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1. Introduction

A spectrally negative Lévy process is a stochastic process with stationary independent increments
and with sample paths of no positive jumps. It often serves as a surplus process in risk theory.
Occupation time also finds applications in risk theory. In the so-called Omega risk model, the Laplace
transform of occupation time is associated with the bankruptcy probability; see Gerber et al. [1] for
more details.

Due to the Wiener-Hopf factorization and excursion theory, many fluctuation results of the
spectrally negative Lévy process can be expressed semi-explicitly in terms of the corresponding
scale functions. Expressions of Laplace transforms of occupation times for spectrally negative Lévy
processes have been obtained in recent years with different approaches; see, for example, Cai et al. [2],
Landriault et al. [3], Loeffen et al. [4] and Li and Palmowski [5].

Using techniques developed in Albrecher et al. [6], in Li and Zhou [7], a Poisson approach is
adopted to find joint Laplace transforms for occupation times over two disjoint intervals for general
spectrally negative Lévy processes. This approach uses a property of Poisson random measure
and can be effectively implemented. With this method, we have also recovered the main results of
Loeffen et al. [4] in Kuang and Zhou [8]. The method can also be easily adapted to study occupation
times of other stochastic processes, as long as the exit problems are solvable and expressions of the
potential measures are available.

In this paper, for a spectrally negative Lévy process, we adopt the Poisson approach to further
find joint Laplace transforms of occupation times (up to the first exit times) over n-disjoint subintervals
resulting from a partition of a finite interval. Equivalently, we find Laplace transforms for weighted
occupation times with step weight functions. The Laplace transforms are expressed in terms of iterated
integrals of the scale functions. In particular, they generalize the results in Li and Zhou [7]. For the
proofs, we use induction and improve the previous arguments of Li and Zhou [7]. Although our
results can also be obtained by solving the integral equations in Li and Palmowski [5], our generic
approach can be easily adapted to handle situations not covered by the integral equations of Li and
Palmowski [5].
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This paper is arranged as follows. In Section 2, we review the basics of spectrally negative
Lévy processes that we need for this paper and introduce generalized versions of the scale functions.
Section 3 contains the main results with proofs, and Section 4 provides the conclusions.

2. Spectrally Negative Lévy Processes

Let X = (X¢)i>0 be a spectrally negative Lévy process, that is, a stochastic process with
stationary independent increments and with no positive jumps, defined on a filtered probability
space (Q), (Ft)i>0, P) with the natural filtration (F;);>0 generated by X. We also assume that X is
not the negative of a subordinator. Denote by [P the probability law of X given Xy = x, and the
corresponding expectation by E,. Write P and E when x = 0. Because of the Lévy process, X allows
no positive jumps, and its Laplace transform always exists and is given by

EeM Xt = elP()\)t,
for A > 0, where
1
P(A) = ur + E02/\2 + /(700 O)(e“ —1—Axlgqy)7(dx),

for y € R, > 0 and the o-finite Lévy measure 77 on (—o0,0) satisfying f(ioo 0)(1 A x%)(dx) < oo.
Furthermore, there exists a function ® : [0,00) — [0, c0) defined by

®(q) :=sup{A >0: ¢p(A) =g}, for g>0.

We first recall the definition of a g-scale function W(9). For g > 0, the g-scale function of process X
is defined on [0, c0) as the continuous function with Laplace transform specified by

 Aywr(a) -t
/0 e VW W@ (y)dy = O for A > ®(q), 1

with initial value W@ (0) := lim, o W@ (x). The function W is unique, positive and strictly
increasing for x > 0. For convenience, we extend the domain of W@ to the whole real line by
setting W@ (x) = 0 for x < 0. Write W = W(®) whenever g = 0. It is known that W(?) (0) = 0 if and
only if process X has sample paths of unbounded variation.

Write

7@ (x) =144 /0 " W@ (y)dy.
The next identities on scale function are first né)ticed in Loeffen et al. [4]. Fora > 0,
=) [ W@ =)W ® ()dy = WO (a) - W) o
(=) [ WP (a= )2 )y = Z0(a) - Z)(a).

Many fluctuation results for spectrally negative Lévy processes can be expressed in terms of scale
functions; see, for example, Kyprianou [9] and Kuznetsov et al. [10]. We list some of those that are
needed in this paper. Define exit times

7, =inf{t >0:X; <a}, and T :=inf{t>0:X; >a},
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with the convention inf@ = co. For 0 < x < a and g > 0, it is well known that

W (x)
7qTﬂ+' + Tl = —2
Eyle 7% ;10 < 15] W ()’ @)

and

4)

The following expression is for potential measure of process X killed upon exiting interval [0, b].
ForO<x <bandp >0,

w) (x)W(P) (b—y)
W) (b)

/:O Po{t <7 A1y, X; € dyte Pdt = ( — W) (x — y)) dy. ()

In this paper, we generalize scale functions W) and Z(@) as follows. For any Ag, A1, A, .o, A >0,
0=a9p<a; <...<ayand x € R, write

W (x) 1= W) (x), %) (x) .= Zz(Mo) (),

(a) (a0)
andforn=1,...,m
Aoy AQyeerPp x . AQyeerp
Wi 09 = W 00+ D= o) | WO g WEEr Dy, @
e A * , Ay
Zior) (x) 1= Z0 @) + (= Aa) [ WO =)z y)ay, )

where, for x < ay, the integral is understood as 0. Observe from the above definitions that

(Agyrnt) _ar(AoAg) (Agsern) S (AoA)
W(aoo,--.,an) (x) = W(uo,.--,aj§ (x) and Z(u(?,...,u,z) (x) = Z(ag,...,aj]) (x) (8)
forl<j<mn—landxe€ (7oo,ﬂj+1:|. In addition, for0 <i<mnand A; = Aj; 1 =... = Ay,

WAoo AireAi) Qo) g (Mo Ais i) (Ao As)
(a0, /iyl (ag,-...a;) (a0, 7o) (ag,-mi) *
Using the Poisson approach, Li and Zhou [7] show that for Ap, A1 > 0, 0 =ap < a; < ap and
0=a9 <x<ay,

+ + ()\O/)\l)
Tay Tay W X
e 100 Ixseads=A1 o Ixsctapay) o < TO—] _ _ (0a) (x)

Wi @)

Ey

and

(AoA1)

_ 7(AoM) (0,a1) (AoA1)

=7 (x) —_ (le).
(a0,a1) W((gtg,l/;l)(a ) (0,a1)

T T
—Ao [0 1 A1 01 _
Ex e Ofo Xse(o,al)ds lf() Xse(ul,az); N < Ta—;

We end this section by presenting explicit expressions of the above-mentioned generalized scale
functions for two examples.
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If X is a standard one-dimensional Brownian motion with scale function

W@ (x) = (e\/ﬂx - ef\/ziqx), for x>0.

V29

One can easily verify that

(AoA) Ao —Aq [ eWZo—v2i)a o= (V2At+v2Ai)a
o =5 men (m—m v
Ao — Ay [eW2hotv2ia o= (V2h—v2A)a

" 2/Ah (m+ Vak ViR VN

) oV2hix
©)

> ei\/lex

and

Ao, AN
((0,21,32)2)(x> -

(/\0 - )\1)()\1 ) (\/ZT‘F\/W)QI gf(\/mf\/ZT])ﬂl
2v/2A0A A2 V2o + \/ﬁ V2ho — V2M

( ~ (VIR +V2Ag)a T e~ (V21— ﬂT)az Mﬂ)
V2A1 + V27, VoA -2, ¢
(Ao — A1) (A1 — Az) ( o(V2A—V2A1)m e(\/ZToh/ﬁ)ul)
2v/2A0A 1Az V20— V2A1  V2A0+ V20
(e(mwmaze_ Jonx | eVERV2Ra)e m)
V2A1 + V24, V2M —V2A, '

The corresponding Laplace transforms for occupation times then follow readily from Theorem 1
and Theorem 2.
If X is a compound Poisson process, i.e.,

Ni
= ‘Z/lt - E gi/ t>0,
i=1
where y > 0, ¢; are i.i.d variables, which are exponentially distributed with parameter p > 0 and Nj is
an independent Poisson process with intensity a > 0. Then, the Laplace exponent is given by

lp(t):yt—pa—lt, t>0.

For g > 0, the equation ¢ (¢) = g has two real solutions {—g(g), ®(q)} such that

8(q) = 21}4 <\/(a+q—ﬂp)2+4qu—(ﬂ+q—ﬂp)>

and

®(q) = ;ﬂ (\/(a+q—ﬂp)2+4ﬂqp+(a+q—up)>.

The scale function is
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Thus, one can easily verify that

(RoAt) [y _ ox , e Sl
W) (9 =@ 00"+ Gy
/ ’ o P(Ao)x e(@(20)—@(A1))m
(Al AO)(q;tO()AI)@(()iO)) (/\1 . AO)q)/(Al)(I),(AO)e(D(A])X@(AO) -~ q)(Al)
N (A1 — Ag) @' (Ag)e®(to)x (A )q;'()‘o)e*g(mx y e(®(Ao)+g(A1))m
¥ (—g(M))(®(Ao) +8(A1)) YT (—g(M)) T @(Ag) + g(A)
(A1 = Ag) @' (Aq)e—8(ho)x N @ (A)e®M)x o= (8(A0)+@(A1))a
- st TomT 20 Rt ST T o
B (Ap — Ag)e8(Ao)x N (Ap — Ag)e—8)x e~ (8(20)—g(A1))m
P ()P (—8(h0)) (8 (ho) —g(A1)) ¥ (—g(A)¥ (—g(A)) - g(Ao)—g(M)'
(Agsihn)

It is evident that the expression of W(ao ) for general n would be a rather complicated linear
combination of exponential functions.

3. Main Results

We first present several auxiliary lemmas that are of independent interest. The next lemma
generalizes identity (2).

Lemmal. ForO=ap<a; <...<a, <x A, A,..., A, >0,g>0,andn € N

X
(=) [ WO = W) (y)dy = WO () = W) (x) (10)
and
(=) [ WO =z )dy = Z(0 ) () — 20 () (11)

Proof. The proof of identity (11) is similar to that of identity (10). We only prove identity (10).
Applying definition (6), changing the order of integrals, and then, by identity (2), we have

X
(0= A [ WO (e~ y)W&;ﬁfj;;ﬁg) (y)dy
(7 A¢) / Wi Wi (y)dy

Yy
+ (9 = Ae) (A — A1) / WO (x = y)dy [* WO (y — 2w ) (z)dz
ay Ay

= (g =) [ WO -y Wie )y

@ =20 = ) [ Worns @)z [TWO - W (y - 2)ay
= (4 M) / wa xfy)w((jo,f;;;;ﬁf;?(y)dy

(A= Ay / wo ) (z) (WO (x - 2) - W (x — 2)) dz

Aoy X Aoy
= (7 — Ax-1) /uk W (x — }/)W((uoo,...,uk:ﬁ) (y)dy — (A = A1) /ﬂk W) (x — }/)W((uoo,...,ak:ﬁ) (y)dy
(Ao Ar19) (Ao i)
- W(ﬂgli...,ﬂk]; lq (x) - W(ﬂo(i...,ﬂkg (x)/

where we use definition (6) again for the last equation. [J
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It follows from Lemma 1 that, for a,, 11 = a,,

W(/\Or“v/\nr)‘n-%—l) — W()‘Ormr)‘ﬂ—l/\n%—l) and Z(/\Or“v/\nr)‘n-%—l) — Z(/\Ow-v/\n—lr)\n-%—l)
(aﬂr"'r”nranJrl) (aO/'“/anfllaVH»l) (ﬂo,...,ﬂn,ﬂn+1) (aO/'“/anfllurH»l) ’

Lemma 2. Forany0=a9 <a; <...<a,11, Ao, A1,...,An > 0,9 > 0and x € R, we have

Ant1 Agyeern Aoy An1y Aoy iy
(=) [ WO G-y )y = Wi 1 ) Wi () (12)
and
An+1 Agyeehn A1, AQyerrrt
(=) [ WOl =z )y = 2o () = 2l () (13)

Proof. Identities (12) and (13) for x < a;, follow from Equation (8).
For x > ay,, by definition (6) and Lemma 1, we have

"An+1
(=) [ WO W) () dy

(80,1sn)
=(q—) [ W (x = )W) (y)dy — (7= An) W@ (x = y) W) (y)dy
= W) = Wi () = (W () = Wiy o )
= W™ ) = Wgr ) )

The proof of identity (13) is similar. [

The following result has been first pointed out in Loeffen et al. [4].
Lemma 3. Forany Ag,A1 > 0,and0<a<x<b,0<y <aqg,
Ex [e—/\lT; W(/\O) (XT; — y), Ta_ < T;]

= W) (x —y) + (A — Ag) /x WM (x — 2) W) (z — y)dz
- ‘”)) (ww(b —y) + (A1 — Ag) /ub WM (b — )W) (z — y)dz)

and
Ex[e—)L]T;Z()\O)(XT; _y), Tll_ < le_]
= 7% (x —y) + (A1 — Ag) /x WM (x — 2) 20 (z — y)dz

W()\l) (x

—a) . b .
et (2096 =)+ (1= ) [ W0 = 2)Z0)(z - az).

Lemma4. Forany Ay,...,Ay >0,0=a9 <ay...<apanda,_1 <x <ayn>2,

_/\nflra771 (AO/---//\n—Z) R +
Ex [6 " W(uo,...,a,,,z) ( T”_n—l )’ Tan71 < Tﬂn}

(14)

()‘Or---r/\nfl) _ W(An_l) (x B a”*l) (/\0/---//\1171)
W(ﬂo,---,an—l) ( ) W(/\n—l) ({,ln N an_l) W(ﬂo,-..,ﬂn—l) (ai’l)
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and
—An-1Ta ;7 (AoseAn—2) i +
Eyle nZ (Xfa’,l,l)’fﬂn—l <1,]

B W(/\n—l)(_X7an_1) Z(AO""'A”’l)(a )
W(/\ﬂfl)(an _ an—l) (ag,emsy_1) \“1J*

(15)

Z()\OI"'IAnfl) (x)

(110,...,11,1,1)

Proof. We only prove identity (15) by induction. The case of n = 2 follows from Lemma 3. Suppose
that identity (15) holds for n = k. Then, by Lemma 2, for n = k + 1, we have

A Tr 7 (Agsee A
E.fe ”kZEus,...,u:_sNX )i Ty < Tat,

_ Ex[e_/\k’frrkZ(/\O'"v/\k—S//\k—l)( - );

(ag,.-a5—2) T < T“k+1] (16)

ap_q _ —
~ (M —A2) | z“‘)""”k*)<y>Ex[e MW (X — )it < T ldy

oy (a0 ) o

Suppose that identity (15) holds for n = k, we use definition (7) to expand the right-hand side of
the identity (15). By Lemma 3 and the inductive assumption, the above quantity is equal to

7 (AossAi-3, A1) (x) + (Af — Aeq) /ax W(/\k)(x _ y)Z(/\U/“v/\k—S/)\k—l)(y)dy
k

(ag,...,Ak—2) (a0, 1x—2)
g (P el e [ WO e iz )
(=) [ WO -z 3 )y
= (M= A1) (A1 — Ak2) LZ: ao"";:;k 22 / W) ( W1 (z — y)dzdy

W) (x — )
W) (x — a)

x [ 2o ) [T WO (0 — )W) (2 — y)dady.
Jax—2

(ﬂo,...,ﬂk,z> Jag

+ Mer=Aa) [ W) (o —y)ZEQJ;:;ﬁ:Z)) (y)dy
g2

(M = Me—1) M=t — Me—2)

Notice that

e —hia) [ 2002 / WO (x — 2)W) (z — y)dady

s (ﬂol A 2)

= (A1 = M) / WO (x = 2) [T W) (z - )zt 3 (y)dyd

)
a_s (a0,+-/-2)

[Ty Ak—3 k1) R (AgsAk—1)
= [ WOz sy — [TWOO -z )y,
With cancelations the right-hand side of Equation (16) is equal to
Zia) 0+ e =) [ WO =) 2

W) (x —a o i1 o
— e (2 o)+ (=) [ WO =2 )y )

W) (ag g1 — ay) a it
o)y WM —a) a0
= Z(ari) () WO (ay 1 — ay) Z (a0, ra1) (Ti1):

Therefore, identity (15) holds forn = k+1. O

We next present the main results on Laplace transform of joint occupation times for spectrally
negative Lévy processes.
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Theorem 1. For0=ay < a; < ... <day, Ag,AM,...,Ay—1 >0 and 0 < x < a,, we have

(AosAn—1)
- Z )\ an 1 (a;,a; (Xs)ds W (x)
]Ex e =0 fO ii41) ,‘T; < T(; — (ag,-. /”n 1) . (17)
n W AQseeesA— 1)(11 )
(aq,.- /- 1) n

Proof. Write wy,(x) for the left-hand side of Equation (17). By the strong Markov property and lack of
positive jumps, for x < a,_1, we have

wn(x) = W1 (x)wn(an—l)- (18)

We proceed to prove this theorem by induction. The case for n = 1 is obvious. Let us suppose
that identity (17) holds for n < k. By identities (3) and (18), the assumption for n = k and Lemma 4,
forn =k+1,e > 0and a; + ¢ < a1, we have

w1 (ag +¢)

—AkT, —AT,
= Eak+s[ K ak“ T’;;H <T ]+Ellk+€[ kwk+1(X ) T < TakH]

W()‘k) (,g) W41 (llk) — AT, a7 (Ao A—1)
T WO (e — ) o) (g )IEakJrs e W) K )i Tay < Tap ] 19)
(ag.ax_q) \K
() (Ak)
W9 el [y g WO yeogg, o)
WO (ag g — ay) W()\or-u/)\k—l)(a ) (a0,---,a) W (a1 — ay) (40--1)
(a0, k1)
For each i = 0,...,k, let N; be an independent Poisson process with rates A; and write

0 < Ti < T} < ... for the sequence of arrival times for N;. We also assume that the Poisson processes
(N;) are independent of process X. Observe that

wen(x) =P T N (s s < 7, <5 X € (aai0)} =@},
where we have used a property of the Poisson process. The simplest version of this property is
1 =@} = ¢ ML(B)
P{T;}NB=0} =™

for any Borel set B C [0, c0) and Lebesgue measure L.
For convenience, let

Dj:={0,...,j—Lj+1,...,k}, A:= Z/\l-, Aji=A—Aj, (20)

and

arte
/ e MPy{t < TF ATy, X(E) € dy}wis (y)dt

o,
/W( (W™ (a4 &~ )

WA )(ak—i—s)

o~
(! \
—_ O

~ W (g — y)) W1 (y)dy.
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Using identities (3) and (5), for any € > 0,
w1 (ax)
=P, {7 Tote < min{T;, 19,. ..,Tk}}wkH(ak +¢)

ax+e . . K .
+ / B, {UHT < min{y, Ty 70, T T, TR, X(TY) € dy} ) g (9)
A1 i o o+ 70 i—1 it k i
—|—Z/a ng{uiepj{T <min{ty , T ., T,..., T, T",..., T },X(T)edy}}wk+1(y).
i

Then

A
wip1(ax) = Eg le e STarre < T Jwiga(a +€) + A

I
CEE [ [ < R X0 € e

(A)
- kaﬂ (ap +¢)+ A

w®) (ar +¢)

W (@)W (a; + e —y) .
PP WV TETY) ) (g, — d
+ Z / < W(/\) (ﬂk —|—8) (ak ]/) W1 (]/) Y,

where, by identity (18) and Lemma 2, the second term is equal to

Wit (ax) W () . /“]H @ (Ao
WM (g +e—y)W d
W&“ﬁ§<>{wwwww (&= Wiy (VU

i+1 /\, )\
= ZA T (g — Wi Q(y)dy}

aj

() - 1
;’kjti(ak) { VY (ax) (W(/\)(ak +e)— W((;\ow-;l?w; 1 )\)( +£)>
Do 1) (g) VWO (g +-¢) 0k
ag,.--k-1

- (Wt - w2 Vi)

W(/\)( k) wk+1<€lk) W(/\or-w)\k—l/\) (ﬂk + S).

= W11 (ak) (ﬂk + E) A --'l/\k—l) (u ) (ag,...,ﬂk)
(ﬂo ol 1)
Therefore,
WM (a) W (a) Wit (a) (Ag-Ap—1A)
=————wpp (At ) + A— —= - O AV (ag + e). 21
W) (a; +¢) WM (g +¢) w (;:’ ;’til))(ak) (a0 ) @

Combining Equations (21) and (19), by Lemma 1, we have

W) (¢ w a

WO @iy —a) | wigne a0

(A A
_ W (ak + g) A wk+1(6lk) (W()\O,...,Akl,)\) (ak + 8) _ W(/\o /\k) (Il + 8)) (22)
)

)
w®) (ar) B W(AO""'A"’l)(ak (ag,--.ax) (ag,---k)
(ﬂOr---/“kq)
W (a +¢) we(m) e m (Agwih)
- w*) (ax) A w Ao A1) (a) l:Z(:) Ai /ﬂk W e +e—y) W(“O/---rﬂk) (y)dy.

(a0, 1)
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Notice that lim,_,o, W) (x)/W(x) = 1; see equation (56) and Lemma 3.1 of Kuznetsov et al. [10].
Then, we have

ax+e —
WD (g e — )W) () dy = o (WO (¢))

A =o(WM(¢g)) and (o)

Ak

as e — 0+, where o( W) (¢)) is simply o(1) for X of bounded variation. Dividing both sides of
Equation (22) by W) (¢), letting ¢ — 0+ in Equation (22), we have

W(/\O oAk-1) (a)

(@0, k—1)
Wi (ag) = — 53— (23)
W((:;O A§)< k+1)

Plugging Equation (23) into Equation (19), we prove that identity (17) holds forn = k+1. O

Theorem 2. ForO0=ag < a; <...<ay, Ag,A1,..., A >0,0<x<ay,,

Y A0 1, (X)d
E, |e i=0 Jo” Y ) () slTo <T11J;

W R0rAn) () (24)

(Ags-An-1) _ (110,..‘,11,,,1) (AgsesPi—1)

(ag,-- an 1) W(AO,...,An,l)(a ) (a0, _1)

(g, estty—1) V1
Proof. Write f,(x) for the left-hand side of Equation (24). Then for x < a,,_1,

fu(x) = fu1(x) + wu—1(x) fu(an-1)- (25)

We want to prove identity (24) by induction. The case for n = 1 is obvious. Suppose identity (24)
holds for n < k. By identity (25), the assumption for n = k and Lemma 4, if n = k+1,&¢ > 0 and
ay + € < a1, we have

frer1(ax +¢)

ag 2
- /700 Eﬂk+€ K T < Tﬂk+1’ T, € dy]karl (y)

= ]Eak+e[ M akfk-&-l( ) T < Takﬂ]

Mt (Ao Ap
=Egicle kaZann,m,ﬂk]ill))( T"k) T, < TakH]
()\0,...,/\](,1)
fera(a) = 25 03 (a) (26)
re—1) —MTa A7 (A0 Ak-1)
i W()‘O'---r/\k—l)(ﬂk> Fagrele kW(“ A1) (X k) Ty < T“"+J
(a0, ax—1)

W (e) (Ao A)
W(/\k) (ﬂk-s-l — ﬂk) (a0,---%) (ak+l)
(AO/---fAk—l)
fk+1 (ﬂk) B Z(ag,...,ﬂk,l) (llk) W()\g, .,/\k) (ﬂ + 8) W(/\k) (8) W(/\Ol---f/\k) (ﬂ )
(a0,...,1) W(Ak>(ak+1 _ ak) (ag,...ap) \k+1 .

=z (a4 e) —

(Ho,..A,ak

o)
(aoow-ﬂk]ill) (ax)

For the (T]Z) defined in the proof of Theorem 1, observe that

fisr () = B {0l {({T) N s s < 7 <t Ko € (i)} = O}
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We can obtain the expressions of fi,1(ax) as follows. Put

a+e . . .
B:— / Py, {USH{T < min{ty, 704 T L THL, L T4, X(TY) € dy} ) i (y)

.le

ar+e
=T [ [T < X0 € i )

where A is defined in definition (20). Similar to the proof of Theorem 1, for any ¢ > 0,

frra(ag)
= Pﬂk{r() < mm{ Ta+er T°,. Tk}} + Pﬂk{ ate < mm{To 10, Tk}}ka (ax +e)

ag+e .
+/ p, AU < minfry, T T TEL T, TR X(T) € dyd ) fioa ()

3

o i = o+ 70 i—1 il k i
+ Z/a Py, {UieD,{T <min{ty , T4, T",...., T, T ..., T}, X(T") € d.‘/}}fkﬂ(]/)
- Eﬂk [e TO TO < Tak+s} + Eﬂk [e ﬂkﬂ Tak+s < To }fk-&-l (ak + S) +B
A1 At -

+ Z e < AT X(0) € dy o ()

which by Equations (3)—(5) and (25) is further equal to

(Aos-sAk-1)
. e (ag) — 200 oV (ak) .
% (Z(Ao,---/)\/)( )+f+1 (@0,+/k—1) W(AOr---:/\])(y) dy.

(ao,--.,a7) y W((/\O,...,)\k,ﬁ)(ak) (ao,..,a;)
By Lemma 2,
i+1 AQyee A " A0y A k-1,
D TIWO (a4 e—y) 20 )y = 20 (a+e) - 200D (o + )
and
. (Aos-esr)) (Agyrrh 1,4
YA [ W@ —y)z ) dy = 20 (a) — 200 (),
= a ag,...,A;j ag,...,Ag)
Then
Wi)( ) (X)( k) ()‘Or"-r)‘k—lrx)
" WD (a, + )ka(akﬂHB_ W) (a +¢) Z<”0f~-~f”k) (@ +e)
T /\0/ //\k 1) (27)
wW (ax) fierr(ax) — (llo Ak—1) ( )W(AO""’Ak’l’A)(a +e).

WD (gt wloAen (g (a0,...a5)

(llo,...,ﬂk,])
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Combining Equations (26) and (27), by Lemma 1, we have

AQyee A
W(/\k)(g) Z(/\Orm//\k) (g ) " fk+1(ak) - Zgaoo,...,akk,11)> (ak) W(/\O,...,Ak)( )
W()\k) (gk+1 — gk) (ﬂo,...,ak) k+1 (;\0’,“/\](71) (ﬂk) (110,..., ) k+1
(@0,---sx—1)
(o) ot ) W (a +¢)
- Z(a[),...,(lk) (ﬂk + 8) Z(“Or--'ruk) (ak + 8) + W(X) (ak)
(/\o Ak-1)
fera(a) = Z gm0 (ak)
bt T o) - W o}
W(ﬂo Al 1) ()
W (g +¢) wre %
- W(i ’(f - Z N W (g +e—y) 200 (y)dy

o)
Sera(a) =2 ) (ﬂk) k=l mee o
- e A [ WD g+ e =y W0 ().
W) 5 e o)

Notice that c
’ W(A) (ak € y)zgi\go,,/)(k)) (y)dy == O([/V(/\k) (e)),
a yoeesl,

ap+ —
/kEW“N@+e—ww“%”“wmy:ww““@»amﬂB:mwﬂw@»

" (gt

Letting ¢ — 0+, we have

Ao i toey @ea1) oo
frsa (@) = Z0 it (o) — et S o) (g, (28)
(ag,-.rty) (a41)

Using Equation (28) in Equation (26), we have thus proved identity (24) forn =k+1. O

For general spectrally negative Lévy processes, it appears challenging to find explicit expressions
for Laplace transforms of weighted occupation times with weight functions more general than step
functions. We end this paper with a corollary.

Corollary 1. Givenn > land A_1,Ag, ..., Ay_1 2> 0,for —co =a_1 <0 =ap < a3 < ... < a,_1 <

a, < oo, we have
R AT L () W, 1(x)
Ey [e =1 i TS <oo| = 1L 29
x[ n W, 1 (an) (29)

where x < ay,
X
Wi (x) = e, Wi(x) = Wy (x) + (A — Akﬂ)/ﬂ W (x —y)Wi_y (y)dy, k>0; (30)
k

for0=a9 <a; <...<ay_1 <a, = oo, wehave

(ag,-1y—1) Wy 1 (@0, n—1)

- Z )L U 1 a e (Xs)ds _
E, |:e L Jo it1) < oo] _ Z()\O,...,)\n—l)(x) _ Zn-1 W()to,-w)\n—l)(x), (31)
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where x > 0 and (wy,_1,z,_1) is given by

n—1

A
wpa=1- Y (A= Axr) [ e Phmmw oo y)dy
k=1 Tk—1
and
7 _ /\nfl _E(A —A )/ak e*@(/\n,ﬂyz()‘()r"-r)‘k—l)( )d
n—1 — q)(An—l) = n—1 k—1 a1 (a(]r---r”k—l) y y

Proof. Fork > 0anda > 0,

(A.fl,AO,)\] ""’Ak)
(0,a,a+ay,...a+ay
(A1 Ao A, k1)
(0,a,a+ay,....a+a,_q

)(a—i—x)

a+x A1 A QAL A
a0+ (= Aen) [ W (@ x—yywi et (dy ()

a+ay

(A1 Ao, -1)

. (A_1,A0,A e Ak—1)
" (0,a,a+aq,...,a+a;_q

(0,a,a+ay,...a+ax_1)

(a4 x) + (A = Ae) / T WO (x - 2w (a+z)dz.

Since )
e W e+ x) )
W,l(x) = ah—)l’{.lom =e ( 1)

for any x, we can show by induction and Equation (32) that, for x < a, and k > 0,

Wi(x) i= lim Wi 1hobto) q 4y /) (g)

a—00 (Orﬂra+ﬂ1/---,ﬂ+ﬂk)

exists and satisfies Equation (30). Since X is spatially homogeneous, by Theorem 1,

n—1 ot ()L,l,)t[),/\l,...,/\ ,1)
. Z Ai folm 1(11i,a1‘+1)(X5)ds . (Oaﬂ—HZl ﬂ-‘r; 1)(a + x)
Ey e =1 ;T < oo| = lim e

an a—00 (/\—1//\0/\17---/)\;1—1)

(0,a,a+ay,...,.a+a,_1)

(a+ay)

Then identity (29) follows.
Similarly, let
. ZWa-1)(y) A1
wo - 1/ ZO 7;V1H>I010 W()‘nfl)(y) - qD()\n_l),

and, fork=1,...,n—1, put

. AQyeeerMe—1 A -
w 1= lim Wi b (y) W) )
and

zp := lim Z(AO""’/\k‘l’/\"’l)(y)/W()‘"*l)(y).

y—00 (ﬂ(),...,llk,l,[lk)

By Lemma 2, we have

W(/\O/nv)\k—l/)\n—l)(x) _ W()\O/m//\k—z/\n—l>(x) — (Ape1 — Aeq) ak W(/\y,,l)(x _ :l/)W<AO/”',)\k71>(:l/)d]/,

(a0,--.,1k-1,k) (a0, /1k—2,0%-1) Ay (a0,-../1k-1)

(AoreMic1Au=1) (1) — (Ao M2, Aut) (A (AoyAit)
Z(“O[J/---/ﬂk’ill/ﬂk) T = Z(ﬂool---,ﬂkkfzz,ﬂkfl)l (1) = (A1 = A1) -/uk,l w 1)(x N y)z(ﬂoo,---,ﬂk’ill) (y)dy.
Then, by asymptotic results for scale functions, we can show by induction that (wy, zx) also exists
and satisfies
) (a0,---/1-1)
. (33)

(o - B a /ak ~®(Ay_1)y 7 (A0sesAr-1)
B, H = (An—1— A1) e zZ{od (y)dy,

a
wo=1, wp=wp_1— (Ay_1 — )\kfl)/ k e—fb()\n—l)yw(/\o/“v)‘k—1>(y)dy,
ax-1

zZpg =
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fork=1,...,n— 1. Since

. W(;\Or ;n ])(ﬂn) ' W(HAO’ ;ln 1)(an)/W(A"*1)(an) .
111’1’1 (0/ b 1) — llm (0/ 4 ]) — n—1
ay—00 ZEQUO/ /Hn 1]))(11;1) y—+00 Zg;\;» ;lnll))(an)/w()\n,l)(an) Zp—1

identity (31) then follows from Theorem 2 by letting a2, — oo, and the expression of (w,_1,z,_1)
follows from Equation (33). O

4. Conclusions

In this paper, for spectrally negative Lévy processes we obtain Laplace transforms of weighted
occupation times with step weight functions up to the first exit times. The results are expressed using
multiple integrals of the associated scale functions. In the proofs we modify the Poisson approach of
Li and Zhou [7], which can be further adapted to study other problems involving Laplace transforms
of occupation times. The results have possible applications in risk theory for insurance.
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