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Abstract: We consider the behavior of a viscous fluid within a container that has an elastic upper, free
boundary. The movement of the upper boundary is described by a combination of a plate equation
and a boundary condition of friction type that quantifies the elasticity of the boundary. We show the
local existence of weak solutions to this coupled system in three dimensions, by applying the Galerkin
method to a regularized version of the problem and using a fixed-point argument afterwards.
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1. Introduction

Let w denote a bounded Lipschitz domain in R?. We consider a domain,
Oy, = {(x,y,2) € R3 | (x,y) €w,0<z<1+hy(x,y)},

filled with a viscous fluid, where hj is a given vertical displacement of the elastic, upper
part of the boundary from the reference state w x {1}. We denote the rigid part of the
boundary of Q,, by I'g := (w x {0}) U (dw x [0, 1]), which consists of the lower part of the
boundary as well as of the lateral part. Only I, = 9, \ To, the upper part of 00}, is
subject to change in time which is described by a function / that is to be determined. So,
while ), denotes the domain occupied by the fluid at the initial time t = 0,

Oy =1{(xy,2) € R3| (x,y) €w,0<z<1+h(txy)}

is the domain occupied by the fluid at time t. The equations that describe the interplay
between the fluid flow and the elastic boundary, are expressed by (u, p) and h, respectively.
They are defined on the non-cylindrical open space-time domain

ﬁh = UtE(O,T){t} X Qh(t) (1)

and satisfy the coupled non-linear system

o — div(euD(u) — pI) = f — (u-V)u in (), (2)

divu =0 in O, (3)

u(t, ) =0 on FOI (4)

u(t,x,y,1+h(t,x,y)) = (0,0,0:h(t, x,y))T on (0,T) X w, (5)
oh

= ﬁ =0 on aw, (6)
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Ujt=p = Uo in Q, @)
(h/ ath>‘t:0 = (hOI hl) in w, (8)
with Du := }(Vu+ VuT) and 71, € R? denoting the outer unit normal on dw. On
w x (0, T) we have for given A, x > 0 that
o — 10 if [97h + A%h + AN?9h — (Tp)3| < x ©)
T (@ 4+ A2h + A2 — (Typ)a), if 92k + A2+ AA23h — (Tyy)3] = &

for w = a(t,x,y) > 0 which is equivalent to

(97h + A%h + AAN?9h — (Ty¢)3)n > x|0¢h| — x|9th + 1| Vi € R. (10)
Here, o« = w%(h‘ in (9), and & = 0 in case (9); is an unknown function of the system;
furthermore, ¢ > 0 denotes the viscosity of the fluid. Equations (2) and (3) are the
incompressible Navier-Stokes equations with a given external force f, where (3) and (5)
imply that the flow is volume preserving; see Remark 1 (ii). Moreover, (4), describes that
the fluid does not move on the rigid part I'g. Since the fluid adheres to the plate, we

postulate the kinematic boundary condition (5). Moreover, Ty, = Ty,(t, x,y) is the surface
force exerted by the fluid on the structure given by

/w Tre(t, x,y) -o(t,x,y, 1+ h(t,x,y)) dx dy = /r (=2uD(u) -ny +png) -vdo  (11)

h(t)
(—V'h,1)7

V1+|Vh]?

Instead of the boundary condition (9), often an equation of the form

forallv € C° (ﬁh(t) )3, where n; = is the t-dependent outer normal at I'j, ;).

OFh + A%h + ANOh = (Tf)3 + &

is used in the literature. For instance, in Reference [1], Chambolle et al. have constructed
weak solutions for the corresponding problem; the authors remark that the damping term
A?dh can be replaced by the term Ad?h. Similar results have been shown by Grandmont [2]
in the case of a three-dimensional cavity, where one part of the boundary is assumed to be
elastic and the other one rigid. However, the focus in Reference [2] is on the behavior of
solutions in the limit A — 0 and a uniform positive lower bound of the time of existence.

In Reference [3], Denk and Saal exploit the damping term —Ad:h in a half space
like domain with base w = R"~! and maximal regularity to get strong solutions; similar
techniques are used by Celik and Kyed [4] in a spatially periodic setting (n = 3) to prove
the existence of strong t-periodic solutions. Beirad da Veiga [5] proved the local existence
of strong solutions in a one-dimensional periodic base w = (0,L). Similar results are
obtained by Badra and Takahashi [6] working with semigroups of Gevrey class. Fluid
structure interaction problems with a classical non-linear von Karman shallow shell of
finite thickness that allow for both transversal and lateral displacements are considered by
Chueshov and Ryzhkova [7]. Lengeler and Ruzi¢ka [8] discussed the case of a Koiter shell
instead of the flat plate and, hence, replaced the operator A by an operator better suited
for non-flat boundaries.

These equations model the movement of the plate via a (damped) plate equation,
where the damping term used here is AA29;h and the forces causing the movement are
given by (T,)3 and a prescribed external force g. Our boundary condition is a combination
of this equation with a boundary condition of friction type, namely (for i1 = 0)

if [(T
iy =% i [(Tpo)ul <% and g = 0. (12)
—a(Tg)n, if [(Tfe)n| = x witha >0
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Here, the subscripts n and T denote the normal and tangential component of a
vector, respectively.

Condition (12) describes that the fluid adheres to the boundary, but if the normal com-
ponent of the stress tensor becomes large enough, the fluid may start to “leak” and presses
the upper elastic boundary in the opposite direction of (Tf/),. This boundary condition
allowing for leaking and, in particular, its counterpart on slip where tangential components
are controlled as in (12) (Coulomb’s boundary or dry friction condition) have been studied
extensively. For instance, the existence of strong solutions with respect to time for the
Navier-Stokes equations coupled with this boundary condition, i.e., u € W2l (0,T; L? (Q)),
has been shown by Kashiwabara [9] for finite time intervals. On the other hand, a thorough
analysis of the stationary Stokes case in bounded smooth domains of R, d > 3, including
H2-results and the Stokes resolvent problem, is due to Saito [10]. Besides results on weak
solutions, Balilescu, San Martin, and Takahashi [11] present several numerical examples
for the slip Coulomb boundary condition, whereas Jing et al. [12] propose a discontinuous
Galerkin method for the non-linear leak boundary condition. In [13], Balilescu et al. con-
sider the translational and rotational motion of a rigid body immersed into a viscous fluid
together with Coulomb’s boundary condition. Consiglieri [14] discusses the stationary
case of a non-Newtonian fluid with Coulomb’s condition, whereas Baranovskii [15] puts
the focus on a viscoelastic fluids of Oldroyd-B type.

In combination, the boundary condition (9) describes that, if the force g := 9h +
AZh 4+ AA29:h — (ng)g is smaller than the threshold «, then /i, and, therefore, the domain
does not change in time. However, if the force becomes large enough, the upper boundary
may start to change in time, and it does so in the opposite direction of the force. So, x can
be viewed as a constant measuring the elasticity of the plate, which is the upper boundary.
If the material that the plate consists of is very elastic, « is very small. If x is very large, the
plate is harder to move. For simplicity, we assume in the following that A = 1.

In this work, we show the existence of weak solutions. First, we will formally derive an
energy estimate to identify suitable solution spaces in Section 2. In Section 3, we rigorously
define the solution spaces and gather results about trace operators associated with the
domain ()y,(;). In Section 4, we define weak solutions before we show their existence in
Sections 5 and 6. Indeed, in Section 5, we describe several smoothing arguments and
perform the Galerkin approximation method on a given domain Q 5(1), ylelding a weak
solution (1, ) which ignores the kinematic boundary condition (5) on the upper part of
the boundary. Finally, in Section 6, a fixed point argument yields a solution u satisfying
h =6, i.e., the kinematic boundary condition and also (9).

We want to emphasize that we follow the work of Chambolle, Desjardins, Esteban, and
Grandmont; see Reference [1]; however, we have an additional non-linear boundary term.
In a first weak formulation, as in (19) or (20) in Section 4, we get a variational inequality
in which both the solution and the test function are variables in the non-linear function
| - |. By a mollification, the modulus is replaced by a smooth function G, as in (28) below,
which is non-linear in the solution, but linear in the test function. These terms require from
time to time significant changes from the mentioned paper. In order to keep this work
self-contained and comprehensible, we still give a detailed proof of the existence of weak
solution that is in some points even more detailed than that in [1].

2. Energy Estimate
Formally multiplying (2) with u and integrating over (), leads to

/ atu u—i—/ (u-Vu- u+2y/ (u)?

: (13)
+/ —2uD(u) - ng + pny) u—/h fu
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Note that we will omit the infinitesimal increments, such as dx dy in R2, do for 2d-surfaces,
and dt for time to keep lengthy formulae short. Then, the Reynolds transport theorem, as
in [16] (Theorem 3.5), implies that

d Lo d 2) / 2
dt /Qh(t)2|u| / dt( i a0 \Io 2 | "o,

with v denoting the velocity of the area element which equals u. Hence, using divu = 0
and the divergence theorem, we deduce that

1 d [ 1 d
et e - 50)
./Qh(t)(u =3 ooy 1 G Sy 2™ , i \2"!

Plugging this into (13), we get that
14 |u|2+2y/ |2+/ —2uD(u) - ng + png) - u / fou. (14)
e ; D) ou = .
2dt Q) Q)

Now, due to the definition of T¢, given by (11), we calculate for the boundary term

/ (=2uD(u) - ny+ pny) -u = / Tre-u(t, x,y,1+h(t,x,y))

th \ro Jw

) / (Ty¢)30uh = / — (3P + A2+ puA2dh — (Tyy)3)dsh (15)
+ [ (@ 0%+ o)

We rewrite the last integral as

2, L8 a2 2
/| <2dt|a W |Ah| + [ Adh| )
Applying (10) to the second last integral, we get
/ — (3% + A2h -+ ud2dyh — (Ty)3)deh < / (x|20¢h] — x[9sh]) = / x|a:h.
w w w
We also obtain the reverse inequality if we consider y = —d;h in (10). Hence, we conclude
/ — (02 + N+ Ak — ()3)d4h = / x|3h].
w w

Plugging these identities into (14), we get the equality

1d 2 ) , 1d ., ,
23t Jo, " +2”/h )l +/(zdt'” + 1K | adih[? + Klorh

= f u.

Q)

Integrating over time yields for all t > 0

3 1 |2+zu// WP ds+ 5 [ (9P +|8k(1))
+// y|Aath\2+K|8th]>
2/ ol +5 [ (I +18hoP?) // S
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Using Young’s and Holder’s inequality, we deduce for all ¢ > 0

1 1
3 (190 B+ 1O B + 510000 s,

25 [ D@ By @5+ HIAI 2 01y + K263 00
(16)
<5 [ uts ||L2(Qh (nuonm + B + 80l )
3 [1F©) B
Then, Gronwall’s lemma yields
(100 gy + 1300 gy + 18R Ra,))
+zy/||D 200, 5+ 1Bz 0y + 28010 17)

et 2
< 5 (Il Qh)+\|hl|\L2(w +lalsy ) +5 [ 16 B,

for all t > 0. Hence, it is natural to assume for the given data that f € L?(0, T; L2(R%)),
ug € L2(Qy,), ho € H3(w), and by € L?(w). Due to the fact that we do not know how
large €U,y is, we defined f on R?, which is not restrictive given that the extension by zero
preserves L2-integrability. Via (17) these properties, in turn, imply that

u € L%(0, T; L2 (Qy))), D(u) € L*(0, T; L*(Qyp))),
h e WY(0,T; L*(w)) N HY(0, T; H3(w)).

For a rigorous definition of these spaces, see the next section. Due to u(t,-) = 0 on Iy, it is
tempting to use Korn’s inequality in order to get u € L?(0, T; H' (Qp(r))). However, here,
we encounter the main problem in solving Equations (2)—(9) in a weak sense. While €
HY(0,T; H3(w)) C C([0, T] x @) is continuous, i does not need to be Lipschitz continuous.
Hence, (), is not necessarily a domain with Lipschitz boundary. Nevertheless, due to the
continuity of h, (Y, is open and uniformly bounded. Therefore, we can find an M € N
such that By := w x (0, M) D Q) for all t € [0, T]. Now, we define

= u in Qh(t)'
(0,0,0¢h) T in Bpg\ Q)

Due to the interface condition (5) and the previous properties, we see that D(u) €
L?((0,T) x By). Ergo, we can apply Korn’s inequality in By to get € L?(0, T; H' (Byy))
and, by restriction, we still conclude that u € L?(0, T; H! (Qp)))-

7

3. Solution Spaces and Trace Operators
Let T > 0and 0 < m < M. Moreover, let§ € C([0, T] x @) be a function such that

1+ 6(t,x,y) € [m,M] forall (t,x,y) € [0,T] x@w, |3, =0. (18)
Then, the set

Qs :={(x,y,2) € R3| (x,y) €w, 0 <z<1+6(txy)V(xy) €w,zeR}
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is open and contained in By = w x (0, M) but does not necessarily have a Lipschitz
boundary. Furthermore, we need the open space-time domain Qg := Uye(o1) {t} X Qg1
cf. (1). Recalling Ty = (w x {0}) U (dw x [0,1]), we define the following spaces

Hyr, (Qs1)) = {0 € H' (Qy1))| v, = 0},

L2(0, T; H' Q) 1= {0 € L*(Qy)| Vo € L ()},

~—L*(0,T;H" (Qy(1)))
L*(0, T; Hy (Q51))) := C2(Qy) o

Vs i={v e C(Qy)| divo =0, v = 0on (0,T) x To},
L0, TH Q1))

V[S = Vcs s
L*(0,T; LZ(Q(W))) = {v € L2(Q)] ess(suF ||vHLz(Q§(t)) < oo},
te(0,T

V:={v e L*(0,T;H (By))|divo =0,
v=00n(0,T) x (ToU (dw x (1,M)))}.

Even though ()5;) might not necessarily be Lipschitz, one can still show that
Vs = {v € L*(0, T; H' (Q5)))| divo =0, v=00n (0,T) x To},

as in [17] (Theorem 3.22, p. 68), by using that ()5 is locally the graph of a function.
The following lemmata treat the definition and properties of the trace on I';;). For these
lemmata, always assume that ¢ satisfies (18).

Lemma 1. For fixed t € [0, T), the linear mapping
Yot : C (Brr) = C°@), 0= o(x,,140(t,x,))

can be extended to a linear continuous mapping from H'(By) to L?(w). Similarly, the same
mapping but defined on C! (65(0) can be extended to Hl(Qfs(t)).
Additionally, we have y5(;)(v) € L*(0, T; L*(w)) for all v € L*(0, T; H' (Qy()))-

The proof of this Lemma, as well as the proofs of the following Lemmas 26, can be
found in Reference [1]. Using the trace operator 7 ;), we can now rewrite H& (Q J(t)) if we
additionally assume that 6 € C°([0, T]; H' (w)).

Lemma 2. Additionally, let 5 € C°([0, T]; C%(w) N H' (w)), then
Hg (Qy1)) = {v € Hyr, (Qs0))| 151 (0) = 0}

In particular, v € L*(0, T; Hy(Qy))) if and only if v € L*(0, T; Hyp (Q(r))) and s (v(t))
=0 for almost all t € (0, T).

In the next lemma, we consider an extension operator we have already used at the
end of the previous section.

T);C%w) N HY(w)) and let b € L*(0, T; H} (w)) and

Lemma 3. Additionally, let 5 € C°(]0,
)T fora.e. t € (0, T). The function defined by

v € Vg such that v (v(t)) = (0,0,b
5 v in f\)(g,
~1(0,0,6)T  in ((0,T) x By)\Os

belongs to V and
1ollv < Cl[vllvs + 161l 20,78 () )
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where C > 0 depends only on M.
Moreover, we have the existence of a lifting operator:
Lemma 4. For every ¢ € H}(w), there exists a w € Hé,l"o (Qy(4)) such that
V(1) (w) =¢ and ”w”Hl(Qo-(t)) < Cm ”(p”Hl(w)'
The next lemma gives a meaning to the normal trace on the boundary:

Lemma 5. For every t € (0, T), there exists a linear continuous operator
Vs i {v€E L*(Qsp))| divo € L2(Qy4))} — (Hp(w))'
with o
'7:51(t) (0) =o(tx,y,1+5(t,x,y)) -m V(xy) € w, Yo € C*(Qyp)-

The following lemma justifies Korn's inequality.

Lemma 6. For all
v,u € {w e Vs| 3b € L*(0,T; H} (w)) s.t. Vs (w(t)) = (0, 0,b)" forae te (0,T)},

we have

2 D(u):D(v) = / Vu:Vo, forae. t € (0,T);
Qs Qs

thus,
\@HD(u)HLz(QM) = ||Vu||Lz(QM) forae. t € (0,T).

We also have Poincaré’s inequality due to the boundedness of By,.
Lemma 7. Letv € Hglro(ﬂé(t)). Then,
1ollr2(0;4)) < MIVOl2(0y,)-

4. Weak Formulation
After the definition of solution and trace spaces and their basic properties, we are now
in the position to define weak solutions. Let ug € L?(Qy, ), 11 € L*(w) and hy € H}(w) C
Co(@).
Definition 1. We call (u, h) a weak solution of (2)-(9) if
(i) ueVyNL®0,T;L*(Qyp)),
(i) h e WV=(0,T;L*(w)) N HY(0, T; H3(w)),
(iii) v (u(t)) = (0, 0,0:h(t))" on w, forae. t € (0,T),
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(iv) for all test functions (¢,b) € V), x C1([0, T); H3(w)) satisfying the compatibility condition
¢(t,x,y,1+h(t,x,y)) = (0,0,b(t, x,y))Tfor all (t,x,y) € [0,T] x w, there holds the
variational inequality

/Oh //O;,su 8t¢—|—2y// (¢)
[ /Qh(s)(u-V)u-cp—/O [ @y [ /wAhAH/wath(t)b(t)
[ oo [ [ soavs [ [ x(lonl ~ oo~ o)

<[, Fes [, w09+ [ m0)

holds for almost all t € (0, T).

(19)

ho

The integral fo ., (9¢h)?b in (19) is explained by a formal application of Reynolds
transport theorem:

oy 0= [ [, vt [, o0 = 7 [ awos [ ] @

To explain the other terms, we formally calculate

// —div(2uD(u) = pI))¢

=MAAPW%M@+£AM(MMMMH%W

Applying (11) to the last term, we estimate
-t t t o,
/0 / (Tp)ab :/ / (Tp)s — (@h+ A%+ A%3;1) )b + / / (33h+ 6%+ A%, b
. w

N // (19¢h| — ¢ — b]) / /athatb+/ath( )b(t)
*/whlb(OH/o /wAhAbJr/O | sainse.

Using the identity

1 1 1 )
= (u-V)u~<p——Z/Qh(t)(wV)cp-u—i—z/w(ath)b

2 Qh)

we can also write

/(.2;, // u- 8t¢+2y/ /hs (¢)
+§/O/Qh (- V) - —7//011 (- V)¢ u—f//ahzb—ir//AhAb
+/ah //ahathr//AathAbJr// x(|ash| — [¢h — b])

s/o ./Qh(t)f~¢+/0 w0 $(0) + [ mb(0)

Later, it will become clear why we use (20) rather than (19).

(20)

ho
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5. Existence of Weak Solutions: The Galerkin Approximation

This section is dedicated to the proof of the main theorem.

Theorem 1. Let f € L7 ((0,00); L*(R%)), ug € L2(Qy,), h1 € L?(w), and hy € H3(w) with

loc
min(1+ hy) >0,
w
div uyg=20 in Qho’
ug-n =0onTy, (21)

Vi (o) = (0,0,h1) " - 19 on w,
/ hl (x/y) - 0
w

Then, there exists a T* € (0, o0] and a weak solution (1, h) of (2)-(9) on [0, T] for all T < T*. This
solution satisfies the estimate

[l 0,22 (00, )) + IVl 2(0122(0 ) T 198l 0,7512(00)) + 1 BB 111 0,7512 ()

< C(T, Nluoll 2oy, ) I 2o,y <) 1ol 2 ) 17111 22(w0))
with a constant C > 0.

Remark 1. (i) The first assumption on hy, i.e., (21);, is natural since we assume that there is no
intersection of the free boundary with the rigid boundary at the start. In fact, the reason why the
existence of a global solution for all times will not be shown is due to such a possible self-intersection of
the boundary. The other conditions are compatibility conditions. The last one is due to (21), and (21)y.

(i1) The conditions (21), 5 and the solenoidality of u formally imply that the flow is volume

preserving. Actually,
o [ h=[ o= [ won=[ divu=o,
w w T O

so that [, h(t), the volume of Q) equals [, ho for all suitable t > 0.

Proof. Step 1: The regularization procedure

First, we regularize the problem starting with the initial data. We find a sequence
(h§)e>0 € CZ(w) such that [ h§ = [, hoforalle > 0and h§ — hg in H}(w) for e — 0.
Since ming (1 + hy) > 0, there is an m > 0 such that ming (1 + ko) > 2m > 0. Due to the
continuous embedding H3 (w) < C(@), we also have that

3

min(1 4 k) > =, (22)
w 2

given that ¢ > 0 is small enough.
Now, we define 1y by

_ Uup in Qhof
Ug = T .
(0, 0, hl) m BM+1\Qh0-

Since div(ug) = 0in Oy, div(0,0,/41) = 0in Bp11\ Y, and the normal trace Vho (ug) =
(0,0,h1) " - ng, we also have that div(zp) = 0 in By 1.
For 0 < § < 1, we define the scaling

up xy,2) = (1+0) )y, (1+6) (@), (M)s) (x,y, (1+8)2))T. (23)
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It is easy to check that u([)H(S] is also divergence free. Due to hy € C(@), the set

Z;:“n%m<1W|uﬂ>ewxyﬂwma+wmmw)<z<(r+®ﬂ+hdnyn}

is open and a neighborhood of I'j,,. In particular, we have that MBH(S] = (0,0, hl)T on Z.
Due to iy — hp in C(w), we get for ¢ > 0 small enough the inclusion Ze C Z, where

Ze = {(x,y,z) CRY (x,y) € w, (1- %)(1+h8(x,y)) <z< (1+§)(1+h8(x,y))},

a neighborhood I'ye. Hence, provided that ¢ > 0 is small enough, we also have u([)l+‘5] =

(0,0,h1) " on Ze. Finally, we note the convergence

XQh[Su([)Hé] — Xy, o in L2(By) asé — 0.
0
Now, let (§)e~0 C C®(w) be such that h§ — hy in L*(w) and [ h§ = 0foralle > 0.

Moreover, we can regularize u([)1+5] in L?(Bp+1) by functions (u§)e~0 C C®(Bpr4+1) with
divu§ = 0, u§ = 0 on Iy, and u§(x,y,1+h§(x,y)) = (0,0,h%)" on w. The latter can be

assumed due to u([)Hé] =(0,0,h1) " on Ze. In summary, we get that

divu§ =0, u§(x,y,1+h(x,y)) = (0,0,h5) " forall (x,y) € w,

/hizO, ug = 0onTy, /héz/ko
w w w

and the convergences

X0, 4§ — X, to in L*(Bay),
he 0
W — hy in L*(w),
hg — ho in H3(w) as &\, 0.

Since the unknown domain ();,;) depends on the solution h, we first replace it with a
regularised domain Qg () and use a fixed point argument in Step 6 below to find 57 = ..
To be more precise, let § € H'(0, T; C%(w) N H} (w)) such that =0 = hjand M > 1+
5(t,x,y) > m > 0forall (¢t,x,y) € [0, T] x w with m as before, i.e., ming (1 + hg) > 2m > 0,
and M € N will be chosen later.

For any auxiliary sequence (h)e~o C H'(0, T; C(@) N HY (w)) with heji—g = hf for
all e > 0, we take a space-time regularization

3y = N¢(9) € CZ([0,T] x w)
of § such that, if he — ¢ in C°([0, T] x @) and 9;he — 9;6 in L?(0, T; L?(w)) as € — 0, then

Ne(he) =6 inC°([0, T] x @)
9¢Ne(he) — ¢ in L2(0, T; L2 (w)) (24)
NE(fS)\t:O = h(s)-

Note that we use the same parameter ¢ introduced in the beginning of Step 1 for kg, hf, for
07, the sequence ¢, as well as for N¢; moreover, 6 depends on ¢ via k.

The operator N can be constructed as follows: Consider for each ¢ > 0 a regularization
Se : HY(0,T;C%(@) N H}(w)) — C*([0, T];Cy(w)) such that S¢(z) — z uniformly on
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bounded subsets of H'(0, T; C®(@) N Hj(w)) as € — 0 and (Se(2))4—g = 0 if z;—9 = O.
Then, we set

Ne(8) := Se(6 — 849) + hy V6 € H'(0,T;C*(@) N Hy(w)). (25)

Since ||Ne(8) = llcoqpo,11xw) = 15e(6 = bj=0) — (6 = h§)llco(jo,1)xw) — O @as & — 0 and
M >1446 >mon [0, T| x @, we can assume that

2M =145 > Zon[0,T] x @ 26)

by considering e > 0 small enough. For further technical details, we refer to Reference [18].
The properties (24) of N, will be crucial in Step 6.3 below in the analysis of the fixed point
operator F, as in (52).

Furthermore, in order to regularize the non-linearity, we also introduce the space-time
regularization v} := R¢(v) € C*((0,T) x Byy) for v € L?(0, T; L?>(Bay)) such that

Re(ve) — vin L2(0, T; L?(Boyt)) as € — 0if ve — vin L?(0, T; L*(Byy)) as e — 0. (27)
For example, we can set R¢(v) = ¢ * Eg(v) with (¢¢)e>0 C C®(R*) being an approximate
identity with compact support in (0, T) x By, and Eg denotes the extension by zero on R*.

Step 2: The approximate, almost linearized problem

Given uf, h§, h§ and 67 = N¢(6), v = R¢(v) (for an arbitrary v € L2(0, T; L*(Bam))),
as in Step 1, we con51der the followmg, almost linearized, approximate problem: Find
(g, he) such that

(i) ue € Vor NL(0, T; L*(Qpr (1)),

(i) he € W(0,T; L2(w)) N HY(0, T; H3 (w)),

(i) we(t, x,y,14+65(t,x,y)) = (0,0,0:he(t, x,y)) " on [0, T] x w,

(iv) due € L2(0, T; L2(Qp))),

(v) 9%?he € L2(0, T; L*(w)),

(vi) ue(0) = uf, he(0) = h§ and 9the(0) = hi,

(vii) for all ¢ € Vs and b € L?(0, T; H3 (w)) such that ¢¢(t, x,y,1 + 6% (¢, x,y))
= (0,0,b(t,x,y)) " on [0, T] x w, we have

/t/Q&* atug.fpem/f/~ et Ve + 2/ / V)ite - g
//Q V) - e + 2/ /athg (317 b+// (32he)b 28)
+/O /wAathsAH/o /wAthb—i—/O /wKGg(athS)b:/O /05;@’[‘%

Here, we linearized the term fo J.,(10th] — |9th — b]) with respect to b via fot J.p Ge(04he )b,
with G, being the derivative of je : R — R, x +— vx2 4 €2, i.e,,

othe

V0|2 + €2

Gs (aths) =
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However, G(9h,) is still non-linear in the unknown .. In addition, we wrote f Qe Vi :

V¢ as % /; Qs Du, : D¢ which is possible due to Lemma 6. Furthermore, comparing (28)

with (20), we reversed the integration by parts with respect to time. For i, we used

[ [ameaw+ [ anne) - [ meo) = [ [ @no, 29)

which explains the new term fo f.( (02h¢ )b in (28). For ue, we used the Reynolds transport

theorem to get
t 3 .
Ho(t) — - 0
mgﬁwogkwmﬁégm>

t 1 gt
_ Ayt +2-7//ah 9,6%)b.
/O/Q(gg(s) tUe (PS 2 Jo Jo ts(tg)

This in combination with the replacement of the term — z fo /., (0th) 2p in (20) by the more
regular term —% fot J.,, 0the (965 )b explains the term % fo /., Othe(9:67 )b in (28).

Note that we are allowed to take the solution (u,, d;h,) as test function (¢, b) in (28).
This yields

(30)

1 t 1 t
Slue(®)l,, +y/HVwﬁ%%mﬂ+§wm4wﬁm@+A|mamﬁmﬂ

2
Akl + [ [ e
|8thg|2+£2
1 5 1 )
:/O /%(s)f.ug 21510 + 5 1800y + 5 g,

Here, we used that

1 1d
ity 7/ Ahe)20,0F = = 2
/()a;<s> e the 3 w( the)"010; 2dt i

which is true since the upper boundary of Q;(;) moves at the velocity (0,0, 0;0%) " and
ue(t,x,y,14+05(t,x,y)) = (0,0,0:he(t, x, y))—r on w, see iii) above. Similar to the considera-
tions in Section 2, we get

£(s)

([t | o (OT;L2(Qgs ) T [ Vse | 2 (OEL2(Qgr ) T 10the || oo (0,7;111 (w0

.6
+||Ah£||H](O,T;L2(W)) =C

with C > 0 depending only on the data and T but not on ¢ > 0, M or m. Due to w being
bounded, we also deduce by Poincaré’s inequality, as in Lemma 7, that u, is bounded in
L%(0,T; H' (Qx(1))) by a constant independent of ¢ > 0.

Now, we transform the domain Q)4 to the reference configuration, the cylinder
Z=271=wx(0,1), via

Xe(t): Z = Qg (vy,2) = (0,214 8 (L x,y)

Note that x.(t) is a smooth diffeomorphism with det V() = 1+ 67 (¢) forall t € (0, T).
For the sake of abbreviation, we set p¢(t) := p o x¢(t) for a function p in the following.
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Then, the transformed system reads
//atug e(1+57) — //a3u€ ez 9107 —|—y// (Vite Ac) : Vb
[ L omn -3 [ [t
(32)

t
+1/ /aths(at(s;)m/ / a%h£b+/ /AatheAb—ir/ / AheAb
2Jo Jw 0 Jw 0 Jw 0 Jw
t t
+/0 /wKGg(athg)b _ /0 /Zi'ﬂ(”@?)

forall ¢ € L*(0, T; Hyr, (Z), b € L*(0, T; Hj(w)) such that
Pe(t,x,y,1) = (0,0,b(t, x,y))" onw, div(B;rﬂ) =0in Z.

Here, B. := (Vx:)~ ' (1 +67), A :=
interface condition transfers to

ue(t, x,y,1) = (0,0,0¢he(t, x,y))T, V(x,y) € w

1+b*B Be and (v} - (B:V))p := (Vp)B, v}. The

Step 3: The Galerkin procedure for the approximate, linearized problem

Now, we construct a Galerkin basis (lp?)i ¢ of the space {v € H}(Z)| divo = 0} by
the eigenfunctions of the Stokes problem, as in Reference [19] (Chapter 1, Section 2.6),

—AY+ VP! = wy) inZ,

divy? =0 inZ,
zp? =0 on dZ.

Setting 4) = 4)0 “(t) == (B¢ (t)) 1Y, we get for any t € [0, T] a basis of the space
{v € H)\(Z)| div(B] v) = 0in Z}.

Let ({;)jen be a basis of {b € H3(w)| [, b = 0}. Then, we construct (4)}’8)]-61\; such that
div(B{ ¢;°)(t) = 0and ¢;“(t,x,y,1) = (0,0,¢;(x,y))" for all (x,y) € w. This can be
achieved by solving the t-dependent modified Stokes problem

—APY + (B V)pl = 0 inz
: T 1e o .
div(B/ ) = 0 iz, -
0 on ro,
o =
! (0,0,&)" ondz\Ty
in a weak sense. Furthermore,

1971l z) + 1P Ni2z) < Cellgll (34)

H2 (w)

Note that both ¢ and ¢;* are smooth with respect to time since B, via 67, has this
property. Moreover, on dZ, all basis functions 4)?’5, 4)1-1'8 are independent of ¢, and even
¢Y* = 0on dZ.
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Now, we consider the 21 equations
/ dul - ¥ (1 + 67) / Dl zat(s; o / Vul A Vol (35)
1 B n 0€ 1 (5*
+ 2 ( S ( 8 ¢1 78 f ¢ + )
Z
fori=1,...,nand
/ By - Y (1+57) — / daul - 92 h07 + / Vil Ac: Vol
z — z —
17 * n 1,e 17 * n
5 @ BVl g} =2 [ (@2 (BV))g) -l -

1
1 / Al (367 E; + / (@2h1)E; + / (M)A, + / ARG,
w
—|—/KGgah /f “(1+ 67)
forj=1,...,n, combined with the initial conditions

he(0) = ho, ug(0) = ugy, 9k (0) = hey;

here, u] , and h}, denote the orthogonal projections of u(® and /{ onto the finite dimensional

spaces span(cp?’s, 4)}'8)i/]-€ (1,...ny and span(&;)je(1,. ), respectively. Due to the smoothness
of the involved functions with respect to time, we get the existence of a solution (u?,h}) of
the form -

2,3] )& +hy and  uf(t) Eal (])08—1—2/3] (37)

on [0, T|. In order to prove the unique existence of the solution, we first plug (37) into (35)
and (36) to have a system that we want to solve for the unknowns a := (a7, ..., ) and
B := (B1, .-, Bn). This, in turn, can be done by reducing it to a system of first order with respect
to time. This first order system for (B, &, ) " (without initial conditions) reads

I nXn On X2n 9 '5 ﬁ
t = . )
021xn Ms(t) + N '3 FS,t(,Brlxrﬁ)
Here, F;; denotes all lower-order terms that do not involve & or ,8 Since the equation is

linear, so is F; € R21x31  Eyrthermore, F;; is smooth with respect to time. Obviously,
Mc(t) + N € R?"*2" i5 given by

M(t)+ N =
(90 1+5*)>w. (S 90 1+5*)) am (o 0 )
(&#“w#u+xmj(b¢ ¢“u+y0j 0 (i) )

where i,j € {1,..,n}. Obviously, M(t) is smooth with respect to time, too, and it is
easy to check that M(t) + N is positive definite and, hence, invertible. Therefore, we
deduce the existence of a unique solution of the form as in (37) that satisfies the mentioned
initial conditions.
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Now, we multiply equation (35) with «; and sum over i € {1, ..., n}. By analogy, we
multiply (36) with ,Bj and sum over j € {1,..., n}. Adding those two terms yields

/atu "1+67) /83u?-u'§zat(5§
| auf - uf
1
o /Z Vug Ac: Va4 / A (3:62)3 + / CLACL" (38)
- - w w
+ / (AT AIK! + / AR A + / KGe(Dih)ah! = / Fou(14 67,
w w w Z— —

Since 9¢(1 + 85) = div(0,0,z0:6F )T, we get, with the exterior normal vector nz of w X
(0,1), that

1 1 |
5 [ uPot+an) = 5 [ P divio,0,20:87)

1 n|2 T
- u?1%(0,0,z0:6F) "' -n —/ o3u” - u'z9:6F
2 BZ\F0|£|( fs) Zz Z3e e~ Ut

- % [ @izt~ [ o -tz
w zZ — —

Therefore, we deduce

1 o o .
2dt/| WE(1L+ 67) = /atu (14 67) + 2'/w(athg)zat(s;f'/zaguig.uigzatas.

Plugging this into (38), we get
2dt/m (1+47) +;1/w Ae: Vi +/ (92h")ayh
+ / (D)2 + / AR ADH! + / KGe(ih!)ah! = / Foul(1467).
Jw Jw Jw zZ= —
Similarly as done in Section 2, along with G¢(9:h?)d:h! > 0 and using that A, is elliptic

with a constant independent of 7, we can integrate in time and apply Gronwall’s inequality
to conclude that

4 o0, 7502(2)) + IVUE 20,7502 (2)) + 1198HE |0 0,502 (w0)) + 1ARE | 10,7302 (w0))
< C(T, [luollr2(ay )/ ||f||L2((O,T)><]R3)r 1ol 12 () ”thLz(w)/‘S/ m, M). (39)

Here, the constant C > 0 depends on ¢, m and M. However, if we return to the problem in
the deformed configuration, we obtain—similarly as done in Section 2—that
[ ||L°° (0,T;L2 (Qgr s . Vg || 2 (0,T;L2 Qg i [9¢he || oo (0,T;L2(w))

' . (40)
+ || Ak ||H1(0,T;L2(w)) < C(T, ||”0\|L2(Qh0)/ £ 120,y xr)s 1ol 2 00y 11| 22 (w))

with C > 0 independent of ¢, m, and M.
Step 4: Uniform estimates of time derivatives in n

In order to obtain a solution for n — oo, we still need additional estimates of the
largest time derivatives. To be more specific, we need the estimate

10eug ([ 120, m:02(2)) + 198tk (| 120,732 (w0)) < Cle),

with C(e) > 0 independent of n but possibly dependent on the given data, m, M, and «.
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In order to achieve this estimate, we multiply (35) with &; and sum overi € {1, ..., n}.
In a similar fashion, we multiply (36) with ﬁ] and sum over j € {1,...,n}. For simplicity,
we omit the indices € and # in the following and obtain, after adding the two sums,

/

2 2n
(1 + (5*) - /Z 832' 2 /'\Z‘QDZ‘Z até*
i=1

2n .
Y Aigi
i=1
2n . 2n 2n .
+/ZZAZ-¢i.Z)\iat<pi(1+5*)+#/ZVuA:V(Z/\itpl)
i=1 i=1 i=1

1 . 2n 1 . 2n
o @ BV i [ (BV) LA

41 / 3:h 8:6" 92 + / (@2h)? + / Aoh ADH + / Al AP + / xG (9:h)92h
2 w w w w w
. 2n
= [ £ LA +67)
2T =
with

: e {1,.. 0, ie{l,..
)\l = ‘%1/ l S { 7 /n}l and 4)1 = (Pll/ l S { 7 ,71},
pion, i€ {n+1,.,2n}, ¢l ., ie{n+1,.,2n}.

Hence, we get that

2 1d

Ei/ ) 27112 77/ 2
LZ(Z)+2dt ZVEA'VE+||ath||LZ(W)+ dt w(Aath)

2n
Y Aigiv1+ 6
i=1

N

2n . 2n 1
:_/ Z)\i¢i22\iat¢i(1+5*)+f/ VudiA : Vu
Zi3 i=1 2z
2n 1 2n .
o [ VuA: VY A -5 [ 0" BV L A
z i=1 JZ i=1
1 2n . 2n . 1
+—/(v*.(BV))2Ai¢i-g+/ Dt Y Aigpiz 046" — 7/ 3th 9;0* 92h
2Jz i=1 Z i=1 2 Jw

. 2n
+/ (Aath)ti/ AhAath—/ Kc(ath)a%h+/f~ZAi¢i(1+(s*).
w dt Jw w Z— i3
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Then, an integration in time implies that
”/vu Vu(t)
+ [ 1z, §||Aath<t>||2
=5 /Zwomm):v u(0) + 80O + [ 41(0)8341(0)
t 2n 2n u
- Ay YA ‘1+5*+7//V8A:V
/O/Zgz%gzt%( )+ 5 | ), VuoeA: Vu
t 2n 1 ot 2n .
+V/O /ZVEA‘VZ/\#’%—E/ /(Q*'(Bv))ﬂ'z/\iﬁbi—l-
2// (BV)) 2/\4)1 u+/ | 2 Zwlzat&*
-2/ /wathat(s*a%m/o 80423 — | An(t) Adih(t / [ <Gt
t 2n
+/ /f-ZAi4>i(1+5*)-
0727 5

Now, we have to estimate every term on the right-hand side of (41) by a constant
independent of n, but possibly depending on ¢, m, M, and on ¢ and v. The first three pose
no problem since they depend on the initial data that are smooth. For the fourth term,
Holder’s and Young’s inequality imply that

Z)upl 1+5*

(41)

t 2n 2n
YA Y Aiori(1+ %)
Zi3 i=1
2 2 (42)

2n
C Z AiOt@;

i=1

V1T 6"

12(0,512(Z)) 12(0,512(Z))

Let us estimate the second summand of the right-hand side of (42). Remembering that
¢V = (Be)~ T¢?, we get that

2n n n n n
Yo Aidepi = Y wior(BT YY) + ) Bioepl = Y ai(9:B~ )BT @)+ ) Biorpl.  (43)
i=1 i=1 j=1 i=1 j=1

Concerning the second term, we recall that 4)} solves the Stokes-like problem (33), and,
hence, Z ' ﬁ]at¢] solves

~a( X)) + (BY) (L porp}) = —@BY) L pjpl inZ
j=1 j=1 =1
div (BT f [sjat4>}) = —div (atBT f Bj(p}) in Z
j=1 j=1

n
Z ,B]atq')]l =0 ondZ
=1
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in the weak sense. Due to the duality estimate

(-0 410) " s (007)9)
= =i

()" Hg
n
< Ce Z,ij} Ml (z)
j=1 12(2)
for all test functions ¢ € H}(Z), we get that
n . n n A
gy <C + || 2 By :
= H(2) =t ey W= i)

Now, using the equation solved by (4)}, pj) and their continuous dependence on the given
data, as in (34), we can estimate further:

= Cllohll o). (44)
HY2(w)

3] Cl At
12(zy W=t H(2) =1

Combining the last two estimates, we have

(39)
< Clioehll 2o /2wy < CllOA 2013y < € 45)
L2(0,4HY(Z))

no. 1
j=1

The term (3;B~ ") B in (43) is uniformly bounded on (0, T) x Z due to the smoothness
and boundedness of 5*. The bound may depend on ¢ though. Hence, we get that

n

Y. (3B~ ")B ¢}

i=1

L2(0,t;HY(Z))

Y (9!
j=1

12(0,5H1(2)) 46)

<C,
L2(0,t;HY(Z))

< Cllull 20,112y +C

where we use the estimate (44) for the term involving 3 and (39) for the term involving u.
Therefore, we get from (42) that

+C.
L2(0,,L%(Z))

/ZAcpzZAam (1+6%)

The integral

]/l t
f//watA:w
2 Jo Jz

is bounded independently of 7 since u is bounded uniformly in L2(0,t; H'(Z)), as in (39),
and 9; A is bounded in L®((0, ) x w x (0,1)) due to 6* being independent of n. Concerning

the term
t 2n
7 /wA:v<2Aiat¢i>,
0 Jz =
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we use again (43) and deduce that

2n n n
2 AiOi; Z “iat(i’? + Z 'Bfat(p]1
i=1 L2(0,H(Z)) i=1 12(04HY(2)) =1 L2(0,;HY(2))
n
Y i (9B T) BT 9 @)
i=1 12(0,;H(2)) =1 12(0,6;H(2))

is bounded due to (46) and (45).
For the next term in (41) involving v* = R¢(v) = ¢, * Eg(v), as in (27), we use

2l ((0,1)x2) < 1@ * Eo(0) [ Loo((0,6)xk3) < Cellvlli2((0,6)x Bar)#

and the boundedness of u in L2(0,t; H'(Z)), to get that

‘;/ot/z(v*'(Bv))u'i}‘i‘l’i

1 2n .
+3 Y AipivV1+ 6
i=1

2
< Cllolf

Ot XBZM

L2(0,t;L2(Z))

For the second integral involving v*, integration by parts implies that

2// (BV)) ZA‘PZ*

//Z 9,(BT o) ZM’: 2//;3z<u'i)‘i¢i>(v*-3nz)-

1=

The first integral on the right-hand side can be estimated as

2
<C+

7

L2(0,5L2(Z))

2/ / Z 3;(BT0*) 2/\471 Z)up,\/l—i—é*

while, for the second one, we can write

(o B e

<C+2 ||E)2h||L2 OLL2(w))”

where we used that u = 9;:h, o;u = 21221 Ny = B%h on 0Z \ Iy and that, by (39), 0:h is
bounded in L2(0, t; L?(w)).
For the next term in (41), we easily have

2

t 2n 2
‘/ /832' Y Aiizai*| < C+% Y Aigiv1+ 6%
0 Jz = =

L2(0,6L2(Z))

Concerning integrals involving h, we start with the estimate

‘ //ahat(s*azh

<C+ ||82h|\L20tL2 (@))"
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The term fot ||Aath|\%2 (@) is bounded in view of (39). For the next term, we have, due to
HY(0,T; L?(w)) = L®(0, T; L?*(w)) and (39), that

1 1
t) Aath(t)‘ < *HAath( )H +C||Ah( )H%z(w) < ZHAath(t)H%z w +C
Moreover, due to the boundedness of w,

KG 0ih)o%h| < / / |ofh| < Cxt+ - ||azh||L2(O,t;L2(w))'

Finally, the estimate

2

<C+ V14 6*

/Zf ;/\471 1+ 6%

L2(0,5L2(w))
holds. So, in total, we conclude

2

2n
Z /.\Z‘gbz' V14 6*

12102 + 180122 < C.
i=1

L2(0,t;L2(Z))

Due to diu = Y7, A + Y2, A;9:¢p;, with the second term bounded in L?(0, T; L*(Z))
because of (43), (45) and (46), and v/1 + 6* > \/%, we have shown—in the original notation,
that is to say, with indices n and e—that

1961 | 12(0,112(2)) + 19FHE 20, m512(0)) < Ce)- (48)

Step 5: Convergence of u, h" to a weak solution

The bounds from (39) and (48) imply that there is a subsequence of ((ﬁ, h’;)nGN),
which we denote by ((uf,h}!),en) again such that

duf — e inL*(0,T;L*(Z)),
up — ug in L2(0, T; H'(2)),
?h! — he inL2(0,T;L*(w)),
AR' — Ak in HY(0,T; L?(w)),
o — dthe  in L%(0, T; L3 (w)),
oth! — dthe  pointwise a.e. on (0,T) X w

(49)

as n — oo for some
(ue, he) € L*(0,T; Hyr, (2)) x (H*(0, T; L*(w)) N H'(0, T; H (w))).

The last convergence in (49) is implied by the second to last (up to a subsequence), which,
in turn, is implied by (49); 4, and the Aubin-Lions lemma. Using the above convergences,
we let 1 tend to infinity in (35) and (36) after an integration in time. For the convergence

/OtLKGg(ath?)C]'—>/0t/wKGg(ath€)§j as 1 —s o

for all j € N, we use that |G¢(9:h])| < 1, the convergence of (9:h?),cn to d¢he pointwise
almost everywhere on (0, T) x w and the dominated convergence theorem.
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For the interface condition, we note that by construction, as in (37), we have
ug (t,x,y,1) = (0,0,0:1"(t,x,y)) " ae.on (0,T) xw Vn € N.

The first two convergences in (49) imply via the Aubin-Lions lemma that, as n — oo, we
have u! — u in L2(0, T; H3/%(Z)); thus,

n
uE

—Elwx{1} — E\w><{1} in LZ(O/ T; Lz(“’))-

We already know that d;h — 9;h, in L?(0, T; L?(w)) as n — oo. Therefore, by possibly
choosing a suitable subsequence, we deduce

ue(t,x,y,1) = (0,0, d¢he(t, x,]/))T a.e.on (0,T) x w.
For the initial values, we have by design for n — oo

u? (0) = ufly — uf in L*(Z)

othf (0) = !y — i in L*(w).

Due to H'(0, T; L*(X)) < C([0, T}; L?(X)) with X € {w, Z}, we deduce that u¢(0) = uf
and h(0) = K.

Now, in order to combine the equations (35) and (36), and to solve the weak formu-
lation (32) on Z as a whole, we take a relevant test function (¢, b) € L%(0,T; H(%,FO (Z)) x

L?(0,T; H3(w)), as in (32).

Let Py(b) = YN, Ej(t)é’j denote the projection of b onto span(¢;)c(1,..,n}- As before,
4)}’8 denotes the solution of the stationary Stokes-like system (33), and cp;’g denotes the
weak solution to the similar system but with boundary value (0,0,b) " instead of (0,0, (;‘j)T.

Due to the linearity of this system and the continuous dependence of solutions on the data,
we get

N

Y bioit —9y° < ClIPN(b) = bll 20,101 /2(w)) — 0 @s N — oo
=1 I2(0,T;HY(Z))
This enables us to multiply (36) with b;(t), integrate in time, take the limit 1 to infinity for
the solution, as justified above, take the sum over j € {1,..., N}, and then consider the limit
N — oo for the test function. This allows us to basically replace ¢; with b and gb}'£ with gb;'£
in (36).

Then, we consider the Dirichlet part ¢° := ¢, — (p;'s which satisfies $° = 0 on 9Z
and div(B, (¢°)) = 0. For this reason, we can consider the projection of Py;(¢°) =
Y M & ()¢ onto span($©);c (1,...m}- Analogously to before, we multiply (35) with &(t),
integrate over time, take the limit n — oo for the solution, take the sum overi € {1,..., M},
and then take the limit M — oo for the test function.

Next using that ¢, = ¢° + 4711)'8, we can add the two resulting equations to get that
(ue, he) solves (28). Since the diffeomorphism yx. is smooth, we obtain a weak solution for
the problem (28), formulated on Qg;, by setting (ue, he) = (u, © XL he).

Furthermore, weak solutions of (28) are unique. For the proof, take two solutions
(ul,hl), (u2,h?) of (28) to the same given data and initial values. In the equation that
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is solved by the difference (u! — u2,hl — h?), we test with the difference itself. After
integration by parts, we obtain

3 o, = ROR e [ 9e -

+§/ |8tA<h2—h§><t>\2+§/ \A(hg_hg)(t)|z+/0f/ A1)
* /ot/ k(Ge(Athy) — Ge(9:h?) ) (3thg — 0th7) = 0.

Since G is the derivative of a convex function, it is monotonically increasing. Therefore,
every term on the left-hand side is non-negative, and we conclude that u! = u2? and
0thl = 9;h2. The latter implies h! = h? due to hl(0) = h2(0). O

6. Existence of Weak Solutions: The Fixed Point Argument
Step 6: The fixed point problem of F;

Given initial values u$, i, and k¢, for any pair (6, v) with 6 € H'(0, T; C°(w) N H (w)),
M>1+6>m>0o0n [0 T| x w and v € L2(0, T; L?(Bap1)), we have shown in Section 5
the existence of a weak unique solution (u, he) to the “linearized” problem (28) with
0f = Re(v) and 67 = Ne(0) where ), = h{j. This solution satisfies the estimates, cf. the a
priori estimates (31) and (40)

(1t | oo (OTL2(Qg ) T Vel 12 (OTL2(Qg ) T 19¢he | Lo 0,512 )y T+ 1 AMel| 11 0,752 ()

< C(T, HuOHLZ(QhO)f £ 20,y xr) [1Foll 12 o) thHLz(w)) (50)
with a constant C > 0 independent of ¢ > 0 and

9t1te | 20,7:02(2)) + Ha%hSHLZ(O,T;LZ(w)) < Cle), (51)

as in (48), the corresponding weak convergences in (49) and the weak lower semi-continu-
ity of the norm. For T* € (0, T}, let

Y := HY(0, T*; C%(@) N H (w)) x L2(0, T*; L*(Banm))-
Then, we consider the solution operator
F By =Y, (6,0)— (hee), (52)
where
Bl :={(5,0) € Y] (5,0)lly < Cus,
m<1+5(tx,y) <Mon[0,T*] x@, &_o = hy},

and (ue, he) denotes the solution constructed in the previous steps for the data (J,v)
and with

_— Ug in lef(f)’

iy = .

(0,0,0¢he) - in Bom\ Qg (1)

It is easy to check that B};" is non-empty, closed and convex. If we can show that F, (B};") C
By, that Fe(B}") is relatively compact and that F is continuous, we get the existence of
at least one fixed point by Schauder’s fixed-point theorem, as in Reference [20] (Corollary
10.2). Note that m > 0 was already chosen such that ming(1 + hg) > 2m > 0, but M and
T* still have to be chosen large and small enough, respectively, such that F; satisfies the
mentioned properties, if Cj; is chosen large enough, as well.
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Step 6.1: F; is a self-map

First, we want to show that Fe(B);“) C By;® if M > 0 is large enough. Due to (50)
and H'(0, T; H*(w)) < C°([0, T] x @), we conclude that, if M is chosen large enough
according to the given data, then

sup (1+he) <M.
[0,T|xw

Furthermore, it is easy to see that

_ (50)
e ll 20,7502 (Boe)) < HHSHLZ(O,T;LZ(QJE*“))) + 2M||0the|[12(0,7:12(0)) < C1- M.

Due to h, € H'(0, T; H*(w)) and the embedding H?(w) < C%(@), we also get from (50)
that HhﬁHHl(O,T,CO(w)ﬂHé(w)) S C2 Hence,

||(hg,ﬁg)”y <Ci-M+C=:Cp.

Since h, is bounded in H'(0, T; H?(w)), H' (0, T; H*(w)) < C([0, T] x @) and
ming (1 +hf) > 37’”, as in (22), there is a time T* > 0 such that

m< min (1+h)
[0,T*]x@w

for ¢ > 0 small enough. In total, we have verified that F.(B};") C By;".
Step 6.2: Fo(B};°) is relatively compact

Let (8n,0n)nen C By, and let (h,u) = F¢(6y,v,) denote the solution to (28).
Due to (50) and (51), (9;h?), is bounded in L?(0, T*; H3(w)), and (0?h!), is bounded
in L?(0, T*; L2(w)). Since H3(w) is compactly embedded in H}(w) N C%(w), we get that
(9¢ht),, is relatively compact in L2(0, T*; H' (w) N C°(@)). Moreover, we have that (u.")
is bounded in L?(0, T*; H'(Z)) and (9;u,"), is bounded in L?(0, T*; L?(Z)). Hence, (" )n
is relatively compact in L2(0, T*; L%(Z)). Let u; denote the limit of the corresponding sub-
sequence.

Since (8, v,) € By;* we have for the corresponding regularization 6 . = Ne(dy) of &,
(see (24) and (25) for the definition and some properties)

*
167,¢

(0,11 (w)) < [1Se(On —hG) — (60 — o) || k10,7430 (w)) + 190 12 0,701 (w0))
<2Cym

forall n € Nand ¢ > 0 small enough. Since the embedding H'(0, T*; H'(w)) —
L2((0,T*) x w) is compact, there exists a subsequence of (7, .),cn, called again (3} ) nen,
that converges pointwise a.e. on (0, T*) X w to an element &, € H'(0, T*; H!(w)) as n — oo.
Due to

2M 2145, > 2 on[0,T] x @,

as in (26), the same estimate holds for the limit 5. Now, let
XD Z— Qg i, (0 y,2) = (0,214 8 (8x,y))) T VEE (0,T7)
and define x,(t) similarly but with J; instead of 4}; .. We want to show that

Xog, o (eo (X)) = Xy, (o xe ) in 12(0, T L2 (Ba)) as n — 0. (53)
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Concerning the convergence of the norms, we have that
142 —1p2
. 1. o (x" 1 — / u. o (" 1
/(O,T)XBZM |X05n,s<f) (e o (x2) )| (O.T) %y (1) |*€ (xc) ’
—12 n g a1 —1l 400
= Ug © det (V(x¢ o = / Ug © .
(O,T) XQ&“) |7€ (XE) | ( (Xs Xe )) (O,T) XQ&(!) |7€ (XS) | 1 + 55

Due to the pointwise convergence of (57:r5)nEN to b a.e.on (0,T) X wasn —

146, _ 2M
1486, — m/2’

the dominated convergence theorem yields the convergence of the norms. The weak
convergence follows in a similar fashion. In total, we obtain the strong convergence (53).
Hence, (53), in combination with

||X0572,8(t) (uf —ueo (X)) HLZ((O,T*)XBZM) = ||ug —ueo (Xsn)_lHLZ(O,T*;LZ(Q%(,)))
= H(&n - &) \/ 1+ 5’?SHL2(O,T*;L2(Z)) < v ZMH&n 7&||L2(O,T*;L2(Z)) —0

as n — oo, implies that (xq, (t ul) ey converges in L2(0, T*; L2(Byy) ). Therefore, since

)
(XQ%E“) ug’) is relatively compact in L2(0, T*; L?(Byp) ) and (9:h!") ey

in L2(0, T*; H} (w) N C°%(w)), as previously shown, we also deduce that ("), is relatively
compact in L*((0, T*) X Bap). This implies that F;(B};*) C Y is relatively compact.

is relatively compact

Step 6.3: F; is continuous

Eventually, we prove that F; is continuous. Let (6, v,), C BR”A’E be a sequence con-
verging to (J,v) in Y as n — co. We want to show that any subsequence of (F;(dy, v4))yen
has a subsequence that converges to F:(, v), which implies that (F;(d,, vs)),en converges
to F¢(4,v). Since any subsequence of (d,,, v ) e converges to the same limit (,v) in Y, too,
it is enough to consider only the (sub)sequence (F;(dn, Un))peN-

We have already shown that a subsequence of F.(d,,v,) =: (h,u} ), which we assume
to coincide with the sequence itself again, converges to an element (flg,ﬁﬁ) in Y. Moreover,
since (h?,} ) is a solution of the “linearized” system (28), it is also bounded due to the a
priori estimates (50) and (51). This also implies that (up to a subsequence) (hf, %} ) ey con-
verges weakly in H' (0, T*; H3(w)) x L(0, T*; H'(Byy)) and (9212, X d:ul') converges

weakly in L2(0, T*; L?(w)) x L?(0, T; L>(Baum))-

So, we want to show that (¢, ;) = F.(J,v), i.e., (he, 1) is a solution to the “linearized”
problem (28) associated with (5, v). Due to uniqueness, this indeed yields (., ;) = F.(J,v).
It is easy to see that the mentioned convergences imply

ﬁs = (0, 0, 8tfzg)T in BZM\Q(Sg(t)/
(%9, 14 82 (t,3,9)) = (0,0,005c(t,x,)) T on [0,T7] x w,
diVﬁg =0 in BZM-
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n

Moreover, the system solved by (h,u;) reads as follows: For all ¢! € Vy,
b € L*(0, T*; H3(w)) such that ¢e(t, x,y,1+ 8. (t, x,y)) = (0,0,b(t,x,y)) " on [0, T*] x w
we have, cf. (28),

t r t
ot gtvuf) [, waevaeg [,
/0 '/Qo‘,*,e(s) tUe ¢s +V{ Q . ¢£ 2 0* ¢s
1 t
— - - 4o //ah"a(s* b+//82h”b
5 /QW V)l -ul! : [ | o (54)
t : : t
A" Ab //Ah”Ab // G ah”b:// e
+/O /a; the + 0 Jw € + 0 wK 8( t s) 0 Qo‘,q,f(s)f (PS

We want to consider the limit as 7 goes to infinity, but the test functions depend on #.
In order to overcome this problem, we first consider the test function

4’8 € C?(UtG(O,T*){t} X Q&;(t))/ le(Pg = 0

Then, (¢?,0) is an admissible test function for large n due to the convergence of () ,en
to ¢ in H(0, T*; C%(@) N H{(w)), which implies uniform convergence; therefore, with the
help of (24) for n large enough,

92(t,%,y,1+ 55.(x,)) = 0 on w.

For any trace funcion b € L?(0, T*; H}(w)) with [ b = 0, there exists an element z €
L*(0, T*; H'(Z,,/2)) (where Z,, /2 = w x (0, %)) such that

diVZ - O ln (O/ T*) X Zm/Z/
~](0,0,6)7 on(0,T*) xwx {4} (55)
10Zm /2 0 else

and
”Z”LZ(O,T*;Hl(Zm/z)) < C||b||L2(O,T*;H1/2(w))'
Then, we consider

P(b) = (0,0,0) " on Bop\Zy 2,
¢ ' z onZy, .

The pair (¢{(b), b) is an admissible test function, too, since 1+ &5, >
alln € N.

For these special choices of test functions (¢?,0) and (¢2(b), b) that do not depend on
n, we can send 7 to infinity in the equation. Here, we use the convergences of (h,ul), as
we have done in the finite dimensional case. Let us remark that, in order to go to the limit

in the most problematic term fot /; 0 )(U;‘l,g -V)u!" - ¢, we deduce from (27) that

% on (0,T*) x w for

108 = VnellLs (0.6 xBar) = 19 * Eo (0 = 0n) [ ((0,6) x Bopg) < Cellv = Vnll120,7;850) = O

as n — 0. So, we obtain that (135, i) is a weak solution to the limit problem—at least for
the chosen set of test functions.
For a general test function (¢, b) € Vs x L2(0, T*; H3 (w)) with

¢e(t,x,y, 1+ 6% (t,x,y)) = (0,0,b(t,x,y)) |

on [0, T*] x w, we use that (¢¢, b) = ((¢e — ¢t (b),0) + (p1(b),b) such that the first sum-
mand ¢. — ¢} (b) can be approximated by functions of the same type as ¢?. This shows that
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F; is continuous. Therefore, by Schauder’s fixed point theorem, F; has at least one fixed
point (he, U;).
Step 7: The limit fore — 0

In order to pass to the limit as ¢ — 0, we state the following;:

Claim 1. For all T > 0 small enough, there holds the estimates

/ Xy |Telt, ) — et — 7, ) dt
0 B (56)

T*
+/ / (Beh(t, ) — ahe(t — T, )2 dt < CVT
0 w
and .
[ o melt) = oy, ilt— )P de < CV7 57)
0 Boum 4 4
with C > 0 independent of € and where he(t) := hfj, dthe(t) := 0 and u(t) := 0if t < 0.

Actually, since the proof of this claim is almost word for word the same as the one
in [1], Lemma 9, we only treat here the new, additional term

T*
/0 / Ge(ih!)b.

The key idea in the proof is to test the equation solved by (u,, he) with the special test
function (¢, b) depending on the solution (h, ¢ ) as follows:

t t
e = / il (s,x,y,(1+6)z)ds, b= / Othe(s, x,y) ds
t t

—T —T

for some & > 0; see (23) for the definition of 119, After inserting this test function,
the resulting terms are estimated by bounds of the form Cy/T with C independent of «.

Here, the only new term is fOT* B (Gs(ath?) . f;f L Othe(s, x,y) ds) , which we can estimate

as follows
™ t
/ / (Gs(athg)- / Athe(s, %, 1) ds)‘
0 w t—T

r T 1/2
< [ [iecann( [ oo mnpas) vE
S CT*||ath£||L2(0,T*,L2(w))ﬁS C(T*)\/%,

where the uniform boundedness of [|9¢/e[| 12 (g, 1+;12(w)) 15 used; see (50).

Next, we use the Fréchet-Kolmogorov theorem. Here, (56) and (57) imply the equiconti-
nuity of (d¢he)e~0 and ()mh*(t)ﬁg)oo in L2(0, T*; L?(w)) and L?((0, T*) x Byy), respectively.

Thus, we deduce that (9¢he )¢~ is relatively compact in L?((0, T*) x w) and (xa. (t)ﬂ€)€>0

is relatively compact in L?(0, T*; L?(Byas)). This implies that (i, )~ is relatively compact
in L2(0, T*; L?(Bo))-

From these considerations, as well as from the estimates in (50) where the constant
does not depend on ¢, we find functions / on [0, T*] x @ and u on [0, T*] X By such that
the following convergences (of a suitable subsequence which we identify with the sequence
itself) follow as € goes to O:
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he — h in C°([0, T*] x @),
he = h in H1(0, T*; H3(w)),
dthe — Oth in L2(0, T*; L*(w)),
T — U in L2(0, T*; L?(Baw)),
Xy He = Xy 0 L2(0, T*; L*(Bom)), (58)
U —u in L*(0, T*; Hy r, (Bam)),
h:—h in C°([0, T*] x @),
oy — dth in L2(0, T*; L*(w)),
o in L2(0, T*; L?(Bau)).

The last three convergences follow from the way we regularized ke and ue, as in (24)
and (27), and from the corresponding convergences without regularization. Furthermore,
(th*(t) Vi )e~o converges (up to a subsequence) weakly to a matrix-valued function g €

(L2(0, T; L2(Bap)))3*3 due to (50) as & — 0.
Let ¢ € (L*((0,T*) x Baar))**3 such that supp ¢ C Use(o ) {t} X (Bam\Qy(r))- Then,
we have

’~/(O,T*)><32M Ko Vi (P’ B ‘/0 T*)x Bayt Xy Ve  @(XO ) — X0y)

= ‘mhzm Ve

(so

’(P Xy — X))

LZ((O T* XBZM ‘ Lz((O,T*)XBZM)

—0 ase—0
L2((0,T*)x Boym)

H P(XQe ) — X))

since hi} converges to 11in C°([0, T] x @) as e — 0. This implies that ¢ = 0 on Ute(O,T*){t} X
(Bam\Qpyp) )-

Furthermore, let ¢ € L?(0, T*; Hyr (Bam)) with supp ¢ C Uye (o) {t} X Q). Ina
similar fashion as before, we have

< ||va€||L2((O,T*)><BzM)H|X0h([) 7X0h:(f)| ‘ 2((0,T%) x Bat)

— 0 ase— 0.
2((0,T*)x Baar)

< C|[Ixay, = xa | 1991,
Therefore, ¢ = Vi on Use (o) {t} X Q4 and, in total,
Xy Ve = 4 = X0 Vu in L2(0, T L*(Ban))- (59)
Next, we proceed to the limit in the equation
ue(t, x,y,1+ h(t,x,v)) = (0,0,0:he(t, x,y)) | on [0, T*] x w

We already know that the right-hand side converges to (0,0,9;k) " in L2(0, T*; L*(w)).
We consider

w. = (0/ 0/ athS)T ln BZM\Z‘ﬂZ/zl
e = .
Z3sh inZy
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with zy,, € L?(0, T%; H(%,Fo (Zy,/2)) solving (55) but with b replaced with d;h,. Then, (11, —
We )e~0 is bounded in L?(0, T*; H'(B,yy)) with a constant independent of e. This and (58)
imply that a subsequence of (7l — w; ).~ converges weakly to wy := 1 — w with

W= (0/ 0, ath)T in B2M\Zm/2/
" zom in Zy,»

in L2(0, T*; H'(Byy1))- Let 8 > 0 be arbitrary. Due to the uniform convergence of (h})e~o
to h, we get that

JE>0Vee (0,8 Vte (0,T) : Yypyrs O Qo
This implies that
it; = (0,0,0the) " on Bopt\ Q)16 C Bamt\ Q1)
foralle € (0,€] and t € (0, T*). We also have that
we = (0,0,9¢he) " on Bag\ Q)15 € Bamt\Zimy2

because of 1+ h > mon [0, T*] X w. Since § > 0 was arbitrary, we deduce that wy = 0 in
Ure(o,r) 1t} < (Bam\Qyy))- Due to 14k > 7 on [0, T*] x w, we also deduce that wy = 0
on I'yg. This readily implies that

wy =0 in U {t} X (BZM\Qh(t)) and wo € LZ(O, T*,H(l)(Qh(t)))
te(0,T*)

Due to Lemma 2, it follows that 7}, (wo) = 0. Since ;) (w) = (0,0, 0;h) T, it must be the
case that

iy (1) = (0,0,0:h) "

This shows that the interface condition is satisfied.
Now, we take the limit in the equation solved by (u, k. ). Recall that (¢, h,) solves

t ¢ 1t
Otile - P, —i—y// Viue: V¢ +7// (- V)ite -
/0 /th(s) e 0 Qh;(s) ¢ ) 0 Qh;(s) € e Qe
1 ! * 1 t . t ”
— E /O A)hg(s) (ug . V)(Ps s Ug + E A /w aths(athg) b + /0 /w at hgb (60)

t t t t
+/ /Aatthb+/ / AhEAbJr/ /KGE(athE)bZ/ / f e
0 Jw 0 Juw 0 Jw 0 JQyx(s)

for all ¢ € Vi, b € L2(0, T; H3 (w)) such that ¢¢(t, x,y, 1+ hi(t,x,y)) = (0,0,b(t,x,y)) "
on [0, T*] x w. This equation is derived from (28) by replacing (v, §) with the fixed point
(ug, he) found in Section 6. In particular, 67 = N¢ () becomes N¢(he) = h} and v} = R¢(v)
becomes R, (u) = u}, but note that u, and h, will still differ from u} and h}, respectively.
Since G; is the derivative of the convex function j; : R = R, x +— v/ x2 + €2, we get

~Ge(@rhe)b = Ge(@the)(—b + the — the) < \/ (Behe — b)2 + €2 — \Jauh2 + 2,

which is equivalent to

Vo2 + €2 —\/ Qe — b)2 + € < Ge(Bthe)b.
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If we plug this into (60) and use integration by parts with respect to time for the first term
and for the term involving afhg, as in (30) and (29) (with ¢ replaced by h), we end up with
the inequality

oy //h* a3 af%ﬂ*//w Ve,
UL L[], s
+ /w Athe(D)b(t) — /0 /w dthe b + /O /wAatthb+ /O t /w AheAb (61)
+/Ot/w1<<\/ath§+£2—\/(athg—b)z—mz)
<[ Jo 1o [ i)+ /Q e 0)

fora.e. t € (0,T*) and for all (¢¢, b) € Vyr x CL([0, T*]; H3 (w)) with ¢e(t, x,y,1+ hE) =
(0,0,b) " on [0, T] x w.

As in the variational problem (54), we have to deal with the problem that the test
functions depend on e. We solve this issue in a similar manner and consider

¢° € (:;"’(Ute o1y (X Qe ) div¢? = 0.

Then, (¢°,0) is an admissible test function for small ¢ since ¢° € Vi for € > 0 sufficiently
small due to the uniform convergence of h; to h as € goes to 0. For an element b €

3
CY([0, T*]; H3(w)) with [, b = 0, we use the continuous embedding H?(w) < W/} (w) to
deduce that there exists a z € L®(0, T*; W} (Z,,/2)) C L*((0, T*) x Z,,2) such that

(0,0,b)7 on (0,T*) x w x {%},

divz =0 in (0,T") X Z,, /2, Z10Zyy = {0 else

Then, we consider

(pl(b) — (O/O;b)—r on BZM\Zm/Zr
' z on Zy, .

The pair (¢! (D), b) is an admissible test function, too, since 1+ 67 > % on (0, T*) x w for all
€ > 0. For this class of test functions, we can go to the limit in (61) due to the convergences
(58) and (59). Here, let us consider the most problematic term

' t
* o . '
/O /Q;,;(S)(ue .V)MS.CP _/O Bou XQh;(s)(Mg V)ue (P
top y
_ ' ' . |
—/0 .BZMXth(s)(M V)ue ¢+/0 BzMXOhS*(S)((uE ) - V)i - ¢.

The first term on the right-hand side converges to fot J; s (- V)u - ¢, the correct limit due

to (59), and the second summand converges to 0 because of the strong convergence u; — u
in L2(0, T*; L?(B,p1)) and the boundedness of (XQIZ*(S>VM£)8>0 in L2(0, T*; L?(Bap) ). Note
that this argument works since ¢ € L*((0,T*) X Z,,/,)); this, in retrospect, explains why
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the previous divergence problem was solved for an exponent larger than 2. Concerning the

term fot fﬂhg(s) (uf - V)¢ - ue, we estimate

ot
/0 /BzM ‘Xﬂhé(s) (ug - V)¢ tte — X, (u- V) u‘

t
* . .
S/o /BZM‘(XQ%@@”S X0h<s>”) V)¢ Xy ) Ue

+/Of /BzM!(mh(s)uIV)(P. (mh(s)u—mhg(s)u(g)
< x4 = X0u 1l 2 (0. By IV Ol 0618 B
(el 202 (Bang)) + HXQh(s)MHLZ(O,IE;L‘l(BZM)))
+ HXQh;(s) (up —ue) HLZ((O,t)xBZM)||V¢HL°°(O,t;L4(B2M)) HXQh(s)u||L2(0,t;L4(BZM)))f
which converges to 0 as ¢ — 0 due to the boundedness of (i), in LZ(O, t; L4(B2 Mm)) implied

by (58)¢; the term xq , ) (uf — ue) converges to 0in L? by (58), ¢ and the triangle inequality.
For the convergence of the non-linear boundary term in (61), due to

dthe — 9;h in L*(0,T; L*(w)) < LY(0, T; LY (w)) as e — 0

and Vx? 4 €2 < |x| + ¢ for x € R, the dominated convergence theorem implies that

ot p t o,
/ / (\/athg+€2—\/(athg—b)2+£2> —>/ / (|oth| — |0th —b]) as & — 0.
JO Jw 0 Jw

This shows that (u, h) is a solution of (20) for these special test functions.

Now, for a general test function (¢,b) € V, x C([0, T*]; H3(w)) with ¢(t,x,y,1 +
h(t,x,y)) = (0,0,b(t,x,y)) in [0, T] x w, we write ¢ = (¢ — ¢*(b)) + ¢*(b) with ¢'(b) as
before. Since the Dirichlet part ¢ — ¢! (b) can be approximated by functions of the same
type as ¢°, we can recover the weak formulation (20) for general test functions. This shows
that (u, h) is a weak solution of (2)—(9), which concludes the proof.

7. Discussion

We presented the existence of weak solutions to a fluid-structure interaction problem
for Navier-Stokes equations in a domain with a damped Kirchhoff plate as an upper lid.
The interaction is given only in the normal direction, together with a threshold for the
normal stress, so that, for small stresses, the plate stays immovable. The proof follows the
line of Reference [1], where the damped plate is linearly coupled with the fluid. There
appear the natural questions whether similar results can be obtained for unbounded
domains of half space type and for bounded domains where the plate is fastened to the
arbitrarily shaped upper brim of the lateral boundary of a cylindrical domain or even
cannot be written as a graph.
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