
mathematics

Article

Fractional System of Korteweg-De Vries Equations via
Elzaki Transform

Wenfeng He 1, Nana Chen 2, Ioannis Dassios 3, Nehad Ali Shah 4,5,* and Jae Dong Chung 6

����������
�������

Citation: He, W.; Chen, N.; Dassios,

I.; Shah, N.A.; Chung, J.D. Fractional

System of Korteweg-De Vries

Equations via Elzaki Transform.

Mathematics 2021, 9, 673. https://

doi.org/10.3390/math9060673

Academic Editor: Carlo Bianca

Received: 10 February 2021

Accepted: 10 March 2021

Published: 22 March 2021

Publisher’s Note: MDPI stays neutral

with regard to jurisdictional claims in

published maps and institutional affil-

iations.

Copyright: © 2021 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license (https://

creativecommons.org/licenses/by/

4.0/).

1 College of Science, Hainan University, Haikou 570228, China; wenfhe2002@hainanu.edu.cn
2 Faculty of Network, Haikou College of Economics, Haikou 571127, China; 46392128cnn@sina.com
3 AMPSAS, University College Dublin, D4 Dublin, Ireland; ioannis.dassios@ucd.ie
4 Informetrics Research Group, Ton Duc Thang University, Ho Chi Minh City 58307, Vietnam
5 Faculty of Mathematics & Statistics, Ton Duc Thang University, Ho Chi Minh City 58307, Vietnam
6 Department of Mechanical Engineering, Sejong University, Seoul 05006, Korea; jdchung@sejong.ac.kr
* Correspondence: nehad.ali.shah@tdtu.edu.vn

Abstract: In this article, a hybrid technique, called the Iteration transform method, has been imple-
mented to solve the fractional-order coupled Korteweg-de Vries (KdV) equation. In this method, the
Elzaki transform and New Iteration method are combined. The iteration transform method solutions
are obtained in series form to analyze the analytical results of fractional-order coupled Korteweg-de
Vries equations. To understand the analytical procedure of Iteration transform method, some numeri-
cal problems are presented for the analytical result of fractional-order coupled Korteweg-de Vries
equations. It is also demonstrated that the current technique’s solutions are in good agreement with
the exact results. The numerical solutions show that only a few terms are sufficient for obtaining an
approximate result, which is efficient, accurate, and reliable.

Keywords: coupled KdV system; new iterative method; Elzaki transform; Caputo operator

1. Introduction

The engineering and physical systems that are best represented by fractional differen-
tial equations are described by fractional calculus (FC). Unfortunately, in many cases, the
standard mathematical models of integer-order derivatives, including nonlinear models,
do not work adequately. FC has played a very crucial role in different areas, such as
chemistry, economics, electricity, notably control theory, groundwater problems, mechanics,
signal image processing, and biology. Earlier, the study of travelling-wave solutions for
non-linear equations played a significant role in analyzing non-linear physical processes.
The KdV equation has defined a wide variety of physical phenomena used to model the
interaction and evolution of non-linear waves [1–8].

Hirota and Satsuma suggested a coupled KdV model, which explains two long waves’
interactions with separate dispersion relationships. It was derived as an evolution equation
governing a one-dimensional, small-amplitude, and long-surface gravity wave propagating
in a shallow channel of water. The non-linear coupled scheme of partial differential
equations (PDEs) has a wide range of implementations in different fields of chemistry,
biology, hydrodynamics, mechanics, plasma physics, water waves, applied science, etc.
In [9], Wu et al. introduced a novel hierarchy of non-linear equations of evolution by
considering a spectral 4× 4 matrix problem with three potentials. However, the behavior
of the KdV solitons recognizes the influence of the existence of the former. The result shows
that the former defines the velocity of the KdV soliton [10,11]. The fractional-order coupled
KdV equations are defined as
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∂ρµ

∂τρ = −a
∂3µ

∂ζ3 − 6aµ
∂µ

∂ζ
+ 6ν

∂ν

∂ζ

∂ρν

∂τρ = −a
∂3ν

∂ζ3 − 3bµ
∂ν

∂ζ
, 0 < ρ < 1

(1)

where a and b are constants and ρ is a parameter describing the order of the fractional-
order derivatives of µ(ζ, τ) and ν(ζ, τ), respectively. The functions µ(ζ, τ) and ν(ζ, τ) are
considered to be the fundamental functions of space and time, i.e., disappearing for τ < 0
and ζ < 0. Because a = b = 1 is used, the latter scheme reduces to the classical coupled
KdV equations.

The modified coupled Koreweg-de Vries system (MCKdV) is a typical equation in this
hierarchy. This equation is governed by the following non-linear PDEs [12]:

∂ρµ

∂τρ =
1
2

∂3µ

∂τ3 − 3µ2 ∂µ

∂ζ
+

3
2

ω
∂2ν

∂ζ2 + 3
∂ν

∂ζ

∂ω

∂ζ
+

3
2

ν
∂2ω

∂ζ2 + 3νω
∂µ

∂ζ
+ 3µω

∂ν

∂ζ
+ 3µν

∂ω

∂ζ
,

∂ρν

∂τρ = − ∂3ν

∂ζ3 − 3
∂µ

∂ζ

∂ν

∂ζ
− 3ν

∂2µ

∂ζ2 − 3ν2 ∂ω

∂ζ
+ 6µν

∂µ

∂ζ
+ 3µ2 ∂ν

∂ζ
,

∂ρω

∂τρ = − ∂3ω

∂ζ3 − 3
∂µ

∂ζ

∂ω

∂ζ
− 3ω

∂2µ

∂ζ2 − 3ω2 ∂ν

∂ζ
+ 6µω

∂µ

∂ζ
+ 3µ2 ∂ω

∂ζ
,

(2)

The MCKdV Equation (2), with ν = ω = 0, reduces to the standard modified KdV
equation. KdV equations are a major class of non-linear evolution equations with several
implementations in engineering and applied sciences. As an example, in plasma physics,
the KdV equations result in the ion acoustic solutions [13,14]. A long wave characterizes
geophysical fluid dynamics in shallow waters and deep oceans [15,16].

The solution of the Generalized Hirota–Satsuma coupled KdV equations has been
achieved by the Adomian decomposition technique [17]. An exact solution has suggested
the result of coupled KdV, while using the homogenous balance technique. By applying
differential transform technique, the approximate result of coupled KdV has been studied
in [18]. The analysis of non-linear KdV equations suggested in [19] was using the Homotopy
analysis method. The exact result of KdV has been found through the analysis in [20]
applying the variational iteration technique. Lu, D et al. found the numerical solutions of
coupled nonlinear fractional KdV equations using Fractional Elzaki projected differential
transform method [21]. The approximate results for a generalized coupled scheme of KdV
and Zakharov–Kuznetsov equations have been achieved in [22] while using a modified
tanh technique. Fan [23] have employed an extended tanh technique with symbolic
computation to derive the rational results, periodic triangular results and soliton results of
the MCKdV scheme of equations. This method’s basic concept is to use a Riccati equation
involving a parameter, and then apply its effects to replace the tanh-function in the tanh
technique. Cavlak and Inc, in [24], applied the variational iteration technique and Adomian
decomposition technique to obtain analytical results of the MCKdV scheme of equations.
The homotopy analysis technique has also been used on the MCKdV system of equations
in [25,26].

In 2006, Daftardar-Gejji and Jafari introduced a new iterative methodology for the
mathematical solution of non-linear equations [27]. Jafari et al. first applied the Laplace
transform in the iterative method. They proposed a new straightforward method, called
iterative Laplace transform method (ILTM) [28], to look for numerical effects of the FPDE
system. ILTM was used to solve linear and non-linear PDEs. , such as fractional-order
Fokker Planck equations [29], time-fractional Zakharov Kuznetsov equation [30], and
fractional-order Fornberg Whitham equation [31], etc. Because we know that the Elzaki
transformation is the generalization of Laplace and Sumudu transformations, it can con-
tribute in a similar way as Laplace and Sumudu transformations to determine the analytical
solutions of the differential equations. Elzaki Transform is derived from the classical Fourier
integral, based on the mathematical simplicity of the Elzaki transform and its fundamental
properties. Elzaki transform was introduced by Tarig ELzaki to facilitate the process of
solving ordinary and partial differential equations in the time domain. Typically, Fourier,
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Laplace, and Sumudu transforms are the convenient mathematical tools for solving differ-
ential equations. It should be noted that the Elzaki transformation was initially chosen to
successfully compete with an older and more developed method, like the Sumudu method.
However, so far, we have not proved that Elzaki transformation is able to solve problems
cannot be solved by Laplace [32]. In this paper, the iterative technique is modified with the
Elzaki transform, and the new method is called New Iterative transformation method.

The new iterative transform method is implemented to investigated fractional-order of
the system of KDV equations. The result of certain illustrative cases is discussed to explain
the feasibility of the suggested method. The results for fractional-order models, as well as
integral-order models, are determined using the current techniques. The suggested method
is also constructive for addressing other fractional orders of linear and non-linear PDEs.

2. Basic Preliminaries

Definition 1. The Riemann–Liouville of fractional operator Dρ of order ρ is given as [33,34]

Dρν(ζ) =


dj

dζ j ν(ζ), ρ = j
1

Γ(j−ρ)
d

dζ j

∫ ζ
0

ν(ζ)

(ζ−ψ)ρ−j+1 dψ, j− 1 < ρ < j

where j ∈ Z+, ρ ∈ R+ and

Dρν(ζ) =
1

Γ(ρ)

∫ ζ

0
(ζ − ψ)ρ−1ν(ψ)dψ, 0 < ρ ≤ 1.

Definition 2. The fractional-order Riemann–Liouville integration operator Jρ is defined as [33,34]

Jρν(ζ) =
1

Γ(ρ)

∫ ζ

0
(ζ − ψ)ρ−1ν(ζ)dζ, ζ > 0, ρ > 0.

The basic properties of the operator

Jρζ j =
Γ(j + 1)

Γ(j + ρ + 1)
ζ j+ρ

Dρζ j =
Γ(j + 1)

Γ(j− ρ + 1)
ζ j−ρ

Definition 3. The Caputo fractional operator Dρ of ρ is defined as [33,34]

CDρν(ζ) =


1

Γ(j−ρ)

∫ ζ
0

νj(ψ)

(ζ−ψ)ρ−j+1 dψ, j− 1 < ρ < j,
dj

dζ j ν(ζ), j = ρ.
(3)

Definition 4.

Jρ
ζ Dρ

ζ g(ζ) = g(ζ)−
m

∑
k=0

gk(0+)
ζk

k!
, f or ζ > 0, and j− 1 < ρ ≤ j, j ∈ N.

Dρ
ζ Jρ

ζ g(ζ) = g(ζ)
(4)

Definition 5. The fractional-order Caputo operator of Elzaki transform is given as:

E[Dρ
ζ g(ζ)] = s−ρE[g(ζ)]−

j−1

∑
k=0

s2−ρ+kg(k)(0), where j− 1 < ρ < j.
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3. The General Methodology of New Iterative Transform Method (NITM)

Consider the general form of fractional partial differential equation.

Dρ
τυ(ζ, τ) + Mυ(ζ, τ) + Nυ(ζ, τ) = h(ζ, τ), j ∈ N, j− 1 < ρ ≤ j, (5)

where M and N are the linear and non-linear operators and h is a source function.
The initial condition is

υ(k)(ζ, 0) = gk(ζ), k = 0, 1, 2, ..., j− 1, (6)

implementing the Elzaki transformation of Equation (5), we obtain

E[Dρ
τυ(ζ, τ)] + E[Mυ(ζ, τ) + Nυ(ζ, τ)] = E[h(ζ, τ)]. (7)

Applying the Elzaki differentiation is given to

E[υ(ζ, τ)] =
m

∑
k=0

s2−ρ+kυ(k)(ζ, 0) + sρE[h(ζ, τ)]− sρE[Mυ(ζ, τ) + Nυ(ζ, τ)], (8)

inverse Elzaki transform converts Equation (8) into

υ(ζ, τ) = E−1

[(
m

∑
k=0

s2−ρ+kυk(ζ, 0) + sρE[h(ζ, τ)]

)]
− E−1[sρE[Mυ(ζ, τ) + Nυ(ζ, τ)]]. (9)

As, through the iterative technique, we have

υ(ζ, τ) =
∞

∑
m=0

υm(ζ, τ). (10)

Further, the operator M is linear, therefore

M

(
∞

∑
m=0

υm(ζ, τ)

)
=

∞

∑
m=0

M[υm(ζ, τ)], (11)

and the operator N is nonlinear, we have the following

N

(
∞

∑
m=0

υm(ζ, τ)

)
= υ0(ζ, τ) + N

(
m

∑
k=0

υk(ζ, τ)

)
−M

(
m

∑
k=0

υk(ζ, τ)

)
. (12)

Putting Equations (10)–(12) in Equation (9), we have achieve the following result

∞

∑
m=0

υm(ζ, τ) = E−1

[
sρ

(
m

∑
k=0

s2−ζ+kυk(ζ, 0) + E[h(ζ, τ)]

)]

− E−1

[
sρE

[
M

(
m

∑
k=0

υk(ζ, τ)

)
− N

(
m

∑
k=0

υk(ζ, τ)

)]]
.

(13)

We define the below mentioned iterative formula while applying Equation

υ0(ζ, τ) = E−1

[
sρ

(
m

∑
k=0

s2−ζ+kυk(ζ, 0) + sρE(h(ζ, τ))

)]
, (14)

υ1(ζ, τ) = −E−1[sρE[M[υ0(ζ, τ)] + N[υ0(ζ, τ)]], (15)

υm+1(ζ, τ) = −E−1

[
sρE

[
−M

(
m

∑
k=0

υk(ζ, τ)

)
− N

(
m

∑
k=0

υk(ζ, τ)

)]]
, m ≥ 1 (16)
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Finally, the Equations (5) and (6) provide the m-term result in series form, given as

υ(ζ, τ) ∼= υ0(ζ, τ) + υ1(ζ, τ) + υ2(ζ, τ) + .....,+υm(ζ, τ), m = 1, 2, . . . . (17)

4. Applications of the Proposed Method

Example 1. Consider the fractional-order non-linear KdV system is given as

∂ρµ

∂τρ = −a
∂3µ

∂ζ3 − 6aµ
∂µ

∂ζ
+ 6ν

∂ν

∂ζ

∂ρν

∂τρ = −a
∂3ν

∂ζ3 − 3aµ
∂ν

∂ζ
, 0 < ρ < 1

(18)

with initial condition

µ(ζ, 0) = η2 sec h2

(
α

2
+

ηζ

2

)
, ν(ζ, 0) =

√
a
2

η2 sec h2

(
α

2
+

ηζ

2

)
. (19)

For ρ = 1, the exact results of the KdV scheme Equation (18) are given by

µ(ζ, τ) = η2 sec h2

(
α

2
+

ηζ

2
− aη3τ

2

)
,

ν(ζ, τ) =

√
a
2

η2 sec h2

(
α

2
+

ηζ

2
− aη3τ

2

)
,

(20)

Using the Elzaki transform to Equation (18), we obtain

1
sρ E[µ(ζ, τ)]−

m−1

∑
k=0

µ(k)(ζ, 0)s2−ρ+k = E
[
−a

∂3µ

∂ζ3 − 6aµ
∂µ

∂ζ
+ 6ν

∂ν

∂ζ

]
,

1
sρ E[ν(ζ, τ)]−

m−1

∑
k=0

υ(k)(ζ, 0)s2−ρ+k = E
[
−a

∂3ν

∂ζ3 − 3aµ
∂ν

∂ζ

]
,

1
sρ E[µ(ζ, τ)] = µ(0)(ζ, 0)s2−ρ + E

[
−a

∂3µ

∂ζ3 − 6aµ
∂µ

∂ζ
+ 6ν

∂ν

∂ζ

]
,

1
sρ E[ν(ζ, τ)] = ν(0)(ζ, 0)s2−ρ + E

[
−a

∂3ν

∂ζ3 − 3aµ
∂ν

∂ζ

]
,

(21)

E[µ(ζ, τ)] = s2µ(ζ, 0) + sρE
[
−a

∂3µ

∂ζ3 − 6aµ
∂µ

∂ζ
+ 6ν

∂ν

∂ζ

]
.

E[ν(ζ, τ)] = s2ν(ζ, 0) + sρE
[
−a

∂3ν

∂ζ3 − 3aµ
∂ν

∂ζ

]
.

(22)

Applying inverse Elzaki transform of Equation (22), we have

µ(ζ, τ) = E−1
[
s2µ(ζ, 0)

]
+ E−1

[
sρE
(
−a

∂3µ

∂ζ3 − 6aµ
∂µ

∂ζ
+ 6ν

∂ν

∂ζ

)]
.

ν(ζ, τ) = E−1
[
s2ν(ζ, 0)

]
+ E−1

[
sρE
(
−a

∂3ν

∂ζ3 − 3aµ
∂ν

∂ζ

)]
.

(23)
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Now, by using the suggested analytical method, we get

µ0(ζ, τ) = η2 sec h2

(
α

2
+

ηζ

2

)
, ν0(ζ, τ) =

√
a
2

η2 sec h2

(
α

2
+

ηζ

2

)
.

µ1(ζ, τ) = E−1
[

sρE
(
−a

∂3µ0

∂ζ3 − 6aµ0
∂µ0
∂ζ

+ 6ν0
∂ν0
∂ζ

)]
.

ν1(ζ, τ) = E−1
[

sρE
(
−a

∂3ν0

∂ζ3 − 3aµ0
∂ν0
∂ζ

)]
.

µ1(ζ, τ) = η5a tan h

(
α

2
+

ηζ

2

)
sec h2

(
α

2
+

ηζ

2

)
τρ

Γ(ρ + 1)
,

ν1(ζ, τ) =
η5a

3
2

√
2

tan h

(
α

2
+

ηζ

2

)
sec h2

(
α

2
+

ηζ

2

)
τρ

Γ(ρ + 1)
.

µ2(ζ, τ) = E−1
[

sρE
(
−a

∂3µ1
∂ζ3 − 6aµ1

∂µ1
∂ζ

+ 6ν1
∂ν1
∂ζ

)]
.

ν2(ζ, τ) = E−1
[

sρE
(
−a

∂3ν1
∂ζ3 − 3aµ1

∂ν1
∂ζ

)]
.

µ2(ζ, τ) =
η8a2

2
[2 cos h2

(
α

2
+

ηζ

2

)
− 3] sec h4

(
α

2
+

ηζ

2

)
τ2ρ

Γ(2ρ + 1)
,

ν2(ζ, τ) =
η5a

5
2
√

2
4

[2 cos h2

(
α

2
+

ηζ

2

)
− 3] sec h4

(
α

2
+

ηζ

2

)
τ2ρ

Γ(2ρ + 1)
.

µ3(ζ, τ) = E−1
[

sρE
(
−a

∂3µ2

∂ζ3 − 6aµ2
∂µ2
∂ζ

+ 6ν2
∂ν2
∂ζ

)]
.

ν3(ζ, τ) = E−1
[

sρE
(
−a

∂3ν2

∂ζ3 − 3aµ2
∂ν2
∂ζ

)]
.

µ3(ζ, τ) =

sin h

(
α
2 +

ηζ
2

)
τ3ρa3η4

2Γ(3ρ + 1)Γ(ρ + 1)2 cos h7

(
α
2 +

ηζ
2

)[2Γ(ρ + 1)2 cos h4

(
α

2
+

ηζ

2

)
− 18Γ(ρ + 1)2

cos h2

(
α

2
+

ηζ

2

)
+ 6Γ(2ρ + 1) cos h2

(
α

2
+

ηζ

2

)
+ 18Γ(ρ + 1)2 − 9Γ(2ρ + 1)

]

ν3(ζ, τ) =

√
2 sin h

(
α
2 +

ηζ
2

)
τ3ρa

7
2 η11

4Γ(3ρ + 1)Γ(ρ + 1)2 cos h7

(
α
2 +

ηζ
2

)[2Γ(ρ + 1)2 cos h4

(
α

2
+

ηζ

2

)
− 18Γ(ρ + 1)2

cos h2

(
α

2
+

ηζ

2

)
+ 6Γ(2ρ + 1) cos h2

(
α

2
+

ηζ

2

)
+ 18Γ(ρ + 1)2 − 9Γ(2ρ + 1)

]
...

µn(ζ, τ) = E−1
[

sρE
(
−a

∂3µn−1

∂ζ3 − 6aµn−1
∂µn−1

∂ζ
+ 6νn−1

∂νn−1

∂ζ

)]
.

νn(ζ, τ) = E−1
[

sρE
(
−a

∂3νn−1

∂ζ3 − 3aµ2
∂νn−1

∂ζ

)]
. n ≥ 0.

The series form result is

µ(ζ, τ) = µ0(ζ, τ) + µ1(ζ, τ) + µ2(ζ, τ) + µ3(ζ, τ) + · · · µn(ζ, τ)

ν(ζ, τ) = ν0(ζ, τ) + ν1(ζ, τ) + ν2(ζ, τ) + ν3(ζ, τ) + · · · νn(ζ, τ)
(24)
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µ(ζ, τ) = η2 sec h2

(
α

2
+

ηζ

2

)
+ η5a tan h

(
α

2
+

ηζ

2

)
sec h2

(
α

2
+

ηζ

2

)
τρ

Γ(ρ + 1)

+
η8a2

2
[2 cos h2

(
α

2
+

ηζ

2

)
− 3] sec h4

(
α

2
+

ηζ

2

)
τ2ρ

Γ(2ρ + 1)

+

sin h

(
α
2 + ηζ

2

)
τ3ρa3η4

2Γ(3ρ + 1)Γ(ρ + 1)2 cos h7

(
α
2 + ηζ

2

)[2Γ(ρ + 1)2 cos h4

(
α

2
+

ηζ

2

)

− 18Γ(ρ + 1)2 cos h2

(
α

2
+

ηζ

2

)
+ 6Γ(2ρ + 1) cos h2

(
α

2
+

ηζ

2

)

+ 18Γ(ρ + 1)2 − 9Γ(2ρ + 1)

]
+ · · · ,

ν(ζ, τ) =

√
a
2

η2 sec h2

(
α

2
+

ηζ

2

)
+

η5a
3
2

√
2

tan h

(
α

2
+

ηζ

2

)
sec h2

(
α

2
+

ηζ

2

)
τρ

Γ(ρ + 1)

+
η8a2

2
[2 cos h2

(
α

2
+

ηζ

2

)
− 3] sec h4

(
α

2
+

ηζ

2

)
τ2ρ

Γ(2ρ + 1)

+

√
2 sin h

(
α
2 + ηζ

2

)
τ3ρa

7
2 η11

4Γ(3ρ + 1)Γ(ρ + 1)2 cos h7

(
α
2 + ηζ

2

)[2Γ(ρ + 1)2 cos h4

(
α

2
+

ηζ

2

)

− 18Γ(ρ + 1)2 cos h2

(
α

2
+

ηζ

2

)
+ 6Γ(2ρ + 1) cos h2

(
α

2
+

ηζ

2

)

+ 18Γ(ρ + 1)2 − 9Γ(2ρ + 1)

]
+ · · · ,

For ρ = 1, the exact results of the KdV scheme Equation (18) is given by

µ(ζ, τ) = η2 sec h2

(
α

2
+

ηζ

2
− aη3τ

2

)
,

ν(ζ, τ) =

√
a
2

η2 sec h2

(
α

2
+

ηζ

2
− aη3τ

2

)
.

(25)

In Figure 1, the analytical solutions of µ(ζ, τ) and ν(ζ, τ) are plotted in at ρ = 1 and the close
contact of the actual and NITM solutions is analyzed. In Figure 2, the graphs represents the error
plot of analytical solutions at ρ = 1 of Example 1. The Table 1 convergence of the fractional solutions
can be analyzed to the integer-order solution of the problems.
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Table 1. Table of New iterative transform method for different fractional-order values of ρ when η = 0.001 and Absolute
Error of example 1.

ITM γ = 0.55 App. ρ = 1 Exact AE

ζ τ µ ν µ ν µ ν µ ν

−30 0.1 0.02763 0.00378 0.02654 0.00391 0.02741 0.00271 7.3 × 10−6 4.7 × 10−7

0.3 0.02764 0.00375 0.02637 0.00389 0.02769 0.00277 2.2 × 10−5 1.2 × 10−6

0.5 0.02756 0.00373 0.02620 0.00386 0.02757 0.00284 3.4 × 10−5 2.2 × 10−6

0 0.1 0.29676 0.04117 0.23657 0.04193 0.29617 0.03106 3.1 × 10−5 2.2 × 10−6

0.3 0.29686 0.04113 0.29378 0.04116 0.29668 0.03114 1.2 × 10−4 7.8 × 10−6

0.5 0.29662 0.04145 0.29839 0.04118 0.29640 0.03131 1.7 × 10−4 1.5 × 10−5

30 0.1 0.00370 0.00047 0.00347 0.00049 0.00346 0.00039 1.3 × 10−6 7.1 × 10−8

0.3 0.00346 0.00047 0.00347 0.00049 0.00346 0.00039 3.851 × 10−6 2.2 × 10−7

0.5 0.00347 0.00049 0.00342 0.00049 0.00346 0.00039 5.6 × 10−6 3.3 × 10−7

Figure 1. Graphs of µ(ζ, τ) and ν(ζ, τ) at ρ = 1 and η = 0.001 of example 1.

Figure 2. Error graphs of µ(ζ, τ) and ν(ζ, τ) at ρ = 1 and η = 0.001 of example 1.

Example 2. Consider the fractional-order non-linear dispersive long wave scheme

∂ρµ

∂τρ = −∂ν

∂ζ
− 1

2
∂µ2

∂ζ

∂ρν

∂τρ = −∂µ

∂ζ
− ∂3µ

∂ζ3 −
∂µν

∂ζ
, 0 < ρ < 1

(26)
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with initial condition

µ(ζ, 0) = a

[
tan h

(
η

2
+

aζ

2

)
+ 1

]
, ν(ζ, 0) = −1 +

1
2

a2 sec h2

(
η

2
+

aζ

2

)
. (27)

While using Elzaki transform of Equation (26), we obtain

1
sρ E[µ(ζ, τ)]−

m−1

∑
k=0

µ(k)(ζ, 0)s2−ρ+k = E
[
−∂ν

∂ζ
− 1

2
∂µ2

∂ζ

]
,

1
sρ E[ν(ζ, τ)]−

m−1

∑
k=0

υ(k)(ζ, 0)s2−ρ+k = E
[
−∂µ

∂ζ
− ∂3µ

∂ζ3 −
∂µν

∂ζ

]
,

1
sρ E[µ(ζ, τ)] = µ(0)(ζ, 0)s2−ρ + E

[
−∂ν

∂ζ
− 1

2
∂µ2

∂ζ

]
,

1
sρ E[ν(ζ, τ)] = ν(0)(ζ, 0)s2−ρ + E

[
−∂µ

∂ζ
− ∂3µ

∂ζ3 −
∂µν

∂ζ

]
,

(28)

E[µ(ζ, τ)] = s2µ(ζ, 0) + sρE
[
−∂ν

∂ζ
− 1

2
∂µ2

∂ζ

]
.

E[ν(ζ, τ)] = s2ν(ζ, 0) + sρE
[
−∂µ

∂ζ
− ∂3µ

∂ζ3 −
∂µν

∂ζ

]
.

(29)

Applying inverse Elzaki transform of Equation (29),

µ(ζ, τ) = E−1
[
s2µ(ζ, 0)

]
+ E−1

[
sρE
(
−∂ν

∂ζ
− 1

2
∂µ2

∂ζ

)]
.

ν(ζ, τ) = E−1
[
s2ν(ζ, 0)

]
+ E−1

[
sρE
(
−∂µ

∂ζ
− ∂3µ

∂ζ3 −
∂µν

∂ζ

)]
.

(30)

Now, by using the current analytical method, we get

µ0(ζ, τ) = a

[
tan h

(
η

2
+

aζ

2

)
+ 1

]
, ν0(ζ, τ) = −1 +

1
2

a2 sec h2

(
η

2
+

aζ

2

)
.

µ1(ζ, τ) = E−1
[

sρE
(
−∂ν0

∂ζ
− 1

2
∂µ0

2

∂ζ

)]
.

ν1(ζ, τ) = E−1
[

sρE
(
−∂µ0

∂ζ
− ∂3µ0

∂ζ3 −
∂µ0ν0

∂ζ

)]
.

u1(ζ, τ) = − a2

2
sec h2

(
η

2
+

aζ

2

)
τρ

Γ(ρ + 1)
,

ν1(ζ, τ) =
a3

2
sin h

(
η

2
+

aζ

2

)
sec h3

(
η

2
+

aζ

2

)
τρ

Γ(ρ + 1)
.
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µ2(ζ, τ) = E−1
[

sρE
(
−∂ν1

∂ζ
− 1

2
∂µ1

2

∂ζ

)]
.

ν2(ζ, τ) = E−1
[

sρE
(
−∂µ1

∂ζ
− ∂3µ1

∂ζ3 −
∂µ1ν1

∂ζ

)]
.

µ2(ζ, τ)− a5

4
sec h2

(
η

2
+

aζ

2

)
τ2ρ

Γ(2ρ + 1)
+

3a5

4
sin h2

(
η

2
+

aζ

2

)
sec h4

(
η

2
+

aζ

2

)
τ2ρ

Γ(2ρ + 1)

+
a7

4
sin h

(
η

2
+

aζ

2

)
sec h5

(
η

2
+

aζ

2

)
Γ(2ρ + 1)τ3ρ

Γ(3ρ + 1)Γ(ρ + 1)2 ,

ν2(ζ, τ) =
a6

4
[2 cos h2

(
η

2
+

aζ

2

)
− 3] sec h4

(
η

2
+

aζ

2

)
τ2ρ

Γ(2ρ + 1)
.

...

µn(ζ, τ) = E−1
[

sρE
(
−∂νn−1

∂ζ
− 1

2
∂(µn−1)

2

∂ζ

)]
.

νn(ζ, τ) = E−1
[

sρE
(
−∂µn−1

∂ζ
− ∂3µn−1

∂ζ3 − ∂µn−1νn−1

∂ζ

)]
. n ≥ 0.

The series form result is given as

µ(ζ, τ) = µ0(ζ, τ) + µ1(ζ, τ) + µ2(ζ, τ) + µ3(ζ, τ) + · · · µn(ζ, τ)

ν(ζ, τ) = ν0(ζ, τ) + ν1(ζ, τ) + ν2(ζ, τ) + ν3(ζ, τ) + · · · νn(ζ, τ)
(31)

u(ζ, τ) = a

[
tan h

(
η

2
+

aζ

2

)
+ 1

]
− a3

2
sec h2

(
η

2
+

aζ

2

)
τρ

Γ(ρ + 1)

− a5

4
sec h2

(
η

2
+

aζ

2

)
τ2ρ

Γ(2ρ + 1)
+

3a5

4
sin h2

(
η

2
+

aζ

2

)
sec h4

(
η

2
+

aζ

2

)
τ2ρ

Γ(2ρ + 1)

+
a7

4
sin h

(
η

2
+

aζ

2

)
sec h5

(
η

2
+

aζ

2

)
Γ(2ρ + 1)τ3ρ

Γ(3ρ + 1)Γ(ρ + 1)2 + · · · ,

ν(ζ, τ) = −1 +
1
2

a2 sec h2

(
η

2
+

aζ

2

)
+

a4

2
sin h

(
η

2
+

aζ

2

)
sec h3

(
η

2
+

aζ

2

)
τρ

Γ(ρ + 1)

a6

4
[2 cos h2

(
η

2
+

aζ

2

)
− 3] sec h4

(
η

2
+

aζ

2

)
τ2ρ

Γ(2ρ + 1)
+ · · · ,

For ρ = 1, the exact results of KdV scheme Equation (26) is given by

u(ζ, τ) = a

[
tan h

(
η

2
+

aζ

2
− a2τ

2

)
+ 1

]
,

v(ζ, τ) = −1 +
1
2

a2 sec h2

(
η

2
+

aζ

2
− a2τ

2

)
.

(32)

In Figure 3, the analytical solutions of µ(ζ, τ) and ν(ζ, τ) are plotted in at ρ = 1 and the close
contact of the actual and NITM solutions is analyzed. In Figure 4, the graphs represents the error
plot of analytical solutions at α = 1 of Example 2.
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Figure 3. Graphs of µ(ζ, τ) and ν(ζ, τ) at ρ = 1 of example 2.

Figure 4. Error graphs of µ(ζ, τ) and ν(ζ, τ) at ρ = 1 of example 2.

Example 3. Consider the non-linear fractional-order new coupled modified KdV system

∂ρµ

∂τρ =
1
2

∂3µ

∂τ3 − 3µ2 ∂µ

∂ζ
+

3
2

ω
∂2ν

∂ζ2 + 3
∂ν

∂ζ

∂ω

∂ζ
+

3
2

ν
∂2ω

∂ζ2 + 3νω
∂µ

∂ζ
+ 3µω

∂ν

∂ζ
+ 3µν

∂ω

∂ζ
,

∂ρν

∂τρ = − ∂3ν

∂ζ3 − 3
∂µ

∂ζ

∂ν

∂ζ
− 3ν

∂2µ

∂ζ2 − 3ν2 ∂ω

∂ζ
+ 6µν

∂µ

∂ζ
+ 3µ2 ∂ν

∂ζ
,

∂ρω

∂τρ = − ∂3ω

∂ζ3 − 3
∂µ

∂ζ

∂ω

∂ζ
− 3ω

∂2µ

∂ζ2 − 3ω2 ∂ν

∂ζ
+ 6µω

∂µ

∂ζ
+ 3µ2 ∂ω

∂ζ
,

(33)

with initial conditions

µ(ζ, 0) = 1 +
1
2

tanh(ζ), ν(ζ, 0) =
1
2
− 1

4
tanh(ζ), ω(ζ, 0) = 2− tanh(ζ). (34)

Using Elzaki transform to Equation (33), we get
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1
sρ E[µ(ζ, τ)]−

m−1

∑
k=0

µ(k)(ζ, 0)s2−ρ+k = E

[
1
2

∂3µ

∂τ3 − 3µ2 ∂µ

∂ζ
+

3
2

ω
∂2ν

∂ζ2 + 3
∂ν

∂ζ

∂ω

∂ζ
+

3
2

ν
∂2ω

∂ζ2

+ 3νω
∂µ

∂ζ
+ 3µω

∂ν

∂ζ
+ 3µν

∂ω

∂ζ

]
,

1
sρ E[ν(ζ, τ)]−

m−1

∑
k=0

ν(k)(ζ, 0)s2−ρ+k = E

[
− ∂3ν

∂ζ3 − 3
∂µ

∂ζ

∂ν

∂ζ
− 3ν

∂2µ

∂ζ2 − 3ν2 ∂ω

∂ζ

+ 6µν
∂µ

∂ζ
+ 3µ2 ∂ν

∂ζ

]
,

1
sρ E[ω(ζ, τ)]−

m−1

∑
k=0

ω(k)(ζ, 0)s2−ρ+k = E

[
− ∂3ω

∂ζ3 − 3
∂µ

∂ζ

∂ω

∂ζ
− 3ω

∂2µ

∂ζ2 − 3ω2 ∂ν

∂ζ

+ 6µω
∂µ

∂ζ
+ 3µ2 ∂ω

∂ζ

]
,

(35)

1
sρ E[µ(ζ, τ)] = µ(0)(ζ, 0)s2−ρ+E

[
1
2

∂3µ

∂τ3 − 3µ2 ∂µ

∂ζ
+

3
2

ω
∂2ν

∂ζ2 + 3
∂ν

∂ζ

∂ω

∂ζ
+

3
2

ν
∂2ω

∂ζ2

+ 3νω
∂µ

∂ζ
+ 3µω

∂ν

∂ζ
+ 3µν

∂ω

∂ζ

]
,

1
sρ E[ν(ζ, τ)] = ν(0)(ζ, 0)s2−ρ+E

[
− ∂3ν

∂ζ3 − 3
∂µ

∂ζ

∂ν

∂ζ
− 3ν

∂2µ

∂ζ2 − 3ν2 ∂ω

∂ζ

+ 6µν
∂µ

∂ζ
+ 3µ2 ∂ν

∂ζ

]
,

1
sρ E[ω(ζ, τ)] = ω(0)(ζ, 0)s2−ρ+E

[
− ∂3ω

∂ζ3 − 3
∂µ

∂ζ

∂ω

∂ζ
− 3ω

∂2µ

∂ζ2 − 3ω2 ∂ν

∂ζ

+ 6µω
∂µ

∂ζ
+ 3µ2 ∂ω

∂ζ

]
,

(36)

E[µ(ζ, τ)] = s2µ(ζ, 0) + sρE

[
1
2

∂3µ

∂τ3 − 3µ2 ∂µ

∂ζ
+

3
2

ω
∂2ν

∂ζ2 + 3
∂ν

∂ζ

∂ω

∂ζ
+

3
2

ν
∂2ω

∂ζ2

+ 3νω
∂µ

∂ζ
+ 3µω

∂ν

∂ζ
+ 3µν

∂ω

∂ζ

]
.

E[ν(ζ, τ)] = s2ν(ζ, 0) + sρE
[
−∂3ν

∂ζ3 − 3
∂µ

∂ζ

∂ν

∂ζ
− 3ν

∂2µ

∂ζ2 − 3ν2 ∂ω

∂ζ
+ 6µν

∂µ

∂ζ
+ 3µ2 ∂ν

∂ζ

]
.

E[ω(ζ, τ)] = s2ω(ζ, 0) + sρE
[
−∂3ω

∂ζ3 − 3
∂µ

∂ζ

∂ω

∂ζ
− 3ω

∂2µ

∂ζ2 − 3ω2 ∂ν

∂ζ
+ 6µω

∂µ

∂ζ
+ 3µ2 ∂ω

∂ζ

]
.

(37)

Applying inverse Elzaki transform of Equation (37),
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µ(ζ, τ) = E−1
[
s2µ(ζ, 0)

]
+ E−1

[
sρE

(
1
2

∂3µ

∂τ3 − 3µ2 ∂µ

∂ζ
+

3
2

ω
∂2ν

∂ζ2 + 3
∂ν

∂ζ

∂ω

∂ζ
+

3
2

ν
∂2ω

∂ζ2

+ 3νω
∂µ

∂ζ
+ 3µω

∂ν

∂ζ
+ 3µν

∂ω

∂ζ

)]
.

ν(ζ, τ) = E−1
[
s2ν(ζ, 0)

]
+ E−1

[
sρE

(
− ∂3ν

∂ζ3 − 3
∂µ

∂ζ

∂ν

∂ζ
− 3ν

∂2µ

∂ζ2 − 3ν2 ∂ω

∂ζ

+ 6µν
∂µ

∂ζ
+ 3µ2 ∂ν

∂ζ

)]
.

ω(ζ, τ) = E−1
[
s2ω(ζ, 0)

]
+ E−1

[
sρE

(
− ∂3ω

∂ζ3 − 3
∂µ

∂ζ

∂ω

∂ζ
− 3ω

∂2µ

∂ζ2 − 3ω2 ∂ν

∂ζ

+ 6µω
∂µ

∂ζ
+ 3µ2 ∂ω

∂ζ

)]
.

(38)

Now, by using the suggested analytical method, we get

µ0(ζ, τ) = 1 +
1
2

tanh(ζ), ν0(ζ, τ) =
1
2
− 1

4
tanh(ζ), ω0(ζ, τ) = 2− tanh(ζ).

µ1(ζ, τ) = E−1

[
sρE

(
1
2

∂3µ0

∂τ3 − 3µ2
0

∂µ0

∂ζ
+

3
2

ω0
∂2ν0

∂ζ2 + 3
∂ν0

∂ζ

∂ω0

∂ζ
+

3
2

ν0
∂2ω0

∂ζ2

+ 3ν0ω0
∂µ0

∂ζ
+ 3µ0ω0

∂ν0

∂ζ
+ 3µ0ν0

∂ω0

∂ζ

)]
.

ν1(ζ, τ) = E−1

[
sρE

(
− ∂3ν0

∂ζ3 − 3
∂µ0

∂ζ

∂ν0

∂ζ
− 3ν0

∂2µ0

∂ζ2 − 3ν2
0

∂ω0

∂ζ

+ 6µ0ν0
∂µ0

∂ζ
+ 3µ2

0
∂ν0

∂ζ

)]
.

ω1(ζ, τ) = E−1

[
sρE

(
− ∂3ω0

∂ζ3 − 3
∂µ0

∂ζ

∂ω0

∂ζ
− 3ω0

∂2µ0

∂ζ2 − 3ω2
0

∂ν0

∂ζ

+ 6µ0ω0
∂µ0

∂ζ
+ 3µ2

0
∂ω0

∂ζ

)]
.

µ1(ζ, τ) =
11
2

sech2(ζ)
ηρ

Γ(ρ + 1)
, ν1(ζ, τ) = −11

8
sech2(ζ)

ηρ

Γ(ρ + 1)
,

ω1(ζ, τ) = −11
2

sech2(ζ)
ηρ

Γ(ρ + 1)
.
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µ2(ζ, τ) = E−1

[
sρE

(
1
2

∂3µ1

∂τ3 − 3µ2
1

∂µ1

∂ζ
+

3
2

ω1
∂2ν1

∂ζ2 + 3
∂ν1

∂ζ

∂ω1

∂ζ
+

3
2

ν1
∂2ω1

∂ζ2

+ 3ν1ω1
∂µ1

∂ζ
+ 3µ1ω1

∂ν1

∂ζ
+ 3µ1ν1

∂ω1

∂ζ

)]
.

ν2(ζ, τ) = E−1
[

sρE
(
−∂3ν1

∂ζ3 − 3
∂µ1

∂ζ

∂ν1

∂ζ
− 3ν1

∂2µ1

∂ζ2 − 3ν2
1

∂ω1

∂ζ
+ 6µ1ν1

∂µ1

∂ζ
+ 3µ2

1
∂ν1

∂ζ

)]
.

ω2(ζ, τ) = E−1
[

sρE
(
−∂3ω1

∂ζ3 − 3
∂µ1

∂ζ

∂ω1

∂ζ
− 3ω1

∂2µ1

∂ζ2 − 3ω2
1

∂ν1

∂ζ
+ 6µ1ω1

∂µ1

∂ζ
+ 3µ2

1
∂ω1

∂ζ

)]
.

µ2(ζ, τ) = −121
8

tanh(ζ)sech2(ζ)
η2ρ

Γ(2ρ + 1)
, ν2(ζ, τ) =

121
8

tanh(ζ)sech2(ζ)
η2ρ

Γ(2ρ + 1)
,

ω2(ζ, τ) =
121

4
tanh(ζ)sech2(ζ)

η2ρ

Γ(2ρ + 1)
.

µ3(ζ, τ) =
1331

48
(cosh(2ζ)− 2)sech4(ζ)

η3ρ

Γ(3ρ + 1)
,

ν3(ζ, τ) = −1331
96

(cosh(2ζ)− 2)sech4(ζ)
η3ρ

Γ(3ρ + 1)
,

ω3(ζ, τ) = −1331
24

(cosh(2ζ)− 2)sech4(ζ)
η3ρ

Γ(3ρ + 1)
.

...

µn(ζ, τ) =E−1

[
sρE

(
1
2

∂3µn−1

∂τ3 − 3µ2
n−1

∂µn−1

∂ζ
+

3
2

ωn−1
∂2νn−1

∂ζ2 + 3
∂νn−1

∂ζ

∂ωn−1

∂ζ

+
3
2

νn−1
∂2ωn−1

∂ζ2 + 3νn−1ωn−1
∂µn−1

∂ζ
+ 3µn−1ωn−1

∂νn−1

∂ζ
+ 3µn−1νn−1

∂ωn−1

∂ζ

)]
.

νn(ζ, τ) =E−1

[
sρE

(
− ∂3νn−1

∂ζ3 − 3
∂µn−1

∂ζ

∂νn−1

∂ζ
− 3νn−1

∂2µn−1

∂ζ2 − 3ν2
n−1

∂ωn−1

∂ζ

+ 6µn−1νn−1
∂µn−1

∂ζ
+ 3µ2

n−1
∂νn−1

∂ζ

)]
.

ωn(ζ, τ) =E−1

[
sρE

(
− ∂3ωn−1

∂ζ3 − 3
∂µn−1

∂ζ

∂ωn−1

∂ζ
− 3ωn−1

∂2µn−1

∂ζ2

− 3ω2
n−1

∂νn−1

∂ζ
+ 6µn−1ωn−1

∂µn−1

∂ζ
+ 3µ2

n−1
∂ωn−1

∂ζ

)]
.

The series form result is given as

µ(ζ, τ) = µ0(ζ, τ) + µ1(ζ, τ) + µ2(ζ, τ) + µ3(ζ, τ) + · · · µn(ζ, τ)

ν(ζ, τ) = ν0(ζ, τ) + ν1(ζ, τ) + ν2(ζ, τ) + ν3(ζ, τ) + · · · νn(ζ, τ)

ω(ζ, τ) = ω0(ζ, τ) + ω1(ζ, τ) + ω2(ζ, τ) + ω3(ζ, τ) + · · ·ωn(ζ, τ)

(39)
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µ(ζ, τ) =1 +
1
2

tanh(ζ) +
11
2

sech2(ζ)
ηρ

Γ(ρ + 1)
− 121

8
tanh(ζ)sech2(ζ)

η2ρ

Γ(2ρ + 1)

+
1331

48
(cosh(2ζ)− 2)sech4(ζ)

η3ρ

Γ(3ρ + 1)
+ · · · .

ν(ζ, τ) =
1
2
− 1

4
tanh(ζ)− 11

8
sech2(ζ)

ηρ

Γ(ρ + 1)
+

121
8

tanh(ζ)sech2(ζ)
η2ρ

Γ(2ρ + 1)

− 1331
96

(cosh(2ζ)− 2)sech4(ζ)
η3ρ

Γ(3ρ + 1)
+ · · · .

ω(ζ, τ) =2− tanh(ζ)− 11
2

sech2(ζ)
ηρ

Γ(ρ + 1)
+

121
4

tanh(ζ)sech2(ζ)
η2ρ

Γ(2ρ + 1)

− 1331
24

(cosh(2ζ)− 2)sech4(ζ)
η3ρ

Γ(3ρ + 1)
+ · · · .

The exact result of Equation (33) is

µ(ζ, τ) = 1 +
1
2

tanh(ζ − 11
2

η), ν(ζ, τ) =
1
2
− 1

4
tanh(ζ − 11

2
η),

ω(ζ, τ) = 2− tanh(ζ − 11
2

η).
(40)

In Figures 5–7 the analytical solutions of µ(ζ, τ), ν(ζ, τ) amd ω(ζ, τ) solutions are approxi-
mate and error at ρ = 1 of Example 3.

Figure 5. Graphs of µ(ζ, τ) and error plot at ρ = 1 of example 3.

Figure 6. Graphs of ν(ζ, τ) and error plot at ρ = 1 of example 3.
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Figure 7. Graphs of ω(ζ, τ) and error plot at ρ = 1 of example 3.

5. Conclusions

In this paper, we have used a combined form of the Iterative method and Elzaki
transform method to obtain a numerical solution to the coupled KdV system of equations.
It is predicted that the achieved results presented in this article will be useful for further
analysis of the complicated non-linear physical problems. The calculations of this tech-
nique are very straightforward and simple. Thus, we deduce that this technique can be
implemented to solve several schemes of non-linear fractional-order partial differential
equations.
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