight gas
reservoirs are notably more intricate and influenced by a multitude of factors, such as
non-Darcy flow and reservoir SS. Researchers like W. Wen, through the analysis of SS
experiments and production data, have delved into the impact of SS on reservoir properties
and gas well production [12]. Based on a modified SS equation and the characteristics
of reservoir permeation, they have established a binomial equation suitable for the geo-
logical attributes of oil and gas reservoirs. Their findings underscore the significance of
SS effects in the development of abnormally high-pressure gas reservoirs. In essence, the
more pronounced the SS within a given reservoir, the greater the SS effects during develop-
ment, leading to more substantial gas well productivity losses. In a related vein, H. Song,
considering the initiation pressure gradient, has developed a productivity equation for
vertically fractured wells in water-bearing tight gas reservoirs [13]. Meanwhile, X. Huang
has conducted research on gas well productivity models in water-bearing inclined gas
reservoirs that incorporate SS [14]. They have formulated a new equation for gas well
productivity, elucidating the relationship between gas well productivity, SS, and water
production. Furthermore, Zhang H. has proposed an analytical approach for the productiv-
ity of gas–water wells in abnormally high-pressure gas reservoirs, accounting for factors
like changes in the permeation capacity of gas–water two-phase flow, reservoir and fluid
elasticity, and reservoir SS [15]. Through practical case analyses, their study examined the
influence of various factors on gas production. Ning Bo, focusing on the double-porosity
permeation theory for horizontal wells in tight gas reservoirs, has considered both SS and
initiation pressure gradients [16]. This comprehensive approach has led to the development
of a permeation model for horizontal wells in tight gas reservoirs, ultimately concluding
that initiation pressure gradients or SS must be factored in when assessing tight gas reser-
voirs. Otherwise, substantial discrepancies may arise in initial production predictions for
horizontal wells, affecting decision-making processes.

Li Jing conducted experimental research on the gas slippage phenomenon in single-
phase and two-phase permeation within tight rocks. The results directly indicate that
the gas slippage coefficient increases with an increase in water saturation [17]. As water
saturation increases, the SS effect intensifies, leading to a rapid decline in natural gas
production. Furthermore, with increasing water saturation, the nonlinear gas phase flow
becomes more pronounced [18]. Tian W, through experimental research, conclusively
established that reservoir water content is the fundamental factor responsible for generating
TPG during gas permeation processes [19]. Zhu W conducted a sensitivity analysis of two
influencing factors on initiation pressure gradients: permeability and water saturation. The
study results indicate that initiation pressure gradients are power-functionally related to
both factors, decreasing with increasing permeability and increasing with higher water
saturation [20].

Many scholars have primarily focused on the impact of single-phase gas or single-
factor gas–water interactions on well productivity, with relatively fewer studies considering
the simultaneous influence of multiple factors in gas–water two-phase conditions. How-
ever, in real-world tight sandstone gas reservoirs, during the later stages of development,
both gas and water coexist. Research has indicated that variations in water saturation sig-
nificantly affect the permeation mechanisms of gas reservoirs. Conventional productivity
models often overlook this influence. Furthermore, tight gas reservoirs typically exhibit
low production rates, necessitating hydraulic fracturing to enhance well output. After
hydraulic fracturing, the permeation mechanisms and influencing factors inside and out-
side the fracturing zone differ considerably. Conventional productivity calculation models
struggle to accurately describe these regional variations in permeation characteristics. In
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light of these challenges, this study builds upon research into zonal permeation mecha-
nisms in hydraulically fractured gas wells within tight gas reservoirs and accomplishes the
following: (1) Development of a multifactorial permeation model: The study establishes a
complex permeation model that considers the influence of water saturation on permeation
mechanisms in the context of tight gas reservoirs under multifactorial conditions. (2) Model
validation: The developed model’s accuracy is validated by comparing it with unrestricted
gas flow rates obtained through productivity testing. This validation process provides a
basis for predicting the productivity of tight sandstone gas reservoirs, thereby enhancing
our understanding and predictive capabilities in this complex context. This research con-
tributes to the advancement of knowledge in the field of tight gas reservoir development by
addressing the challenges posed by gas–water coexistence, regional permeation variations,
and the influence of water saturation on productivity, ultimately facilitating more accurate
assessments and predictions in this complex domain.

2. Seepage Characteristics of Tight Water-Bearing Gas Reservoirs
2.1. Characteristics of Gas Slippage Effect in High-Water-Cut Tight Sandstone Gas Reservoirs

Gas experiences slip flow when passing through a porous medium due to the rel-
atively weak molecular forces between gas molecules and the solid material. Some gas
molecules near the wall of the medium remain in a state of motion, and adjacent layers
of gas molecules also flow along the wall due to momentum exchange. This molecular
velocity, manifested as slip flow, occurs at the microscopic level near the wall during gas
permeation. It results in apparent permeability values measured in laboratory gas tests
being greater than the true permeability values of the reservoir. The phenomenon of gas slip
is particularly pronounced in tight reservoirs. Researchers have conducted physical simula-
tion experiments to elucidate that gas slip is primarily influenced by reservoir permeability,
water saturation, and temperature. The degree of slip flow effect diminishes gradually with
increasing reservoir permeability, water saturation, and temperature [21–23].

The influence of water saturation on the slippage factor can be fitted as follows:

β = αSw + γ (1)

where α and γ are fitting coefficients of water saturation to the slip factor; β is the
slippage factor.

The reduction in gas slippage effects in low-permeability rock formations with increas-
ing water saturation can be attributed to several intricate mechanisms. As the average free
path of gas molecules approximates the pore diameter, collision frequencies between gas
molecules and the porous medium’s walls escalate. This heightened collision frequency
prompts slip flow along the sidewalls, resulting in increased gas velocities. Consequently,
when measuring permeability using gas as the medium, non-Darcy flow phenomena
emerge, causing the measured gas permeability to exceed the actual permeability.

During the circulation of gas within water-bearing rock samples, water often adheres
to pore walls or infiltrates smaller pores in the form of a water film due to the interplay
of gas and capillary pressures. In the pore network of rock samples, where gas molecules
continuously flow, they predominantly collide with water molecules rather than solid
pore walls. This preference for water-molecule collisions restricts the occurrence of slip
flow, which typically necessitates direct gas–pore wall interactions. With increasing water
saturation, more water molecules are driven to coat the pore walls, as depicted in Figure 1.
Consequently, the collision frequency between gas molecules and solid pore walls further
diminishes, intensifying the constraints on slip flow. As a result, gas slippage effects
decrease with increasing water saturation. Prior research often treated gas slippage factors
as constants, but it is imperative to consider the GSFECWS when establishing productivity
equations for tight sandstone reservoirs.
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Figure 1. A schematic representation of changes in rock pore structure as the water saturation
level increases.

2.2. Characteristics of High-Speed Non-Darcy Effect (HSNDE) High-Water-Cut Tight Sandstone
Gas Reservoirs

Gas slippage is a seepage phenomenon that occurs under low-pressure and low-
velocity conditions. As flow velocity increases, gas molecules continuously undergo
acceleration and deceleration as they navigate through convoluted pathways with varying
diameters. This results in a gradual increase in inertial forces. When the velocity reaches
a certain threshold, the relationship between flow velocity and pressure gradient departs
from the linear pattern of Darcy flow. This phenomenon is referred to as high-velocity
non-Darcy flow.

Cornel proposed that this non-Darcy flow phenomenon, characterized by the nonlinear
relationship between the pressure gradient and flow velocity, is primarily attributed to
turbulence [24]. However, this nonlinear flow behavior is not solely due to turbulence but
is also influenced by inertia [25–27].

Numerous scholars have reached conclusions through the analysis of the seepage
equation and physical simulation experiments: The greater the permeability of the reservoir,
the larger the pore throat radius. Gas molecules flow more easily in the reservoir, and the
gas flow rate is higher. Therefore, the seepage characteristic curve of gas in the reservoir
deviates more from the linear characteristics of Darcy seepage [28–30].

2.3. Stress Sensitivity Characteristics of High-Water-Cut Tight Sandstone Gas Reservoirs

The study of stress sensitivity in reservoirs has a long history. As early as 1957, Geert
defined the rock volume compressibility coefficient to quantitatively describe the phe-
nomenon of pore volume changes caused by changes in reservoir pore pressure. Scholars
have clearly established that stress sensitivity falls within the domain of deformation media
in reservoir mechanics, referring to the phenomenon where reservoir permeability changes
with variations in effective stress [31].

SS has a significant impact on the development of tight oil and gas fields. Scholars
have conducted extensive research on the stress sensitivity characteristics of tight reservoirs
and their effects on gas well productivity [32,33]. In low-permeability tight reservoirs, as
the reservoir permeability gradually decreases, the degree of stress sensitivity becomes
more pronounced. Higher water saturation also leads to increased stress sensitivity [34].
Through experimental studies on reservoir stress sensitivity under movable water condi-
tions, researchers have indicated that the change in permeability with effective pressure
can be described using a power-law relationship [35]:

Ki = aKgiebp

b = eSw + f
a = gSw + h

(2)

where a is the SS factor parameter; p is the effective pressure of the formation, MPa; Ki is
the gas permeability, mD; Kgi is the formation conditions gas permeability, mD.

The SS of core samples is significantly influenced by the degree of water saturation,
primarily due to changes in pore structure. Water affects the mechanical properties of rocks
through mechanisms such as wedging, lubrication, and erosion. When water enters the
rock matrix due to interfacial tension, it forms water wedges or films that reduce pore
throat radii, leading to a decrease in reservoir permeability. Additionally, this intensifies
the sensitivity of reservoir stress (as illustrated in Figure 2a). The lubricating effect of water
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reduces the compressive strength of the rock framework, causing further compression of
particles and pore throats. As effective stress continues to increase, the chemical potential
of the water film on the surface of quartz particles within the rock becomes unbalanced,
resulting in pressure dissolution or chemical compaction. This leads to the precipitation
of SiO2, reducing pore throat radii (as shown in Figure 2b) and permeability, ultimately
affecting gas well productivity. Therefore, when studying the productivity of high-water-
cut tight sandstone gas reservoirs, it is essential to consider the influence of water saturation
on SS.
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2.4. Dynamic Threshold Pressure Gradient (DTPG) Characteristics of High-Water-Cut Tight
Sandstone Gas Reservoirs

The initiation pressure gradient represents the minimum pressure gradient required
for the non-wetting phase to establish continuous flow within the pores of rock. For tight
sandstone gas reservoirs, the primary reason for the existence of initiation pressure gradi-
ents is the Jamin effect. Due to the small throat radius in tight reservoirs, when gas bubbles
flow from larger pores into narrower throats, they encounter resistance. Overcoming the
capillary pressure resulting from the deformation of gas bubbles is necessary to continue
the flow. When the driving pressure is insufficient to counteract the capillary forces, gas
bubbles aggregate at the throat and block it. After a certain period of energy accumulation,
gas and water phases can break through these constraints and initiate flow. Thus, a certain
pressure difference acting on both sides of the gas bubble’s surface is a necessary condition
for the gas to start flowing [36].

Since the concept of initiation pressure gradients was introduced, numerous foreign
scholars have conducted experimental studies confirming the existence of initiation pres-
sure gradients in the fluid flow through low-permeability tight reservoirs. In recent years,
domestic researchers have also conducted extensive research. Zafar conducted experiments
on tight sandstone core samples, conclusively establishing the influence pattern of water
saturation on the initiation pressure gradient: with increasing water saturation, the initia-
tion pressure gradient steadily amplifies. In the presence of water in tight gas reservoirs,
gas flow exhibits nonlinear characteristics, resulting in the formation of initiation pressure
gradients. The TPG of the gas phase shows a highly correlated power-law relationship
with water saturation [37].

The higher the water saturation, the greater the TPG in the core. This is primarily
due to the higher viscosity resistance of liquids compared to gases, impeding the flow of
gas. Additionally, as the pore throat confinement water saturation increases, the capillary
forces for both gas and water phases become stronger, resulting in greater flow resistance
for the gas phase and, consequently, a higher initiation pressure gradient. Therefore, when
formulating the productivity equation for tight water-bearing gas reservoirs, it is essential
to consider the influence of water saturation on the TPG.
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2.5. Characteristics of Two-Phase Flow in High-Water-Cut Tight Sandstone Gas Reservoirs

Currently, the equations governing two-phase gas–water flow are primarily derived
based on the generalized two-phase Darcy flow theory. Numerous scholars worldwide
have investigated the flow behavior of gas and water in various ways [38–40]. The relative
permeability of gas and water is related to the thickness of the bound water film, pore
structure parameters, and the viscosity ratio of gas to water. As the thickness of the bound
water film increases, the relative permeability curve of gas and water shifts to the right [41].
As the thickness of the capillary water film increases, the relative permeability curves for
gas and water shift to the right. The relative permeability curves for gas and water increase
with an increase in pore fractal dimension but decrease with an increase in tortuosity
fractal dimension. “Permeability barriers”, as proposed by Shanley, describe the flow
characteristics of gas and water in tight sandstone gas reservoirs: (1) Conventional gas
reservoirs typically have relatively good reservoir properties, with a broad two-phase flow
region during gas–water flow. (2) In contrast, tight sandstone gas reservoirs with poorer
reservoir properties exhibit unusual gas–water relative permeability curves and may lack a
distinct two-phase flow region. This macroscopically manifests as a condition where, at
a certain level of water saturation, neither gas nor water production occurs. It is evident
that water saturation has a significantly adverse impact on the two-phase gas–water flow
behavior [42].

Therefore, characterizing the influence of water saturation and its impact on gas well
productivity is crucial for the theoretical development and research of tight sandstone gas
reservoirs.

3. Characteristics and Methods

In the context of gas migration within low-permeability reservoirs, gas migration is
typically associated with four key phenomena: slip flow effects, SS, TPG, and HSNDE.
This article, building upon the conventional gas–water co-production well deliverability
equation, integrates the impact of water saturation on various permeation mechanisms,
leading to the derivation of a comprehensive permeation equation for tight water-saturated
gas reservoirs that accounts for multiple influencing factors simultaneously.

3.1. Subsection

Assuming that the well is located in a low-permeability gas reservoir with a reservoir
thickness of h, the well is vertically fractured and put into production. The fractures
completely penetrate the reservoir, and the equal width of the fractures is wf. The fractures
are symmetrically distributed along the wellbore and are limited-conductivity fractures.
The single well control radius of the gas well is re, the wellbore radius is rw, and the half-
length of the fractures is x f . At present, the formation pressure is Pe, and the bottom-hole
flow pressure is pw f , without considering the mutual dissolution of gas and water, ignoring
the influence of gravity and capillary force. The physical model of the fractured well is
shown in Figure 3.

The assumption conditions are as follows: the gas phase and water phase will not
dissolve each other; gas–water two-phase flow in the formation is a plane and radial
stable seepage; the productivity of vertical fracturing wells is contributed by artificial
fracturing, and the fluid flows from the matrix into the fractures and then into the wellbore;
steady-state seepage of gas–water two-phase homogeneous fluid, ignoring temperature
changes and special physical and chemical phenomena; the model considers the influence
of permeability SS, slippage effect, TPG and HSNDE; the influence of capillary force
is ignored.

After hydraulic fracturing of a vertical well, the seepage in the reservoir changes from
a single formation seepage to a seepage in the formation and fractures. Therefore, it is
usually divided into two seepage fields to study separately. The seepage in the formation
exhibits planar radial seepage characteristics (Zone II), while the seepage in the fractures
exhibits linear seepage characteristics (Zone I) (as shown in Figure 4).
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3.2. Transformation of Heterogeneity

In the heterogeneous space O-XYZ, coordinate transformation is used to equivalently
transform a permeability heterogeneous gas reservoir into a homogeneous gas reservoir.

ε1 =
√

Ky
Kz

ε2 =
√

Kz
Kx

ε3 =
√

Kx
Ky

K = 3
√

KxKyKz

(3)

The following non-uniform coordinate transformation is performed:
X1 = X

√
K
Kx

Y1 = Y
√

K
Ky

Z1 = Z
√

K
Kz

K1 = K

(4)

After coordinate transformation, the seepage problem in the heterogeneous space
O-XYZ is transformed into a problem in the homogeneous space O-X1Y1Z1. At this point,
in space O-X1Y1Z1, the average permeability is K1, the half-length of the fracture is Lf 1, the
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width of the fracture is W f 1, the gas release radius is rel , the gas reservoir thickness is h1,
and the wellbore radius is rwl .

L f 1 = L f

(
ε2

ε3

)1/3

(5)

h1 = h
(

ε1

ε2

)1/3

(6)

W f 1 = W f

(
ε3

ε1

)1/3

(7)

rel =
re

2

((
ε2

ε3

)1/3

+

(
ε3

ε1

)1/3
)

(8)

After a coordinate transformation, the horizontal cross-section of the hydraulic frac-
turing wellbore in the O-XYZ space has transitioned from a circle with a radius of rw

to an ellipse within the O-X1Y1Z1 space, characterized by two semi-axes rw(ε2/ε3)
1/3 and

rw(ε3/ε1)
1/3. When the fluids near the wellbore reach a state of equilibrium, the wellbore

radius is equal to the arithmetic mean of the major and minor semi-axes. Therefore, the
wellbore diameter of the hydraulic fracturing well after the coordinate transformation is as
follows:

rwl =
rw

2

(
(ε2/ε3)

1/3 + (ε2/ε3)
1/3
)

(9)

3.3. Derivation of Production Capacity Model

Due to the hydraulic fracturing well’s flow field being composed of two distinct flow
regimes, separate permeability models are established for the fractures and the reservoir
formation. The coupling of these models yields the comprehensive productivity model for
the entire hydraulic fracturing well.

3.3.1. Derivation of Seepage Model within the Formation

The external seepage field around the fractured vertical well is a cluster of ellipti-
cal curves (Figure 5), and the seepage from the formation to the fracture is an elliptical
seepage. The seepage characteristics can be described using the elliptical seepage law.
The relationship between elliptical coordinates and the Cartesian coordinate system is
as follows: {

x = a cos η
y = b sin η

a = x f cosh ξ

b = x f sinhξ

ξ = sinh−1
(

2πr
x f

) (10)

where a is the half-axis length of the elliptical seepage field, m; b is the short half-axis length
of the elliptical seepage field, m.

The seepage field of elliptical seepage is usually described by a developing family of
rectangles, so the average short half-axis is as follows:

y =
2
π

∫ π
2

1
ydη =

2b
π

=
2x f sinhξ

π
(11)

The pressure gradient in the elliptical coordinate system is as follows:

dp
dy

=
dp
dξ

dξ

dy
=

π

2x f cosh ξ

dp
dξ

(12)

In gas–water two-phase percolation, the continuity equations are as follows:
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Gas phase: 
dp
dr =

µgvg
8.64×10−2KgKrg

vg = 2500 ρgscqgsc
ρgx f cosh ξ

(13)

Water phase: 
dp
dr = µwvw

8.64×10−2aKwiebpKrw

vw = 2500 ρwqw
ρwx f cosh ξ

(14)

where p is the formation pressure, MPa; r is the radial radius, m; µg is the viscosity of
gas, MPa·s; µw is the viscosity of water, MPa·s; Krg is the gas phase relative permeability,
10−3 µm3; Krw is the relative permeability of water phase, 10−3 µm3.
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Considering the influence of water saturation on SS and the slippage effect, the
permeability is revised as follows:

Kg = aKgiebp(1 + αSw+γ
p )

b = eSw + f
a = gSw + h

(15)

where p is the average formation pressure, MPa.
The simultaneous solution of Equations (13)–(15) gives the following equations:
Gas phase: 

dp
dr =

µgvg

8.64×10−2aKgiebp(1+ αSw+γ
p )Krg

vg = 2500 ρgscqgsc
ρgx f cosh ξ

(16)

Water phase: 
dp
dr = µwvw

8.64×10−2aKwiebpKrw

vw = 2500 ρwqw
ρwx f cosh ξ

(17)

Oil and gas fluids can only flow when the pressure gradient is greater than a critical
value, which is used as the TPG. As the water saturation increases, the TPG of the core also
increases. There is an exponential relationship between the TPG and the water saturation:

λg = ijSw (18)

where i is the fitting coefficient parameter of the TPG and j is the fitting base parameter of
the TPG.
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Therefore, on the basis of considering the influence of water saturation on the gas TPG,
gas phase permeability, and SS effect, the gas–water two-phase flow equation considering
the SS effect, gas slip effect, and TPG can be modified as follows:

Gas phase: 
dp
dr − ijSw =

µgvg

8.64×10−2aKgiebp(1+ αSw+γ
p )Krg

vg = 2500 ρgscqgsc
ρgx f cosh ξ

(19)

Water phase: 
dp
dr − λw = µwvw

8.64×10−2aKwiebpKrw

vw = 2500 ρwqw
ρwx f cosh ξ

(20)

The simultaneous solution of Equations (19) and (20) gives the following equation:

(ρg
Krg(1+ δ

p )

µg
+ ρw Krw

µw
)aebpdp =

11.574×(ρgscqgsc+ρwscqwsc)
2πrhKgi

+(
(ρg

Krg(1+
αSw+γ

p )

µg
)ijSw r + (ρw

Krw
µw

)λw

)
aebp cosh ξdξ

dξ
(21)

The definition of two-phase pseudo-pressure within the reservoir is as follows:

ϕ1(p) =

p∫
0

f (p)dp =

p∫
0

(ρg
Krg(1 +

αSw+γ
p )

µg
+ ρw

Krw

µw
)aebpdp (22)

The definition of two-phase pseudo-threshold pressure is as follows:

λgw(p) = aebp

(ρg
Krg(1 +

αSw+γ
p )

µg
)ijSw + (ρw

Krw

µw
)λw

 (23)

The volumetric flow rate ratio of water to gas in a two-phase system is formally
defined as the water–gas ratio (WRG). There is the following equation:

ρgscqgsc + ρwscqwsc = (1 +
ρwsc

ρgsc
WGR)ρgscqgsc (24)

Integrating the equation resulting from the combination of Equations (21)–(24) results
in the following equation:

ϕ1(pe)− ϕ1(p f ) =
[(

11.574×(ρgsc)
2πhKgi

+ 11.574×(ρwscWGR)
2πhKw

)]
qsc

+0.637L f l
∫

ξe
ξ f

λgwdξ
(25)

where p f is the pressure at the crack tip, MPa; pe is the pressure at present formation, MPa.

3.3.2. Derivation of Seepage Model within Cracks

In the fractures, considering the presence of the wellbore, both gas and water exhibit
relatively high flow velocities, especially with a more pronounced non-Darcy flow charac-
teristic in the gas phase, while the water phase still demonstrates Darcy flow characteristics.
Consequently, within the fractures, the equations governing the motion of gas and water
phases are as follows:

Gas phase: 
dp
dr = 1

8.64×10−2
µgvg

K f Krg
+ 1

8.64×1011 β f ρgv2
g

vg = 5 × 103 ρgscqgsc
2ρgw f h

(26)
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Water phase: 
dp
dr = 1

8.64×10−2
µwvw
K f Krw

vw = 5 × 103 ρwscqwsc
2ρww f h

(27)

where r is the cracks in linear seepage distance, m; K f is the absolute permeability of the
crack, mD; β f is the gas turbulence factor, m−1; vg is the gas flow rate in the crack, m/d; vw
is the water phase flow rate in the crack, m/d; Krg is the relative permeability of the gas
phase under gas–water two-phase seepage conditions in the fracture; Krw is the relative
permeability of the water phase under gas–water two-phase seepage conditions in the
fracture; w f is the crack width, m; and h is the fracture height, m.

Under conditions where different proppants are used, the a and b values are as shown
in Table 1.

Table 1. Under different proppants, m, n value table.

Proppant Size (mm) a b

2.12~3.18 1.21 3.23
1.27~2.54 1.34 2.63
0.64~1.27 1.65 1.65
0.42~0.64 1.60 1.10

Considering the effect of water saturation on SS,
K f = AK f ieBp

B = eSw + f
A = gSw + h

(28)

where K f is the crack initial permeability, mD; A is the coefficient of water saturation on SS
parameters; B is the index of water saturation on SS of the system parameters.

In conclusion, it can be concluded that during the linear flow phase in fractures,
gas exhibits stress sensitivity and high-speed non-Darcy flow characteristics in hydraulic
fracturing wellbore flow equations as follows:

Gas phase: 
dp
dr = 1

8.64×10−2
µgvg

aK f iebpKrg
+ 1

8.64×1011 β f ρgv2
g

vg = 5 × 103 ρgscqgsc
2ρgw f h

(29)

Water phase: 
dp
dr = 1

8.64×10−2
µwvw

aK f iebpKrw

vw = 5 × 103 ρwscqwsc
2ρww f h

(30)

The simultaneous solution of Equations (29) and (30) gives the following equation:

(ρw
Krw

µw
+ ρg

Krg

µg
)dp = (5.787

ρwqw + ρgscqgsc

aK f iebpw f h
+ 3.35 × 10−6β f

Krg

µg

ρ2
gq2

g

w2
f h2

)dx (31)

The definition of two-phase pseudo-pressure within the fracture is as follows:

ϕ2(p) =

p∫
0

f (p)dp =

p∫
0

(ρg
Krg

µg
+ ρw

Krw

µw
)dp (32)
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Integrating the equation resulting from the combination of Equations (31) and (32)
results in the following equation:

ϕ2(p f )− ϕ2(pw f ) = 5.787 × 104 ×
(

1+ ρw
ρgsc WGR

)
ρgsc(x f −rw)

aK f iebpw f h
qgsc+

3.35 × 10−6β f
Krg
µg

ρ2
gsc(x f −rw)

w2
f h2 q2

qsc

(33)

where p f is the pressure at the crack tip, MPa; pw f is the bottom-hole pressure, MPa; x f is
the fracture half-length, m; and re is the wellbore radius, m.

3.3.3. Establishment of Productivity Equation for Fractured Vertical Wells

The process of fluid production within the formation is the outcome of a sequential
gas supply mechanism connecting the permeable reservoir matrix’s flow field with the
linear flow field within fractures. As the fluid flow rates in these two flow fields are equal,
the simultaneous combination of Equations (25) and (33) results in a multifactor-based
prediction equation for the production capacity of hydraulically fractured vertical wells.

ϕ2(p f )− ϕ2(pw f ) + ϕ1(pe)− ϕ1(p f ) = 5.787 × 104 ×
(

1+ ρw
ρgsc WGR

)
ρgsc(x f −rw)

aK f iebpw f h
qgsc+

3.35 × 10−6β f
Krg
µg

ρ2
gsc(x f −rw)

w2
f h2 q2

qsc +
[(

11.574×(ρgsc)
2πhKgi

+ 11.574×(ρwscWGR)
2πhKw

)]
qsc

+0.637L f l
∫

ξe
ξ f

λgwdξ

(34)

3.4. Case Calculation

A fractured well in a tight sandstone water-bearing gas reservoir was treated with
large-scale sand fracturing. The proppant type of the fractured well was 70/140 mesh
quartz sand mixed with 40/70 mesh coated sand. The original formation pressure was
50 MPa, the discharge radius of the gas reservoir was 200 m, the bottom-hole pressure
was 25 MPa, the slip-off factor was 0.5, the formation water salinity was 1.06, the reservoir
thickness was 20 m, the water density was 1 g/cm3, the water viscosity was 1 mPa·s, the
formation temperature was 340 K, the fracture width was 0.008 m, the half-length of the
fracture was 106.2 m, and the absolute fracture permeability was 50 D.

It is known that the WRG at the beginning of production is 1.0 m3/104 m3, and the
relative permeability ratio of the gas and water phases is calculated to be 1.2208; by compar-
ing Figures 6 and 7, it can be seen that the water saturation is 65%. The gas phase relative
permeability Krg in the formation is 0.18, the water phase relative permeability Krw in the
formation is 0.2, the gas phase relative permeability in the fracture is 0.3, and the water
phase relative permeability in the fracture is 0.6 according to Figure 8. Considering Figure 9,
the corresponding gas viscosity and density under different pressure conditions can be ob-
tained. By substituting different bottom-hole flow pressures into the productivity equation
established in this paper for a dense hydraulic fracturing straight well, the corresponding
gas production can be obtained. Finally, the inflow performance relationship (IPR) curve of
gas–water two-phase flow obtained by different calculation methods can be obtained.

Generally, the way to obtain the gas-water relative permeability curve is a laboratory
test, but the diversity of the obtained gas-water relative permeability curve mainly depends
on the reservoir permeability. For this reason, firstly, the gas-water relative permeability
curve is unified according to different permeability levels, and the gas-water relative
permeability curve of the target gas field with certain representativeness is obtained as
shown in the figure.

According to the data, the absolute open flow of the well in the stable well test
is 60,300 m3/day, as can be seen from Figure 10, the open flow obtained by using the
conventional equation is 72,500 m3/day, and the open flow calculated by using the new
equation is 62,900 m3/day. The results show that the calculated productivity of the model
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presented in this paper is closer to that of the actual gas well, and the model presented in
this paper is more accurate and reliable than the existing model.
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4. Analysis of Influencing Factors
4.1. Influence of Formation Thickness on Gas Well Productivity

With all other parameters held constant, the gas reservoir thickness is set to 15 m,
20 m, and 25 m for the fractured gas well, and the corresponding IPR curves are shown in
Figure 11. From the figure, it can be observed that as the reservoir thickness increases, the
productivity of the fractured gas well also increases, as indicated by the trend in Figure 12.
As the reservoir thickness increases, the IPR curve of the fractured gas well gradually shifts
to the right. The model presented in this paper assumes that the fracture height is the
same as the gas reservoir height. Therefore, with the increase in reservoir thickness, the
height of the fracture also increases accordingly, leading to increased contact area between
the fracture and the reservoir, consequently enhancing the productivity of the fractured
gas well.
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4.2. Influence of Fracture Conductivity on Gas Well Productivity

Other parameters are unchanged, and the fracture inflow capacity is set to 20~100 mD·m.
The IPR curves of the fractured gas wells under the corresponding conditions are shown in
Figure 13. The analysis shows that with the increase in fracture inflow capacity, the IPR curve
shifts to the direction of increasing production capacity, and the gas well production capacity
increases, but its increase is becoming smaller and smaller (as shown in Figure 14). This is
because the increase in the inflow capacity reduces the resistance of the gas flow, and the gas
well production capacity increases, but the increase is limited. The results show that there is
an optimal value of fracture inflow capacity with other parameters constant.

4.3. Influence of Fracture Half-Length on Gas Well Productivity

Other parameters are unchanged, and the fracture half-lengths of fractured straight
wells are set to 40 m, 60 m, 80 m, 100 m, and 120 m; the IPR curves of fractured gas wells
under the corresponding conditions are shown in Figure 15. The analysis shows that
with the increase in fracture half-length, the IPR curve shifts to the direction of capacity
increase, and the gas well capacity increases, but its increase is becoming smaller and
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smaller. With the increase in the fracture length, the extension range of the fracture becomes
wider, and the wave range of fracturing modification increases. However, as the fracture
length increases, the differential pressure per unit length of a single fracture gradually
decreases with the same differential pressure at both ends (as shown in Figure 16). When
this production differential pressure is not sufficient to support fluid flow, seepage is
impeded, which in turn affects gas well production, indicating that there is an optimal
value for the fracture length. Therefore, the fracture length should be reasonably optimized
in the actual production process.

Processes 2023, 11, x FOR PEER REVIEW 18 of 27 
 

 

 
Figure 13. IPR curves under different fracture conductivity conditions. 

 
Figure 14. The curve depicting the variation in gas well production with changes in fracture con-
ductivity. 

4.3. Influence of Fracture Half-Length on Gas Well Productivity 
Other parameters are unchanged, and the fracture half-lengths of fractured straight 

wells are set to 40 m, 60 m, 80 m, 100 m, and 120 m; the IPR curves of fractured gas wells 
under the corresponding conditions are shown in Figure 15. The analysis shows that with 
the increase in fracture half-length, the IPR curve shifts to the direction of capacity in-
crease, and the gas well capacity increases, but its increase is becoming smaller and 
smaller. With the increase in the fracture length, the extension range of the fracture be-
comes wider, and the wave range of fracturing modification increases. However, as the 
fracture length increases, the differential pressure per unit length of a single fracture grad-
ually decreases with the same differential pressure at both ends (as shown in Figure 16). 
When this production differential pressure is not sufficient to support fluid flow, seepage 
is impeded, which in turn affects gas well production, indicating that there is an optimal 
value for the fracture length. Therefore, the fracture length should be reasonably opti-
mized in the actual production process. 

Figure 13. IPR curves under different fracture conductivity conditions.

Processes 2023, 11, x FOR PEER REVIEW 18 of 27 
 

 

 
Figure 13. IPR curves under different fracture conductivity conditions. 

 
Figure 14. The curve depicting the variation in gas well production with changes in fracture con-
ductivity. 

4.3. Influence of Fracture Half-Length on Gas Well Productivity 
Other parameters are unchanged, and the fracture half-lengths of fractured straight 

wells are set to 40 m, 60 m, 80 m, 100 m, and 120 m; the IPR curves of fractured gas wells 
under the corresponding conditions are shown in Figure 15. The analysis shows that with 
the increase in fracture half-length, the IPR curve shifts to the direction of capacity in-
crease, and the gas well capacity increases, but its increase is becoming smaller and 
smaller. With the increase in the fracture length, the extension range of the fracture be-
comes wider, and the wave range of fracturing modification increases. However, as the 
fracture length increases, the differential pressure per unit length of a single fracture grad-
ually decreases with the same differential pressure at both ends (as shown in Figure 16). 
When this production differential pressure is not sufficient to support fluid flow, seepage 
is impeded, which in turn affects gas well production, indicating that there is an optimal 
value for the fracture length. Therefore, the fracture length should be reasonably opti-
mized in the actual production process. 

Figure 14. The curve depicting the variation in gas well production with changes in fracture conductivity.

4.4. Effect of Dynamic TPG (DTPG) on Gas Well Productivity under Different WRG Conditions

Three different gas–water ratios are set as 0.5 m3/104 m3, 1.0 m3/104 m3, and
1.5 m3/104 m3, and the corresponding water saturation values can be obtained through
calculation, combined with Figures 6 and 7; the corresponding relative permeability of
the gas–water two-phase can be obtained as shown in Table 2, and the corresponding gas
production can be obtained by substituting each parameter into Equation (34).
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Table 2. The gas–water two-phase relative permeability corresponding to different WRGs.

WRG/(m3/104 m3) Water Saturation Gas Phase Relative
Permeability

Water Phase Relative
Permeability

1.5 72% 0.095 0.22
1.0 65% 0.18 0.20
0.5 58% 0.20 0.18

With all other parameters held constant, the WRGs are set to 0.5 m3/104 m3,
1.0 m3/104 m3, and 1.5 m3/104 m3, and the corresponding IPR curves for fractured gas
wells are generated under the conditions considering the impact of water saturation on the
TPG and without considering it, as shown in Figure 17. The analysis reveals that gas well
productivity decreases after water production, and as the water production ratio increases,
the curve shifts to the left. After water breakthrough, the water phase enters the large
pores initially occupied by the gas phase, causing more and more gas to become discon-
tinuous, resulting in a reduction in the relative gas phase permeability, which impacts gas
well productivity.
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The results from Figure 17 also demonstrate that when considering the fixed TPG, gas
well productivity decreases significantly compared to when regardless of the TPG. This is
because considering the fixed TPG increases the additional resistance to fluid flow, leading
to reduced productivity. Furthermore, when considering the DTPG, gas well productivity
decreases even further compared to the conventional fixed TPG. This is primarily because
when accounting for the dynamic TPG, the TPG of the reservoir gradually increases as
development progresses. As reservoir pressure decreases, the TPG becomes larger, resulting
in a more pronounced reduction in productivity. The curve showing the unrestricted flow
rate of gas wells under the influence of DTPG with varying WRG is also shown.

The results in Figure 17 also indicate that as the WRG increases, the TPG increases, but
the extent of the rightward shift in the curve becomes smaller. With lower flowing pressure,
the impact of the TPG on gas well productivity becomes more significant. Therefore,
when calculating productivity in the model, the influence of water saturation on the TPG
should be considered. In practical production processes, it is advisable to use appropriate
operational procedures to avoid or delay water breakthrough in gas wells.

4.5. Influence of HSNDE on Gas Well Productivity

Under the condition of keeping other parameters constant, IPR curves for gas–water
co-production in fractured vertical wells under different WRGs are generated, consider-
ing HSNDE and regardless HSNDE. From the Figure 18, it can be observed that when
considering the HSNDE, the unrestricted flow rate of gas wells decreases slightly. This is
because the involvement of the water phase slows down the high-speed gas flow in the
near-wellbore zone, thereby reducing the HSNDE of the gas. When gas well production is
relatively low, the HSNDE can be neglected. However, when gas well production is high,
the HSNDE cannot be ignored.

4.6. The Impact of Gas Slip Flow Effects Considering Water Saturation (GSFECWS) on Gas Well
Productivity under Different WRGs

Under the condition of keeping other parameters constant, dynamic inflow curves
for gas wells, considering and not considering the influence of water saturation on the
slip factor, have been created for different WRGs (Figure 19). From the figure, it can
be observed that the gas well production when not considering the slip effect, is lower
than that when considering the slip effect. This is because the slip effect increases the
reservoir’s permeability, reducing the threshold pressure drop for gas flow within the
reservoir, ultimately increasing the gas well’s productivity. When considering GSFECWS,
the gas well’s productivity further increases compared to the conventional fixed slip effect.
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Additionally, as the water–gas ratio decreases, the slip factor gradually increases, resulting
in a smaller rightward shift in the IPR curve and increased productivity.
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4.7. The Impact of SS Considering Water Saturation (SSCWS) on Gas Well Productivity under
Different WRGs

The stress-sensitivity effects in both the formation and the fractures have an impact on
the productivity of a fractured gas well and will be analyzed separately below.

(1) Influence of formation SS

Under the condition of keeping other parameters constant, dynamic inflow curves for
fractured gas wells considering and not considering the influence of water saturation on
reservoir SS, as well as curves not considering SS, have been generated for different WRGs
(see Figure 20). The analysis reveals that IPR curves for fractured gas wells considering the
impact of reservoir SS are shifted more to the left and correspond to smaller unrestricted
flow rates compared to curves not considering SS. This is because when SS is taken into
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account, the reservoir’s permeability continuously decreases with the progression of de-
velopment, significantly affecting fluid flow capacity and leading to a notable reduction
in well productivity. When considering the influence of water saturation on reservoir SS,
well productivity further decreases compared to considering conventional reservoir SS.
Additionally, as the WRG and reservoir SS coefficient increase, the curves shift even further
to the left, resulting in a decrease in unrestricted flow rates. When the production pressure
drop is relatively low, the curves are more dispersed, indicating that SS has a greater impact
on productivity. Therefore, in the actual production process of gas wells, it is important to
control production pressure differentials and mitigate the effects of SS.
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(2) The influence of crack SS

IPR curves were made for fractured SS and gas well production under different WRG
conditions (as shown in Figure 21). Comparing the analysis results of reservoir and fracture
SS on productivity, it is evident that fracture SS has a more significant adverse impact on
productivity. This is because in tight gas reservoirs, compared to the reservoir itself, the
permeability is extremely low, while fractures have much higher flow capacity. Therefore,
changes in fracture permeability have a more substantial impact on fluid flow capacity.

(3) Effect of regional SS

The impact of varying SS coefficients in the hydraulic fracturing zone inside and
outside was investigated, studying the differential SS effects on the productivity of tight
gas reservoirs. The results are shown in Figure 22.

4.8. The Impact of Reservoir Heterogeneity on Gas Well Productivity

With other parameters unchanged, the non-homogeneity coefficient of fractured gas
wells is set to be 1.4, 1.5, 1.6, and 1.7, and the graphs of IPR curves of the production
of fractured wells and gas wells affected by the non-homogeneity coefficient under the
corresponding conditions are generated. From Figure 23, it can be seen that with the
increase in non-homogeneity, the fracturing gas well IPR curve gradually moves to the left,
and the reduction in production capacity is reduced. From Figure 24, it can be seen that the
stronger the formation non-homogeneity is, the smaller the fracturing gas well production
capacity is.
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5. Discussion

From the discussion, one may conclude that when assessing the productivity of tight
gas reservoirs, it is imperative to consider multiple factors, including reservoir properties,
fracture parameters, permeation effects, and heterogeneity. Building upon the research
into the zonal permeation mechanisms of hydraulically fractured gas wells in tight gas
reservoirs, this paper establishes a multifactorial and complex productivity calculation
method that takes into account the influence of water saturation on permeation mechanisms.
This method offers greater precision compared to conventional approaches and forms the
basis for predicting the productivity of tight gas reservoirs. It is essential to emphasize that
the evaluation of tight gas reservoir productivity is a multifaceted task that necessitates the
comprehensive consideration of various factors and parameters.

Our study provides a framework for better understanding these influencing factors
and can guide practical exploration and development decisions. Future research endeavors
can further refine these models to predict and optimize the productivity of tight gas
reservoirs with greater accuracy.

6. Conclusions

Based on the principles of gas permeation theory, an analysis of zonal permeation
mechanisms in hydraulically fractured gas wells within tight gas reservoirs has been con-
ducted. The study highlights the influence of high water saturation, a characteristic feature
of tight gas reservoirs, on various permeation mechanisms within gas wells. Building upon
this foundation, a complex permeation equation for the zonal productivity of hydraulically
fractured vertical wells in tight gas reservoirs has been established. Computational results
from practical examples demonstrate that the model presented in this paper closely ap-
proximates real gas well behavior, offering greater accuracy and reliability compared to
existing models.

Using the predictive model for hydraulically fractured vertical wells in tight sandstone
gas reservoirs, an analysis of the impact of nine categories of factors on well productivity
has been conducted. The results reveal the following: 1© When reservoir thickness increases
by 66.67%, the unrestricted gas flow rate from the well increases by 59.55%. Additionally, a
400% increase in fracture conductivity leads to a 6.23% increase in unrestricted gas flow rate,
while a 200% increase in fracture half-length results in an 11.93% increase in unrestricted gas
flow rate. Furthermore, slip flow effects are positively correlated with gas well productivity.
2© An increase in reservoir heterogeneity coefficient by 21.42% leads to a 9.57% reduction

in gas well productivity. Moreover, HSNDE, SS effects, initiation pressure gradients, and
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the gas-to-water production ratio are negatively correlated with gas well productivity.
3© Fracture SS has a greater impact on the productivity of hydraulically fractured gas wells

compared to reservoir heterogeneity. 4© There are optimal values for fracture conductivity
and fracture half-length. 5© Water saturation is negatively correlated with slip factors and
positively correlated with SS and initiation pressure gradients.

Utilizing the newly established methodology for assessing zonal productivity in tight
gas reservoirs with hydraulic fracturing wells, we conducted calculations and analyses of
the impact of regional variations in SS and dynamic initiation pressure gradients on well
productivity. This study provides robust support for subsequent work, aiding in a better
comprehension of reservoir characteristics, the optimization of production operations, and
the implementation of measures to maximize recovery rates, ultimately facilitating the
efficient extraction of gas reservoir resources.
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