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Abstract: In this paper, we discuss the approximate controllability for a class of retarded semilinear
neutral control systems of fractional order by investigating the relations between the reachable set of
the semilinear retarded neutral system of fractional order and that of its corresponding linear system.
The research direction used here is to find the conditions for nonlinear terms so that controllability is
maintained even in perturbations. Finally, we will show a simple example to which the main result
can be applied.

Keywords: approximate controllability; fractional order differential equation; retarded neutral
system; semilinear system

1. Introduction

Let H and V be two complex Hilbert spaces so that V is a dense subspace of H. In
this paper, we study the approximate controllability of the following semilinear retarded
neutral functional differential control system of fractional order:

x(0) = ¢°, x(s)=gl(s), —h<s<0, v

where h > 0,1/2 < a < 1, (¢°,¢') € H x L?>(—h,0;V), a(-) is Holder continuous, and g, F
are provided with functions that satisfy some assumptions described later. Moreover, A
is a densely defined closed linear operator that generates an analytic semigroup and A;
is generally unbounded and closed linear operator that satisfies domain D(A;1) D D(A).
For a givens € [0,T], xs : [~h,0] — H is defined as x5(r) = x(s+r) for r € [—h,0].
The controller B is a bounded linear operator from U to H, where U is a Banach space of
control variables.

This kind of systems occurs in many real practical mathematical models that arise in
dynamic systems, science and engineering applications. For example, fractional differential
equations are treated as another model of nonlinear differential equations [1-4], and the
nonlinear vibrations of earthquake can be modeled as fractional derivatives [5]. There has
been a significant development in applications and theory of fractional differential equa-
tions in recent years, see [6-9] and the references therein. Most of the work on neutral initial
value problems dominated by delayed semilinear parabolic equation have been devoted
to the existence of solutions and the control problems. Recently, the existence theory and
applications for fractional neutral evolution equations has been devoted in [7,10], and the
existence and approximation of solutions to fractional evolution equation in Muslim [11].
In addition, Sukavanam et al. [12] have been studied approximate controllability of delayed
fractional order semilinear equatins.

In this paper, we introduce a different approach from previous works. by assuming
either the boundedness of an induced inverse of the controllability operator on quotient
space as in [13] or the constraint of the Lipschitz constant of nonlinear term as in [12]. Our

{ L1x(t) + g(t 1)) = Ax(t) + [°, a(s) Avx(t + s)ds + F(t, x(t)) + Bu(t), t >0,
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research direction is to take advantage of the regularity and variations of constant formula
for solutions of the given systems using the fundamental solution that appears in a linear
system. The result assert the equivalence condition between the controllability for the
retarded neutral control system of fractional order and one for the associated the linear
system excluded the nonlinear term.

The paper is organized as follows—in Section 2, we deal with the regularity and
structure for solutions of semilinear fractional order retarded neutral functional differential
equations and introduce basic properties. In Section 3, we will obtain the equivalent
relations between the reachable set of the semilinear fractional order retarded neutral
functional differential equation and that of its corresponding linear system. Finally, we will
show a simple example to which the main result can be applied.

2. Preliminaries and Lemmas
2.1. Retarded Linear Equations

Let V be a Hilbert space densely and continuously embedded in H. The norms of V
and H are denoted by || - || and | - |, respectively. The norm of dual space V* is denoted by
|| - ||+. For simplicity, we can consider that

ull« < Jul < ull, weV.

Let b(-, -) be a bounded sesquilinear form defined in V x V satisfying Garding’s in-
equality:
Re b(u,u) > collu||*> —c1|ul®,, c¢o>0, ¢ >0. (2)

Let A be the operator derived from the sesquilinear form —b(, -):
((q — Au,v) = —b(u,v), u,vev,

where (-, -) denotes also the duality pairing between V and V*. From (2) it follows that for
eachucV
Re (Au,u) > col|u||*

Thanks to the Lax-Milgram theorem, we know that A is a bounded linear operator
from V to V*. The realization of A in H, which is the restriction of A to domain

D(A)={ueV;Auc H}
with the graph norm
[lullpeay = (|Auf® + [u?)!/2, u € D(A)

is also denoted by A. It is proved in Theorem 3.6.1 of [14] that A generates an analytic
semigroup S(t) = e/ in both H and V*, and there exists a constant M such that

/2

ull < Mollull}2,

|ul /2, 3)

for every u € D(A). By identifying the dual of H with H, we may consider the following
sequence
D(A)cVCHCV*CD(A), 4)

where each space is continuous injection.

Lemma 1. In relation to (3), (4), we have
(V, V122 =H, (D(A),H)1/22=17V,

where (V, V*)q 2, denotes the real interpolation space between V and V*(see Section 1.3.3 of [15]).
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First, we consider the following linear time delayed functional differential equation
with forcing term k:

{ x'(t) () + [°, a(s) Arx(t +s)ds +k(t), t>0, )

x<>—4>°, XS = pl(s) —h<s<0,

where A; is generally unbounded and closed linear operator that satisfies domain D(A;) D
D(A). In order to construct the fundamental solution of (5), we need to impose the
following two condition:

Assumption 1. The function a(-) is assumed to be real valued and Holder continuous of order p
in the interval [—h,0]:

la(s)| < Ho, la(s)—a(t)] < Hy(s—1), —-h<71,s<0
for a constant H.

According to Nakaglri [16,17], the fundamental solution W(-) to (5) is by definition a
bounded the operator valued function satisfying

{W(t) =S(t)+ [1S(t—s){[°, a(r) AW (s + T)dt}ds, >0, ©

W) =1, W(s)=0, —h S s <0,

where S(-) is the semigroup generated by A. For each t > 0, we introduce the operator
valued function U;(-) defined by

Ui(s) = /jh W(t—s+o)a(o)Ado:V =V, se[—h,0].

Then (5) is represented

x(t) = W(t)¢° + /j)h U;(s)¢ (s)ds + / (t —s)k(s)ds,
Ui(s) = /jh W(t—s+0)a(o)Ado.

If X and Y are two Banach space, £(X,Y) is the collection of all bounded linear
operators from X into Y, and £(X, X) is simply written as £(X). From Proposition 4.1
of [18] or Theorem 1 of [19], it follows the following results.

Lemma 2. Under Assumption 1, the fundamental solution W(t) to (5) exists uniquely and is
bounded. Applying Proposition 4.1 of [18] to the Equation (5), there exists a constant Cy > 0
such that

W2y < Coo (W zvev) < Co/t, )
IW () = W(H)|| £y < Colt — 1),

IW(E) = W)l g(vy < Colt — 1),

IW(E) = W) | v vy < Colt — )% (t—h)~"

forh<t<t,andx < p.
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2.2. Semilinear Fractional Order Differential Equations

Consider the following retarded neutral differential system with fractional order:

{ S x() & g(t20)) = Ax(1)+ [0, 0(6) Avx(t +9)ds + Flt,x) k(1) £>0,

x(0) = ¢°, X(S)=¢1(S), ~h<s5<0,

where 0 < a < 1, k is a forcing term, A and A; are the linear operators defined as in
Section 2.1. For each s € [0, T|, we define x; : [—h,0] — H as

xs(r) =x(s+r), —h<r<O0.

We will set
IT=L?(—h,0; V).

Definition 1. Let I' be the Gamma function. The fractional integral of order & > 0 with the lower
limit O from a function f is defined by

”ﬂ”ZJQAufg%“'t>Q

provided the right hand side is pointwise defined on [0, c0).
The fractional derivative of order a > 0 in the Caputo sense with the lower limit 0 from a
function f € C"[0,00) is defined as

d“f(t) _ 1 ! f(n)(s) _ n—ag(n) _
ym _F(n—oc)/()(t—s)1+”‘—”ds_l ), t>0,n—1<a<n.

We refer [20] for the fundamental consequences about fractional integrals and fractional
derivative.

The mild solution of System (8) is represented as (see [10,21]):
Ly g
(1) = Sl +0.91)] — gt x0) + oy [ (£ VA= s)g(5,x5)ds

1 ) /Ot(t_s)(lxq)s(t—s){/jlal(r)Alx(err)dT+F(s,x(s))+k(s)}ds.

+F(zx

By using the fundamental solution W(-) described by (6) in the sense of Nakaglri [10],
(8) is also represented by

K1) = WOl +8(0,91)] + [ th(s)g' (s — g(t,x)

i o€ DA = $)g(s )
+F(1“)/Ot(t_s)(a1)W(t_5){1-"(s,x(s)) +k(s) }ds,

where ;
Ui(s) = / ; W(t —s+0)a(c)Ado.

Throughout this section, we assume ¢; = 0 in (2) to keep things simple without losing
generality. So we have the closed half plane {A : ReA > 0} C p(A). Hence, it is possible to
define the fractional power A* for a > 0 so that the subspace D(A") with a norm

[¥[le = [[A"x[],  x € D(A")
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is dense in H. It is also well known fact that A* is a closed operator with its domain dense
and D(A*) D D(AP) for 0 < a < B. Due to the well known fact that A~ is a bounded
operator, there is a constant C_, > 0 such that

HA™ || 2y < Coar AT ve vy < Ceae )

Lemma 3. Fort > 0, there is a positive constant C, such that the following inequalities hold for

all't > 0: c c
AW ()| z(ry < ?f AWl z(p,v) < t&"% (10)

Proof. From ([14] [Lemma 3.6.2]), it follows that there exists a constant C such that the
following inequalities hold:

IS v vy < t1C, (11)
HAS( z(m,vy < 32, (12)

where 5(t) is an analytic semigroup generated by A. The relation (10) is immediately
from the inequalities (11) and (12) by results of fractional power of A and the definition of
W(t). O

We need the following assumptions on System (8) to establish our results.

Assumption 2. Let £ and B be the Lebesgue o-field on [0, c0) and the Borel o-field on [—h, 0]
respectively. Let u be a Borel measure on [—h,0] and f : [0,00) x [-h,0] x V. xV — Hbea
nonlinear mapping satisfying the following:

(i) Foreach x,y € V, the mapping f(-,-,x,y) is strongly L x B-measurable;

(ii)  There exist positive constants Ly, L1, Ly such that

F(ts,x,9) — f(t,5,%,9)] < Kyllx — 2]| + Kally — 3|,
|£(£,5,0,0)] < Kq

for each (t,s) € [0,00) X [—h,0], and x,%£,y,) € V.
For x € L2(—h,T; V), Set

0
Ft,) = [ (b5 x(t),x(t+5)n(ds)
Here, the operator F is the nonlinear part of quasilinear equations as seen in Yong and Pan [22].

Assumption 3. Let g : [0,T] x IT — H be a nonlinear mapping so that there is a Ly > 0
satisfying the following conditions:

(i) Foreach x € I, the mapping g(-, x) is strongly measurable;

(ii)  There is a positive constant § > 1 — 2a /3 such that

|APg(t,0)] < Ly, |APg(t,x) — APg(s, 2)| < Lg(|t —s| + ||x — 2[mr),
foralls, t € [0,T], and x, % € I1.
Lemmad4. Let x € L2(—h,T; V), T > 0. Then F(-,x) € L?>(0, T; H). and

EC ) 20,10 <p([—h, 0N{KoV'T + (K1 + Ko)[1x|[20,7:v)
+ Ka||x|[ 2 (o) }-
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Moreover, if x1, xo € L?(—h, T; V), then

[[F(-x1) = F (-, x2) 120,751y < w([—h,0]) (13)
x {(Ky + Ko)[|x1 = x2l 20 70y + Kal[x1 — 22| 2(_p 0,0y }-

Proof. From Assumption 2, it is easily seen that

EC ) 20,0y < #(I=h, OD{KoV'T + Kl x|l 1200 1) + Kal %] 270 }
< u([=1, 0D {KoV'T + (Ky + Ko)|x]| 20 7v) + Kal X[ 120wy -

The proof of (13) is the same argument. [

For each s € [0, T], we define x; : [—h,0] — H as
xs(r)=x(s+r), —-h<r<Oo.

Lemma 5. Suppose that x5(r) = x(s +r)(—h <r <0) fors € [0, T|. Then the mapping s — Xs
belongs to C([0, T|; IT), and

el < [1xl[ 2y (0 < £ <T), (14)
{12 0,7,0m) < ﬁ||x||L2(—h,T;V)' (15)

Proof. The first inequality (14) is easy to verify. Moreover, since

0 1/2 t 1/2
lellr = [ [ Il +0IPae] 2 < [ [ lx@IRde] 2 < el iz >0,

and

T T 0
el < [ el < [ [ Jl(s 1) 2ards
T T 2 ’
< [ ds [ lx0)1Par < Tlxla

the proof of (15) is completed. [

Remark 1. Here, we note that by using interpolation theory, we have

L*(0,T; D(A)) NnWY2(0,T; H) c C([0, T]; V),
L%(0,T; V) nWY2(0, T; V*) c C([0, T]; H).

Thus, there exists a constant C1 > 0 such that
|[x] |C([O,T];V) < Cilx| |LZ(O,T;D(A))meZ(o,T;H)r
|[x] |C([0,T];H) < Cifl«| |L2(0,T;V)OW1'2(O,T;V*)' (16)

By virtue of Theorem 2.1 of [23], we have the following result on the corresponding
linear equation of (8).

Proposition 1. Suppose that Assumptions 1-3 be satisfied. Then for (¢°,¢') € H x IT and
k € L2(0,T; V*), there is a solution x of System (8) such that

x € L2(0,T; V)N WY2(0,T; V*) < C([0, T]; H),
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and there is a constant Co such that

16012 -n vy < C2(1+ 190+ 19 + [l 20,0, (17)
[l = sl < [¢ = sTCo(1+1¢°] + [ 1 + 11Kl 20,7,4)). (18)

where

|t —s|T := max{|t — s|'/2, |t — 5|22 +3F=2)/2}

Using Lemma 1 we can follow the argument of Proposition 1 term by term to deduce
the following result.

Proposition 2. Suppose that Assumptions 1-3 be satisfied. Then for (¢°, ') € H x L2(—h,0; D(A))
and k € L2(0, T; H), there is a solution x of System (8) such that

x € L2(0, T; D(A)) "nWY2(0, T; H) — C([0, T}; V),
and there is a constant Cy such that
%[ 20,7040 w2070 < C2(L+ 110°1] + 11 2 —no,p(ay) + K r2i070)-

3. Approximate Reachable Sets

Let U is a Banach space of control variables and let the controller B be a bounded linear
operator from U to H. In this section, we concern with the approximate controllability of
the following semilinear neutral control system with delays of fractional order:

{ L 1x(8) + gt )] = Ax(t) + [0, a(s)Arx(t+s)ds + F(t, x(t)) + Bu(), 19)

x(0) =0, x(s)=0, —h<s<0.

The solution x(t) = x(t; g, F, u) of (3,1) is the following form:

x(t) = —g(t, xt) + F(luc) /Ot(t — ) VAW (t —5)g(s, x5)ds

+ 1"(11x) /Ot(t — ) VW (t —5){F(s,x(s)) + Bu(s) }ds.
Noting that
%(T;0,0,u) = ﬁ /Ot(t — )@ DW(t — 5)Bu(s)ds,

forT>0,¢ € HxITandu € LZ(O, T; U), we define reachable sets as follows.

Lr(¢) = {x(T;0,0,u) : u € L?(0,T; U)},

Rr(¢) = {x(T; g,F u):u € L2(0,T;U)},

L(¢)= U Lr R(¢) = U Rr(¢)
T>0 T>0

Definition 2. (1) System (19) is said to be H-approximately controllable for the initial value ¢
(resp. in time T) if R(¢) = H (resp. Rr(¢) = H).

(2) The linear system corresponding (19) is said to be H-approximately controllable for the initial
value ¢ (resp. in time T) if L(¢) = H (resp. Lt(¢) = H).

Remark 2. Since A generate an analytic semigroup, the following (1)—(4) are equivalent for the
linear system (see ([24] [Theorem 3.10])).

(1) L(¢p)=H VpecHxIL
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2 L(0)=H
3)  Lr(¢)
4  Ir(0)=H.

Proof. Letzy ¢ L7(0). Since L7(0) is a balanced closed convex subspace, we have pzg ¢
Lt (0) for every p € R, and

inf{|zo—z|:z€ Lr(0)} =4,

and
By the Formula (17) we have

x| 20wy o= 11x(50, F, )l 20,50y < Co(L+ 1Bl g ey [l 20,m5u))-
where C; is the constant in Proposition 1. Put

TuH-ﬁ—l
N ::(C,ﬁ + mclfﬁ)Lg(HxHﬂ(O,T;V) + 1)

+C1Ca [1+ p([=h, OD{KoV'T + (Ky + K)Co (1 + |[B| | car,un [l 120,700}

where C;_g, C; and C; are constant of (10), (16) and (17), respectively. For every u €
L2(0,T; U), we choose a constant p > 0 such that

N < pd. (20)
By virtue of Assumption 3, we deduce that

g(t,x)| = |A™PAPg(t, xt)| < CopLy(|]xel |1 +1)
< CpLg(I¥ll 21wy +1)-

By (10), we have

(=)D AS(t — 5)g(5,x5)| = (¢ — ) D[ ATPS(t — 5)]] | AP (g5, x2)]

Ci_g
— P AP
o (t—s)lfuc+(175)|A (8(s,xs)]
Ci_
S W%Lg(HxHLZ(O,T,V) + 1)/
so that
1 ! (a—1)
’W/O (t—2s) AW(t—s)g(S,xs)dS‘
< FgCplelltlizony + 1 [

Ta+p-1
< mclfﬂgmxuy(omv) +1).
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Moreover, by Holder inequality and Lemma 5,

1 t B

|m/0 (t_S)(“ 1)W(t—S)F(S,x(S)>dS| (21)
C Tafl/Z

= Van—ir O eor)

w—1/2
L G
V2u — 1T (a)

COT”“UZ

< mﬂ([—hfo]){Koﬁ‘i‘ (K1 + K2)Co (1 + | |Bll a1,y el [ 20, m50)) }-

Thus, form (20) and (21), it follows that

([=h, OD{KV'T + (Ky + K2)[|x/] 20,7, }

1x(T; 8, f,u) — pzo

= 'r<1a> /Ot“—S>("‘*”W<t—s>su<s>ds—szl

—|—g(t,x) + F(lzx) /Ot(t — )@ DLAW(t — 5)g(s, x5) + W(t — 8)F(s, x(s)) }ds]|
> pd—N > 0.

Thus, we have pzg ¢ R7(0). O

Lemma 6. For 0 < v <t < T,let B(t,t) from L*>(0, T; H) into H be defined by

1

B(r Ok = Fy /Tt(t — )W (t — s)k(s)ds.

Then we have

Co(t _ T)a—l/z

L -1/2
|B(T,t)k| < WH"HLZ(O,T;H) i= [t — 7|7 "L [k|[ 2(0,7;m1)-

Proof. The proof is immediately obtained by a simple calculation and using Holder in-
equality. O
Thanks for Lemma 6, we assume that there exists a positive constant Ly such that

1B (s, )] £z (0,6, 1) < 1t —s*""/La.

Theorem 2. Let Assumptions 1-3 hold. If « > 1/2 then we have

L7(0) c Re(0), T >0,
where LT(O)V is the closure of LT(0) in V. Therefore, if the linear system (19) with g = 0and F = 0
is V-approximately controllable, then the nonlinear system (19) is also H-approximately controllable.
Proof. Let v > 0 be arbitrary given. We will show that z € LT(O)V satisfying ||z|| < v

belongs to R7(0). Let u € L2(0, T; U) be arbitrary fixed. Then by (17) we have

xullr2 oy < Co(L+ Bl g1l 20,mu))
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where x;, is the solution (19) corresponding to the control u. For any € > 0, we can choose
positive constants ¢ and 7 satisfying

&" := max{4, 6" /2,54 TF 71}
. 10
< min {?/ [CoC—pLg(T + [|x]l12¢0,1,v) + 1)
+ C_pLg + Co(1+ |[Bl| £(m,un [ ul| 20,7000

+ {7+ CCa(1+ ColBll c(m,uy [l i200,mu)) }]

T*HF=1CLg + 1
—C 1
@t p—Dl(@) = p(1xull20,rvy + 1]

-1

-1

~

-1

[( \/71—, ){COV
+ww«mmmmwm”,

~

[—h,0]){KoV'T

-1
(Mi+—=57)

[(Co+ 1)CoVT| 1B [ll 20,0y ' Ye/10,

where
a1
My = =R {Ca(L+ 1Bl zeu 1l r20,mu)) (22)
+ (v + GG (1 + ColIBll g om,wy [l 200,7u)) + 1}
. srtpl
Mo =Ty >
My =Lgp([—h,0]) [KoV'T + (K1 + Kp) {C2 (1 + B zce,un) el 20,700 (24)
+ (v + QG (1 + CollBll cem,n | [l 12 00,7u)) }
My =Lpp([—h,0])(K; + Ka). (25)
Set
x1:=x(T —6;g,F,u) (26)
=—g(T—46, (xu)r-s)
1 T
e /O (T—6—s)* TAW(T — 6 — 5)g(s, (xu)s)ds
1 T
e /O (T—6— 8" TW(T — 6 — )E(s, xu(s))ds + B(O, T — &),

where x,(t) = x(t;g,F,u) for 0 < t < T. Consider the following linear problem:

£2y(t) = Agy(t) f (s)Ary(t+s)ds + Bu(t), t >0,
y(T—906)=x1, y(s)=0 —-h<s<0.
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The solution of (26) with respect to a control w € L2(T — 6, T; U) is denoted by

Yw(T) —W(5)x1 +B(T-46,Tw (27)
W(0)g(T — 6, (xu)7—5)
LI /T "(T— 6= 5) " VAW(T — 6 — $)g(s, (xa)s)ds
+ Ty 818 Fus
LI /T *(T— 6 — $)YW(T — 6 — $)E(s, xu(s))ds
I'(a) T

+
+W(5)B(0,T — 8)u+ B(T—6,T)w.

By Remark 2, we know that Lt(¢) = L7(0) = L(0) is independent of the time T for any
initial data ¢ € H x I1. Hence, since z € L1 (0 )V there exists wy € L?(T — 4§, T; U) such that

Hywl( ) Z||< 10

Now we set
{u if0<s<T-3o,
o(s) =

wi(s) f T—6<s<T.
Then v € L?(0, T; U). Observing that

xo(t;8,F,0) = —g(t, (xo)e) + 1,(1) [ = aw(e— g, (r))ds @9

+ /0 C(E— S IW(E — $){E(s, x0(5) + Bo(s) }ds,

I'(a)
from (27) and (28), we have

x0(T5 8, F,0) — 2| <|yw, (T) - 2| (29)
1 =W(0)g(T =6, (xu)r-5) + 8(T, (x0)1)|

\/ T — $)" LAW(T — s)g(s, (xo)s)ds
—W((S)/ (T—6— )" LAW(T — 6 — 5)g(s, (xu)s)ds|
‘/ T —s)* YW(T — s)F(s, xo(s))ds
—W(5)/0 (T =6 — )" TW(T — 6 — 5)E(s, x4 (s))ds|
1 /H(T—s)“*lww—s)Bu(s)ds
I'(a)'Jo
)

—W(5) /OTf (T—6— ) "W(T =6 —5)Bo(s)]

<E+I+H—|—1H—|—IV+V

First, let us begin to evaluate the term of I. From (7), (9), (14) and Assumption 3, it
follows that
[(W(0) = 1)g(T =6, (xu)7-5)| < 6Co|A"PAPG(T =5, (xu)7-5)| (30)
= 5C0C7’3Lg(|T — 5| + H(xu)t‘ ‘1‘[ + 1)
< 6CoCpLg(IT = 6| + [[x[l 12005 + 1),
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and
18(T =3, (xu)7—5) — &(T, (xu)7—5)| < 6C_pLg. (31)
By (14) and (18), we have

|g(T, (xu)r—5) — &(T, (xv)T)} < Lg||(xu)T—5) — (xo)7!lm1 (32)
< 0"LgCo(1 + ||Bl| g (a1l 120, m50)) + [1B(T = 8, T)wllr2(1—s,1,v)s

where 67 is the constant of (18). Now we will protest to calculate the estimate of ||B(T —
6, T)wi||2(1—s,1;v)- By (27), we have

IB(T =6, T)ws || < |[lyw, (T) — 2|l + v+ [[W(S )361||<1 + 7+ W (0)x ]l

0

Here, consider the following problem:

{ LIR(t) + (1, 20)] = AR(E) + [°, a(s) Ar&(t+s)ds + E(t, 2(t)) + Bu(t), t >0, 33

£(0) =0, %(s)=0, —h<s<0,

a(t, %) = W(O)g(t, %), E(t2(t)) = W()F(t,2(t)), and B = W(6)B.

Then §(t, %), F(t, £(t)) and B are satisfied the conditions of Proposition 2. Since the solution
£ of (30) on [0, T — 4] is represented by W(d)x; in the sense of (26), it follows from (16), (30)
and Proposition 2 that

[IW(8)x1]| < C1lIW(8)x1]lwy(r—s) < CLCa(1+ [[Bul| 120,711
< GG (1 + Col|Bll g a1l 20, mu))

which implies

€
=+ C1C(1+ Col Bl w14l 20, r)) - (34)

[[B(T =0, T)wllr2(0,7,v) < Vo(y+ 10

Hence, (32) and (34) implies

|8(T, (xu)1—5) — &(T, (x0)1)| <EMLCo (1 + 1Bl £y |11l 20 701)) (35)
€
+Vo{y+ 0+ C1Co (1 + Col|B| £ (p,u 14l 20,75u)) -

From (30), (31), (35), and Assumption 3, it follows that

I =|W(8)g(T —0, (xu)r-s) — &(T, (x0)7)| (36)
< [(W(0) = D)g(T =6, (xu)r—s)| + (T = 6, (xu)7-5) — (T, (xu)7-5)|
+[8(T, (xu)1-5) — 8(T, (x0)7)|
< 5c0c,,ng(|T = 0|+ [1x[lr2(0,7:v) +1) +6C_pLg
+61Co (1 + [|BI| 2o,y | 120, 701))

+ \[{’H' + C1Co(1 + Col B £(a,uy [l 1207, -
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By (17) and (34), we get

| |2 (r—s,mv) <lXolli20,v) (37)
<||xollr2(0,7—s;v) + [|B(T = 8, T)w1ll120,7;v)

<Co(1+ Bl g(au 1wl 200,7u))
€
+Vo{y+ 15 T C1C2(L+ Col Bl e 14l |20,y }

and with aid of Lemma 3 and Assumption 3, we have
[(t =) TAW(t — 5)g(s, x5)|

= (t =) ATPW(E —5) || 2y | AP (g5, %)
C1_ﬁ

Ci-
mIAﬁ(g(s,xsﬂ = (t_s)izixfﬁLg(HxHLz(O,T;V) +1).

(38)

IN

Hence, from (37) and (38), it follows that

1T .
janl [ (=9 AW(T = 5)g(s, 0 ()]
50&;871

atp—1 eM
= m(”x%HLZ(O,T;W +1) <4 B (MO+ W),

(39)

where My and Mj are the constants of (22) and (23), respectively. By (39), Assumption 3
and Lemma 2,

T
= ’m /0 (T —5)* LAW(T — 5)g(s, (xp)s)ds
“Fa"e ./OTtS(T 6 ) TAW(T — 6 — 8)g(s, (xu)s)ds|
1 T—5 .
a) [I—(W(6)) /0 (T—6—3s)" "{AW(T — 6 —5)g(s, xu(s))ds|
1 T-0 1 1
@) | /0 {(T—=9)"""—=(T—6—5s)"""JAW(T —5)g(s, (xu)s)ds‘

(40)

<

+

1 T
+ @ | /Tf(s(T — )" LAW(T — 5)g(s, xw, (s))ds|
5sz+/3—1C0Lg +5a+ﬁ—1

aip-nr@ Cplldlzeny +1)

+ 6P (M + %)

<<
10 '

5

Hence, with the aid of Lemma 5, (37) and by using Holder inequality, we have

1 T a1

Py [T = 5T = 9)F(s ()|

< & V2Ll F (-, x| 20100

< 82 Lpp([~h, 0]) {KoV'T + (K1 + K2) % || 27— 5,7:0) }
M

< gu-1/2 M1

<SSTEM+ —57),

(41)
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where M; and M, are the constants of (24) and (25), respectively. Hence, by virtue of
Lemma 5 and using Holder inequality, we have

111 = |1)/0T(T—s)”‘1W(T—S)F(s,xv(s))ds 42)
L e /T_IS(T—é—s)“’1W(T—(5—s)F(s tu(s))ds|
F((X) 0 o
1 T-90 ol
< ) |I— (5))/0 (T—6—5)""{W(T —6—s)F(s, xu(s))ds|
F(la |/T LT = )1 — (T 6 — s)" 1} W(T — )E(s, xo(s))ds|
F(la [T W = 5)F (s e, ()
a—1/
< (6Lg + \/Ll; ){Con([—h, 0]){KoV'T
(K + Kol [l 2o m } + 64 1/2 (Mg + %) <%
and
Ivz]W(a)/O ) W(Tfé—s)Bu(s)ds—/O W(T — 5)Bu(s)ds| 43)

T—6
<|(W(8) - 1) /0 W(T — 6 — s)Bu(s)ds|

T—6
F [T =85 = W(T - 9)Bu(s)ds
€

<(Co+1)CoVT||BI| (e, 1l 120, r0) < 10

Therefore, by (29) and (36)-(43), we have
[|x(T; ¢,G,v) —z|| <€,

thatis, z € Rr(¢) and the proof is complete. [

Noting that LT(O)V = L7(0) NV and V is dense in H, from Theorems 1 and 2, we
obtain the following control results of (19).

Corollary 1. Under Assumptions 1-3, we have
LT((P) =H <:>RT((P) =H, T>0.

Therefore, the H-approximate controllability of linear system (19) with ¢ = Oand F = 0 is
equivalent to the condition for the H-approximate controllability of the nonlinear system (19).

4. Example

Let
H=1%0,7), V=H)0,mr), V: = H (0, ),
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and let U be a Banach space of control variables. Consider the following retarded neutral
differential system of fractional order in Hilbert space H:

& x(ty) + 8t x(ty)] = Ax(ty) + [0, a1(s)Arx(t +s,y)ds
+F(t,x(t)) ++Bu(t,y), (t,y)€0,T]x[0, 7], (44)

x(0,y) =¢°(y), x(s,y) =¢'(s,y), (s,y) € [=h,0) x[0,7],

where h > 0, a1 (+) is Holder continuous, B € £(U, H), and A; € L(H). Let

n
a(u,v) = /0 dii;y) dz;(yy)dy.
Then
A=29*/9y* with D(A) = {x € H?*(0,7):x(0) = x(r) = 0}.
The eigenvalue and the eigenfunction of A are A, = —n? and z,(y) = (2/7)"/2 sinny,

respectively. Moreover,
(al) {zn:n € N} isan orthogonal basis of H and

[ee]
2 xznzn, Vxe H, t>0.

Moreover, there exists a constant My such that ||S(t)|| () < Mo.
(@2) Let0 < & < 1. Then the fractional power A* : D(A*) C H — H of A is given by

o
A'x =Y n2%(x,z,)zn, D(A%) := {x: A% € H}.
n=1

In particular,

_ — 1 _
AV 2y = Y. E(x,zn)zn, and ||A71?|| =1.

n=1

The nonlinear mapping F is the nonlinear part of quasilinear equations considered by
Yong and Pan [22]. Define g : [0, T] x IT — H as

Q(t, xt) Z/ / Vx(t +s)ds, zu)zn, ,t>0.

Then it can be checked that Assumption 3 is satisfied. Indeed, for x € I1, we know

0
Ag(t,xi) = (S(t) — I)/haz(s)x(t+s)ds,
where [ is the identity operator form H to itself and
|[a2(0)| < Hp, aa(s) —ax(7)| < Ha(s — 1), s, T € [—h,0]
for a constant x > 0. Hence we have
0 0
48t 2] < Mo+ )| [ (a2(5) = a2(0))x(t +5)dt| + | [ ax(0)x(t + 5]}
<(Mp + 1) Ha{ (2 + 1) 10+ 1} || x|

It is immediately seen that Assumption 3 has been satisfied. Thus, all the condi-
tions stated in Theorems 1 and 2 have been satisfied for the Equation (44). Therefore,
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by Theorems 1 and 2, we get that the approximate controllability of the general retarded
linear differential system corresponding to (44) with ¢ = 0 and F = 0 is equivalent to the
condition for the H-approximate controllability of the semilinear system (44) for any a > 1.

5. Conclusions

This paper deals with the approximate controllability for a class of retarded semilinear
neutral control systems of fractional order by investigating the relations between the
reachable set of the semilinear retarded neutral system of fractional order and that of its
corresponding linear system. The research direction used here is to find more general
hypotheses of nonlinear terms so that controllability is maintained even in perturbations.
The technique used here is to take advantage of the regularity and basic properties for
solutions of the given systems using the fundamental solution that appears in a linear
system. The result assert the equivalence condition between the controllability for the
retarded neutral control system of fractional order and one for the associated the linear
system excluded the nonlinear term, which can be also applied to the functional analysis
concerning nonlinear control problems.
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