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Abstract: In this paper, we establish new generalizations and results in shift-invariant subspaces of
mixed-norm Lebesgue spaces Lﬁ(Rd). We obtain a mixed-norm Holder inequality, a mixed-norm
Minkowski inequality, a mixed-norm convolution inequality, a convolution-Holder type inequality
and a stability theorem to mixed-norm case in the setting of shift-invariant subspace of L,—;(Rd). Our
new results unify and refine the existing results in the literature.
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1. Introduction

A mixed-norm Lebesgue space is a natural generalization of the classical Lebesgue
space L, (R%), in which independent variables that may have different meanings are consid-
ered. We first recall the notion of mixed-norm Lebesgue space Lﬁ(Rd) with g = (p1,...,pa)
€ [1,00]%, which was originally introduced by Benedek and Panzone [1] in 1961.

Definition 1 (see [1,2]). Let § = (py,...,p4) € [1,00]%. The mixed-norm Lebesgue space
Lﬁ(Rd) (in Benedek and Panzone’s sense) is defined to be the set of all measurable functions f such
that their norms Hf”Lﬁ(Rd) (abbreviated as || f|1; or || f|| p) defined by

. noo1n g
1
||fHLﬁ(Rd) = /IR{ c /]R [/]R (/R |f(x1,x2,...,xd)|p1dx1> de] dX3 ...dxd
— H H||f(x1,x2,...,xd)HLpl(xl) ]%(m... < .

LPd (xd)

Here, 5 = (p1,.-.,pa) € [1,00) means that 1 < p; < oo fori=1,2,...,d, and is usually
abbreviated by p € [1,00]%. When p; = co fori =1,...,d, the Lp;-norm is replaced by Leo-norm.

In fact, the function spaces with mixed norms have practical significance and have
rapidly been developed and applied in many fields of mathematics. For instance, in PDEs
as an example, functions defined by spacial and time variables may belong to certain
mixed-norm spaces; inhomogeneous Besov spaces with mixed Lebesgue norms were
studied recently (see, e.g., [3-5]); sampling theory based on mixed-norm theories was
studied in [6]. Moreover, Triebel-Lizorkin spaces or Hardy spaces [7,8] were also studied
under mixed-norm theories. Kowalski [9] studied the sparse methods in signal regression
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with mixed norms in 2009, where the author used the Besov and Triebel-Lizorkin spaces
under mixed-norm characterization. In 2012, Kolyada [10] developed further properties
of the mixed-norm Fournier—Gagliardo spaces and Lorentz-type spaces with iterative
rearrangements, which gave a sharp constant in a Sobolev embedding problem. For more
progress about various mixed-norm Lebesgue spaces and their applications, we refer the
reader to [3-5,7,8,11,12] and references therein. A natural question is whether a mixed-norm
Lebesgue space Lﬁ(Rd) has important results and properties, such as Holder inequality,
stability property, etc., for shift-invariant subspaces of Lp(]Rd) which were established
in [13]. It is known that Lﬁ(Rd) is a type of Banach space (see [1]), so it inherits many
excellent properties of traditional L, (R%) space. However, the order of integration in the
definition of Lﬁ(Rd) is not commutative. Therefore, research on some issues in mixed-norm
Lebesgue spaces also brings various challenges. For example, the characterization study
on the revelent mixed-norm space [7,14] is troublesome because of the noncommutative
order of the integral. In this paper, we will consider these properties for shift-invariant
subspaces of mixed-norm Lebesgue spaces Lﬁ(Rd). To some extent, our research in this
paper promotes the existing conclusions of shift-invariant subspaces, such as [6,13] and
can be used in the study of characterization of a mixed norm space in the future.

The paper is organized as follows. In Section 2, we establish a mixed-norm Holder
inequality, a mixed-norm Minkowski inequality and a mixed-norm convolution inequality. A
convolution-Holder type inequality and a stability theorem to mixed-norm case in the setting
of shift-invariant subspace of mixed-norm Lebesgue space Lﬁ(Rd) are given in Section 3.
Our new results unify and refine the relevant existing results in the literature [6,13,15,16].

2. New Mixed-Norm Inequalities and Generalizations

Let us begin with some basic definitions and notation that will be needed in this paper.
Let Z be the integer set, and define 74 = {k=(ki,ko,...,kg): k; €Z,i=1,2,...,d}. For
¢ = (Cck)rez, we define the discrete space I,(Z) with its finite norm

1
14
lell, = (E |Ck|p> , 0<p <o
4

keZ
SuPycy |ckl, p = .

The mixed-norm of ! ﬁ(Zd) is defined by

el = etk ),

The Fourier transform is defined by f(& = [ga f(x)e"™*¢dx for every f € L(RY).
Other types of Fourier transform are the classmal extensmn of this form.
Let f(x) be measurable for x = (x1,...,x4) € RY. Then f(x) € Sﬁ(Rd), if it satisfies

£l e re)

:: HdeeZ(' N Se 1 G+ ko xa k)l o) >HLpd(xd>([0,l]> < oo,

Notice that || f|| £5(R) is usually abbreviated by

11l ety = H { HHf(xl/er-..,Xd)Hiﬁpl(x])(]R)‘ £y, () (®) ]

S, () (R)

For example, when f € [1, )4, we have
Pd 7d

1
P1 2y
/[01] Z : [/[01]<2 |f(x1 + Ky, . ,xd+kd)|> dxll dx, ,

ky€Z k€L
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and for j = {oo,..., 00} = 3, we have

Hf”z&,(Rd) = esssup, (1) < Z { [esssupxlg[01 < Z |f(x1+ky, ..., x4 +kd)|>] })

ks€Z k1€Z

Here, the difference between Sﬁ(Rd) and L ﬁ(Rd) will be explained. To this end, we
assumed = 1and p € [1,00), then

A0y = [, D 1FCxt Rl

1] ez
/ (Y 1f(x+Kk)|]Pdx
0] kez
— 141, oy
So it follows that ||f||L ®) < ||f||£ . However, ||fHLp(R) < Hf||2p(R) cannot be

reversed, that is, || f|| 2,[R) < < I£l L,(R) OF Hf”z:p(R) < CHf”L,,(R) (C is a positive constant)
cannot be correct. Then, we only have £p(]R) C Ly(R) and Sﬁ(Rd ) C Lﬁ(Rd ). In this paper,
Sﬁ(Rd) is a fundamental space, which will be used in the estimation of the upper bound for
all kinds of inequalities, such as stability property inequality, convolution-type inequality.
It can replace the classical L, space at any needed time to obtain some similar conclusions
in L; space. Meanwhile, after simple calculations, we can obtain the following inclusion

relations
L3R C £5(RY) C Ly (RY).

In order to establish our important generalizations and results in the next section,
we should give some extensions of known results in this section. First of all, we recall a
fundamental lemma ([17], Theorem 6.18) as follows.
Lemmal. Let1 < p < oo, c € Ip(Z) and h € i(Z). Then || Ty c(k)h(I = k)[[1, < l[clls, [[]]1;-
With the help of Lemma 1, we establish the following new inequality.

Lemma 2. Assume1 < p < oo,c € [,(Z) and ¢ € £,(R). Then

< llells, lelle, @)
Lp(R)

Proof. Let1 < p < oo. Then, we get

p

P
;ckq)(x—k) l|2ck(p x—k 1 dx

\

Lp(R)

<J;
P
=/[01]2[;|ck||¢<x—l—k>|] dx

1€Z

. p
< o <ck>k||;;[;|qo<xk>|] dx

= el f [qux— rx,

p
;|Ck||(l’(x - k)l] dx
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where the last inequality holds by using Lemma 1. Finally, one can verify the case p = o
in a very similar way as above. The proof is completed. [J

By applying Lemma 2, we can give an extension to the mixed-norm case.

Theorem 1. Assume j € [1,00]¢, c € lf,(Zd) and ¢ € Eﬁ(Rd). Then

< ||C||lﬁ(Rd)H(PH£ﬁ(Rd)'
Ly(RA)

;Ck(i’(x —k)

Proof. Without loss of generality, we assume d = 2, # = (p1,p2) and € [1,0)2. Then,
we obtain

Y ke @(x1 — k1, %0 — ko)
k Lipy,py) (B?)

= ||l1Z6 Tty et o p 1 = r, 22 —
HH kl kZ k] kz(p( 1 1 2 Z)HLpl(xl)(R) LpZ(XZ)(R)
n \72
< (fR{fR [k Lk, Lok by @ (1 — k1, x2 — ko) pldxl}pl de>

1

1y\P2 P2
< <fR{Ek2 (fR [Zk, Lk ol @ (x1 — K1, 22 — kz)ledﬁq) " } dx2>

1

1N P2 P2
= (fR{Zkz (Zzl Jio (X, lewy i 1o —ka =Ty, 20 — k2)|]p1dx1> " } dxz) ,

where the second inequality holds by using the triangle inequality on Ly, (x1). Now, with
the help of Lemma 2, we have

chl,kzq’(?ﬁ —k1,x20 —kp)
k

L(py,p) ®2)

P2 ,;1*2
e, <x1>} dx2>

1961752 25, e

< </R{k22: 1€ty o )1y, i) P (21, %2 — K2)

< [k o

2?2 (xl)

= llelli;re) 191l e m2)-
A similar argument could be made for p; = o or py = co. The proof is completed. [

In order to prove the property of Theorem 6 in Scetion 3, we need the classical Holder
inequality. In fact, Theorem 6 is very similar to the combination of Holder inequality and
convolution inequality (see below). Now, we give these two classical inequalities here.

Lemma 3 (Holder inequality, [17]). Let f(x) € Ly(R), g(x) € Ly(R) for 1 < p,q < oo with
% + % = 1. Then
1F )y ) < £ ()L, @) 80 1, ()-

Lemma 4 (Convolution inequality, [11]). Let f(x) € Lp(R%), g(x) € L1(R?) for 1 < p < 0.
Then

I * &) (I, ey < ML, @y lI8( L, rey-
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The convolution formula is defined by (f * g)(x) = [ga f( g(y)dy with f(x) and
g(x) are meaningful.

Moreover, in order to make a comparison in format with Theorem 6, we generalize the
classical Holder inequality as in Lemma 3 and extend the classical convolution inequality
as in Lemma 4 to the mixed-norm cases. We give a simple proof of the mixed-norm Holder
inequality as follows.

Theorem 2 (Mixed-norm Holder inequality). Let f(x) € Lﬁ(Rd), g(x) € Lq(Rd) forp,q €
[1,00) with o+ L =1fori=1,2,...,d. Then

£ ()8 ey < IF O, sty 18 ) I, ey

Proof. Without loss of generality, we assume d = 2 and then j = (p1, p2). So

178,y = [, [, 1 e2)g(xr,22)
< [ Cet, 32l o) I80x1, 2 [, e 2

< [FGe 22y, )

e 118G o

where the inequalities can be obtained by using Holder inequality as in Lemma 3. The
proof is completed. O

Next, we will generalize the classical convolution inequality as in Lemma 4 to the
mixed-norm case. To prove this mixed-norm convolution inequality, we need to generalize
the classical Minkowski inequality to the mixed-norm case in advance.

Lemma 5 (Minkowski inequality [12]). Let f(x,y) bea Borel functionon R x Rand 1 < p < co.
Then
/ £ ey )

By applying Lemma 5, we extend the traditional Minkowski inequality to the mixed-
norm case as follows.

(x,y)dx

Theorem 3 (Mixed-norm Minkowski inequality). Let f(x,y) be a Borel function on R? x R%

and p € [1,00)%. Then
x,1)dx
HAJ(W .

Proof. Without loss of generality, we only need to show the case d = 2. Thus j = (p1, p2) and

< ‘ . .
) o I g

H/Rdf(x,y)dx f(xydx H( L f(xy)dx )
Lﬁ(RZ) pl p2) Lpl (yl) LPZ (yZ)
By Lemma 5,
£ y)dx ) <[ e, i)
’K R Ly ) /) |l1 AZ n ) Ly, (12)

) (f Gy, y2) HLm ) HLpZ (yz)dx.

This completes the proof. [
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By applying Theorem 3, we establish the following new generalized convolution
inequality in mixed-norm Lebesgue spaces.

Theorem 4 (Mixed-norm convolution inequality). Let f(x) € Lﬁ(Rd), g(x) € Li(RY) for
7 € [1,00]%. Then
1 * &) )y wey < 1FCO L we) I8N 1, ey -

Proof. Without loss of generality, we assume d = 2. So j = (p1, p2) and

1 8l = | [, [ 000 =032 = ) )
(p1.p2)
< [ LI =yn =yl 80 v2) dyady:
= £l 81

The inequality comes from Theorem 3 and the conclusion is proved. [

3. New Convolution-Type Inequality and Stability Theorem in Shift-Invariant
Subspaces of Lf,(Rd)

Based on the careful preparation in Section 2, some important new inequalities and
results are established in this section, which are almost based on the setting of Eﬁ(Rd ).
We expect that these inequalities will contribute to the characterization and application
of mixed-norm Besov spaces and Triebel-Lizorkin spaces, and so forth. We first give a
generalization of Theorem 1 as follows.

Theorem 5. Assume c € I1(Z%) and ¢(x) € £5(R?). Then

Y ckp(x —k) < lelly ol g mey-
k £3(RY)
Proof. Here, we also assume d = 2. Then, one has
Y ckp(x —k)
k £3(R?)

= essSup.., (1] Lt,eZ €SSSUP, c(0,1] Ly eZ | Kk k) Cky ko) P (X1 — k1 — I, x2 — ko — 1)
< €SSSUP,. ¢01] LiyeZ €SSSUPy, c[01] Ll €Z Lki k) |C(k o) || @(x1 — K1 — 11, x2 — ko — 1)
= essSup., ¢ (0,1] Li,e7 €SSSUP. ¢ (0,1] Lky k) €k ko) | ez |9(x1 — ki =, x2 — ko — ).

So, it is easy to see that

Y ckp(x —k)

k £3(R?)

< eSSSUP, c10,1] LheZ L(ky k) [C(ky ko) [€5SUPy c(01) Eiyez [@(x1 — k1 — I, X2 — kp — )|
< Yikyko) 1€k ky) [€558UP c01] Eiyez €888UPy c(o1) Liyez [@(x1 — k1 — 11, %0 — ko — )|
= llelly Il e r2)-

The proof is completed. [
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It is worth noting here that
1flleymey < Ifll e mey,

so we have

< llelly I/l e (ray-
()

Y ckp(x —k)
k

Next, we will establish the following new mixed-norm convolution-type inequality
based on Sﬁ(Rd).
Theorem 6. Let f(x) € Lﬁ(Rd) and g(x) € Lq(Rd)for 7,4 € [1,00]% Then

1f g||£§;(Rd) = Hf”i:ﬁ(]Rd) H3||2V7(Rd)~
Proof. Without loss of generality, we assume d = 2. First, we note that
frg(x1+ki,x2+k2)
= Jr Je f1,y2)8(x1 + ki — y1, 22 + k2 — y2)dyrdys.

So, we obtain

esssup,, co,1] Z |f * g(x1 +ky,x2 + ko)
k€Z
< esssup,, (1] Lk,ez Iz f[o,l] Yo, [f(y1 = luyo)llg(xr =l + k1 —ya, x0 + ko — y2)|dy1dyn
= esssup, cio1] Jr Jou) Zn 1f (1 — 1 v2) [ Ekez 18(x1 — i + k1 — y1, X2 + ko — y2)|dyrdy,

= esssup, (o) Jr Joo1) (S [f 1 =1 2)]) (Biez 18(x1 +Fa =1, %2 + k2 = y2) ) dyadyz,

which leads to
esSSUP, (0,1 Z |f * g(x1 + k1, x2 + k)|
kl €7
< esssup, c(o ) JeUI(E 1f(y1 =l y2)]) HLpl (y1)[01]

1(Zrez I8t + k= yix2 k2 =) ), ()00 802

< Jelf i y2)lle, ol x2 +ka=v2)lle, (,)4Y20

where the first inequality holds by using the Holder inequality as in Lemma 3. Similarly,

we have

€SSSUPy,¢[0,1] )3 €SSSUpPy, c[o,1] Yo 1fxg(xn+kyxo + ko)
ko €Z ki €Z

< esssupy, co1) Lieez Jrllf V1 v2)lle, () 181 X2 + k2 = y2)ll o, (4)9Y2

= €sSsUpPy. c[0,1] Jellf(y1,v2) ||):,71 (1) Yhoezllg(y1, x2 + ko —2) H% ()42

= esssup,,c o) Jion ez (IfWv2 = b)llg, () Tczllgn 2 + k= y2 = b)llg, () )42,
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which deduces that

€88SUPy, (01 Y €SSSUPy, ¢[0,1] Yo 1f xg(xr+kyx2 + ko)
ko €Z k€Z
< esssup,co1) Jjo.) (leeZ”f(?/lr?/Z —hblle, (y1)> (ZkzeZHg(]/leZ +hka—v2)lle, (y1)>dy2

S [ A SIS | R,

| (Beczlistnee ke =vlle, )., 42y0m)
72 \J2)\

< [If @2l ) sy le,

Ly, (y2)([01]) Ly, (y2)(10,1])

= Iflle;2) 18]l 2, (r2)-
The proof is completed. [

Remark 1. It is very obvious that Theorem 6 is a unified format of the mixed-norm Holder
inequality (i.e., Theorem 2) and the mixed-norm convolution inequality (i.e., Theorem 4).

We will end this section with an important stability theorem in mixed-norm Lebesgue
spaces. Note that this stability conclusion is based on a setting of the shift-invariant
subspace of L,;,(Rd) space. Of course, the upper and lower bounds of the stability theorem

are given in the setting of Sﬁ(]Rd). The shift-invariant subspace Span(¢) (generated by ¢)
is defined by

Span(¢) = {f = ;ckqo(x —k):ce li;(Zd),qo € £3(]Rd)}.

The following known result is crucial for proving our new stability theorem.

Theorem 7 (see [13]). Let ¢ € 23(1&’1) and Cq and Cy be positive constants. Then

Cillell, < < Callelly,

Ly (R9)

;CW(?C —k)

holds if and only if one of the following conditions holds:
(1)  There exists a function h € Span(¢) such that

(p(x —1),h(x)) = &, 1 € Z°,

and 0 is defined by 6 = 1 for | = 0,6 = 0 for | # 0;
(2) Yy |@(&+27l)|? > 0 for every & € RY.

By applying Theorems 1 and 2, we prove the following stability theorem.

Theorem 8. Let § € [1,00]%, Y |¢(& + 27t1)|? > 0 for every & € RY, ¢ € lﬁ(Zd) and ¢ €
£ (RY). Then

Cilelly, <

;qu’(x —k)

< Collll,
Ly(R4)

holds for some positive constants Cy and C,.
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Proof. By Theorem 1, one has

Y ckp(x —k)
P

< lolleyallelly; < llelle e lell,-
Ly(R9)

That means C; = ||¢]| ¢, (ga)- So the upper bound is arrived.

Next, we will find its lower bound. Assume g = Y cx¢(x — k), by Theorem 7, there
exists a function i € Span(¢) such that

(@(x —1),h(x)) = by, | € Z°.

Then,

st = [ (Sonots - =By

—Zcm/ (x —m+k)h(x)dx

= Ck.
Let {(ck)x} € I for pl ql:lwithizl,Z,...,d. So we have
(e, ) = | ) exlr
k
|y n(x —k)d
LG [ $(hG =i
= / g(x) ) &h(x — k)dx

Taking into account Theorems 1 and 2, we get

e o < Mgl ey ;Eh(x—k)

L;(RY)
< I8l ey l1€lls, 1 ()| ¢ re)

which deduces

lellsy < NGl ey 1H ()] gy < N8GO 1 ma) 17O ¢ (re)-

Then,
1
el < e - redy-
”h(x)Hﬁg(Rd)H ”l,7 Hg( )HLP(R”’)

We now take C; = and the lower bound is arrived. [

 n(x )HLQ(R.})
Remark 2. As an example, we can take

go(xl,xz,.. .,xd) = ¢1(x1) ®(P2(X2) & ®<Pd(xd).

Here, ® means the traditional tensor product. The functions ¢; (i = 1,2,...,d) can be taken
as the orthonormal or biothogonal scaling functions with compact support in wavelet analysis
theories. In fact, we can easily prove these scaling functions naturally satisfy the inequalities
¢l ¢ (ray < o0 and ¥ | (& +27l)|> > 0 for every & € RY.
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4. Conclusions

The main goal of the current study is to give some generalizations of inequalities under
mixed-norm Lebesgue spaces Lﬁ(Rd) with the help of Sﬁ(Rd). We particularly establish
the convolution-Holder-type inequality and the stability theorem of mixed-norm case. It
is obvious that the convolution-Holder-type inequality unifies the mixed-norm Holder
inequality and the mixed-norm convolution inequality in format. This is an interesting
result. In addition, a generalization of stability result under mixed-norm unifies and refines
the existing results. We hope that it can be used in the characterization of relevant mixed
norm spaces in the future.
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