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Abstract

:

This paper retrieves highly dispersive optical solitons to complex Ginzburg–Landau equation having six forms of nonlinear refractive index structures for the very first time. The enhanced version of the Kudryashov approach is the adopted integration tool. Thus, bright and singular soliton solutions emerge from the scheme that are exhibited with their respective parameter constraints.
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1. Introduction


The physics and technology of optical solitons in telecommunications industry has totally revolutionized the modern world of quantum communications. The dynamics of soliton propagation through a variety of waveguides [1,2,3], as well as the modern study of meta-optics covers it all. Later, the concept of highly dispersive (HD) optical solitons [4,5,6,7,8] that was conceived during 2019 has theoretically addressed a growing problem in the modern telecommunications industry. This is the low count of chromatic dispersion (CD) that is a key element in sustaining the much needed balance between it and the self-phase modulation (SPM). HD solitons provide additional sources of dispersion to maintain this key balance between CD and SPM for the smooth propel of solitons through optical fibers for trans-continential and trans-oceanic distances. These additional sources of dispersion are from inter-modal dispersion (IMD), third-order dispersion (3OD), fourth-order dispersion (4OD), fifth-order dispersion (5OD), and sixth-order dispersion (6OD). These lead to the concept of HD solitons although, technically, dispersive effects would dominate the soliton propagation. Another shortcoming would be the drastic slow-down of solitons with such a collective dispersive count.



When HD solitons first came into existence, it was on the platform of nonlinear Schrödinger’s equation (NLSE) [9,10,11,12]. After the concept of HD solitons was first reported, several works from this area have flooded a variety of journals over the last couple of years [13,14,15,16,17]. This, in fact, includes addressing of solitons with eighth-order dispersion. The current paper is addressing, for the first time, HD solitons on a different platform, namely the complex Ginzburg–Landau equation (CGLE) [18,19,20,21,22,23,24,25,26]. There are six forms of nonlinear refractive index structures that are considered. The integration scheme is the enhanced Kudryashov approach that reveals bright and singular optical solitons for each of these six nonlinear forms. These are exhibited and their respective parameter constraint conditions are also displayed. The detailed analysis are pen-pictured after a quick intro to the model.



Governing Model


The perturbed HD–CGLE that is considered for the very first time in this paper is indicated below


       i  q t  + i  a 1   q x  +  a 2   q  x x   + i  a 3   q  x x x   +  a 4   q  x x x x   + i  a 5   q  x x x x x   +  a 6   q  x x x x x x   + F    q  2   q       =    α      q x   2   q *    +   β  4   q  2   q *      2   q  2      q  2    x x   −       q  2   x   2         +    γ q + i  λ     q   2 m   q  x  + μ     q   2 m    x  q + υ   q   2 m    q x   ,     



(1)




where   q = q ( x , t )   denotes the wave profile and   q *   represents the complex conjugate of the field   q = q ( x , t )  , while t and x represents temporal and spatial variables, sequentially.   a j    ( j = 1 , 2 , ⋯ , 6 )   are the coefficients of IMD, CD, 3OD, 4OD, 5OD, and 6OD. The first term is linear temporal evolution and   i =   − 1    .  γ  gives the detuning effect.  λ  is the coefficient of self–steepening.  μ  is the coefficient of higher-order dispersion.  υ  is the coefficient of nonlinear dispersion.  β  and  α  are the coefficients of nonlinear term. Lastly,   F    q  2     stands for nonlinear form.



Equation (1) is a generalized version of the perturbed CGLE [27,28,29,30,31]


       i  q t  + i a  q  x x x   + F    q  2   q = α      q x   2   q *    +   β  4   q  2   q *      2   q  2      q  2    x x   −       q  2   x   2         +    γ q + i  δ  q x  + λ     q   2 m   q  x  + μ     q   2 m    x  q + υ   q   2 m    q x   .     



(2)







This paper studies the perturbed HD–CGLE (1) with six nonlinear forms using the integration methodology. The current paper is structured as: In Section 2, the perturbed HD–CGLE (1) is analyzed. In Section 3, the integration methodology is presented. In Section 4, Section 5, Section 6, Section 7, Section 8 and Section 9, we arrive soliton solutions with the proposed models. The results of the paper are discussed in Section 10.





2. Mathematical Preliminaries


We presume the traveling wave transformation


  q  ( x , t )  = ϕ  ( ξ )   e  i ( − κ x + w t +  θ 0  )   ,  ξ = x − c t ,  



(3)




where   ϕ ( ξ )   is the amplitude of the traveling wave,   κ   is the frequency,   c   is the velocity, w is the wave number and   θ 0   is the phase constant. Substituting (3) into (1) gives the real part


        a 6  ϕ  ϕ  ( 6 )   +  5  a 5  κ +  a 4  − 15  a 6   κ 2   ϕ  ϕ  ( 4 )         +     15  a 6   κ 4  − 10  a 5   κ 3  − 6  a 4   κ 2  + 3  a 3  κ +  a 2  − β  ϕ  ϕ ″        −    α    ϕ ′   2  −  ϕ 2    a 6   κ 6  −  a 5   κ 5  −  a 4   κ 4  +  a 3   κ 3  +  α +  a 2    κ 2  −  a 1  κ + γ + w        −    κ  υ + λ   ϕ  2 m + 2   + F   ϕ 2    ϕ 2  = 0 ,     



(4)




and the imaginary part


        6  a 6  κ −  a 5    ϕ  ( 5 )   +  6  a 6   κ 5  − 4  a 4   κ 3  − 5  a 5   κ 4  + 2  a 2  κ + 3  a 3   κ 2  −  a 1  + c   ϕ ′        +     ϕ  2 m    ϕ ′   2 m λ + 2 m μ + λ + υ  +  ϕ ‴   − 20  a 6   κ 3  + 10  a 5   κ 2  + 4  a 4  κ −  a 3   = 0 .     



(5)







Equation (5) yields the velocity


  c = − 6  a 6   κ 5  + 4  a 4   κ 3  + 5  a 5   κ 4  − 2  a 2  κ − 3  a 3   κ 2  +  a 1  ,  



(6)




and the frequency


  κ =   a 5   6  a 6    ,  



(7)




and the constraint conditions


  2 m λ + 2 m μ + λ + υ = 0 ,  − 20  a 6   κ 3  + 10  a 5   κ 2  + 4  a 4  κ −  a 3  = 0 .  



(8)







Equation (4) can be written as


  ϕ  ϕ  ( 6 )   +  Δ 1  ϕ  ϕ  ( 4 )   +  Δ 2  ϕ  ϕ ″  +  Δ 3     ϕ ′   2  +  Δ 4   ϕ 2  +  Δ 5   ϕ  2 m + 2   + F   ϕ 2    ϕ 2  = 0 ,  



(9)




where


        Δ 1  =    5  a 5  κ +  a 4  − 15  a 6   κ 2    a 6    ,   Δ 5  = −    κ  υ + λ    a 6    ,   Δ 3  = −   α  a 6    ,          Δ 2  =    15  a 6   κ 4  − 10  a 5   κ 3  − 6  a 4   κ 2  + 3  a 3  κ +  a 2  − β   a 6    ,          Δ 4  = −     a 3   κ 3  −  a 5   κ 5  +  a 6   κ 6  −  a 4   κ 4  +   a 2  + α   κ 2  + γ −  a 1  κ + w   a 6    .     



(10)








3. Enhanced Kudryashov Method


The integration approach permits the formal solution


  ϕ  ( ξ )  =  ∑  g = 0  N   σ g    R  ξ   g  ,   σ g  ≠ 0 ,  



(11)




where N is the order of the pole,   σ g    ( g = 0 , 1 , 2 , ⋯ , N )   are arbitrary constants and   R ( ξ )   satisfies the ordinary differential equation


   R    ′  2    ( ξ )  =  R 2   ( ξ )   [ 1 − χ  R  2 p    ( ξ )  ]   ln 2  K ,   0 < K ≠ 1 ,  



(12)




along with the analytical solution


  R  ( ξ )  =     4 A   4  A 2   exp K   ( p ξ )  + χ  exp K   ( − p ξ )      1 p   .  



(13)







Here  χ , p and A are non-zero real constants and   e x  p K   ( p ξ )  =  K  p ξ    . Plugging (11) along with (12) into (9) yields the coefficients   σ g    ( g = 0 , 1 , 2 , ⋯ , N )  . Substituting the coefficients   σ g    ( g = 0 , 1 , 2 , ⋯ , N )   together with (13) into (11), we arrive the analytical solution of the model Equation (1).




4. Kerr Law


The Kerr law of nonlinearity is considered as


  F  (  ϕ 2  )  = e  ϕ 2  ,  e ≠ 0 ,  



(14)




where e is an arbitrary constant. Therefore, Equation (1) turns into


       i  q t  + i  a 1   q x  +  a 2   q  x x   + i  a 3   q  x x x   +  a 4   q  x x x x   + i  a 5   q  x x x x x   +  a 6   q  x x x x x x   + e   q  2  q       =    α      q x   2   q *    +   β  4   q  2   q *      2   q  2      q  2    x x   −       q  2   x   2         +    γ q + i  λ     q   2 m   q  x  + μ     q   2 m    x  q + υ   q   2 m    q x   ,     



(15)




while Equation (9) simplifies to


  ϕ  ϕ  ( 6 )   +  Δ 1  ϕ  ϕ  ( 4 )   +  Δ 2  ϕ  ϕ ″  +  Δ 3     ϕ ′   2  +  Δ 4   ϕ 2  +  Δ 5   ϕ  2 m + 2   + e  ϕ 4  = 0 .  



(16)







Setting   m = 1  , Equation (16) collapses to


  ϕ  ϕ  ( 6 )   +  Δ 1  ϕ  ϕ  ( 4 )   +  Δ 2  ϕ  ϕ ″  +  Δ 3     ϕ ′   2  +  Δ 4   ϕ 2  +  (  Δ 5  + e )   ϕ 4  = 0 .  



(17)







Balancing   ϕ  ϕ  ( 6 )     and   ϕ 4   gives rise to


  2 N + 6 p = 4 N ⟹ N = 3 p .  



(18)







Case 1: With the help of   p = 1  , Equation (11) turns into


  ϕ  ( ξ )  =  σ 0  +  σ 1  R  ( ξ )  +  σ 2   R 2   ( ξ )  +  σ 3   R 3   ( ξ )  ,   σ 3  ≠ 0 ,  



(19)




where    σ 0  ,  σ 1   ,   σ 2   and   σ 3   are arbitrary constants. Substituting (19) along with (12) into (17) causes the coefficients to


   σ 0  =  σ 1  =  σ 2  = 0 ,   σ 3  = 24 ε χ    35 χ    Δ 5  + e     ln 3  K ,  



(20)




and the constraint conditions


        Δ 1  = − 83  ln 2  K ,   Δ 3  = −    Δ 2  − 7564  ln 4  K  3  ,          Δ 4  =  3  Δ 2  − 16698   ln 4  K   ln 2  K ,  χ  (  Δ 5  + e )  > 0 ,  ε = ± 1 .     



(21)







Plugging (20) together with (13) and (21) into (19), the straddled soliton is formulated as


     q ( x , t )    =    24 ε χ   ln 3  K     35 χ    Δ 5  + e        4 A   4  A 2   exp K   ( x − c t )  + χ  exp K   ( −  ( x − c t )  )     3          ×  e  i ( − κ x + w t +  θ 0  )   .     



(22)







By the aid of    Δ 5  + e > 0   and   χ = 4  A 2   , the bright soliton is indicated below


  q  ( x , t )  = 24 ε   ln 3  K    35   Δ 5  + e      sec h  3    x − c t  ln K   e  i ( − κ x + w t +  θ 0  )   .  



(23)







By the usage of    Δ 5  + e < 0   and   χ = − 4  A 2   , the singular soliton is considered as


  q  ( x , t )  = 24 ε   ln 3  K    −  35   Δ 5  + e       csc h  3   [  ( x − c t )  ln K ]   e  i ( − κ x + w t +  θ 0  )   .  



(24)







Case 2: With the help of   p = 2  , Equation (11) transforms to


  ϕ  ( ξ )  =  σ 0  +  σ 1  R  ( ξ )  +  σ 2   R 2   ( ξ )  +  σ 3   R 3   ( ξ )  +  σ 4   R 4   ( ξ )  +  σ 5   R 5   ( ξ )  +  σ 6   R 6   ( ξ )  ,   σ 6  ≠ 0 ,  



(25)




where   σ i    ( i = 0 , 1 , ⋯ , 6 )   are arbitrary constants and   R ( ξ )   changes to


   R    ′  2    ( ξ )  =  R 2   ( ξ )   1 − χ  R 4   ( ξ )    ln 2  K ,   0 < K ,  K ≠ 1 .  



(26)







Inserting (25) along with (26) into (17) yields the coefficients


   σ 0  =  σ 1  =  σ 2  =  σ 3  =  σ 4  =  σ 5  = 0 ,   σ 6  = − 192 ε χ    35 χ    Δ 4  + e     ln 3  K ,  



(27)




and the parameter constraints


        Δ 1  = − 332  ln 2  K ,   Δ 3  = −   4  Δ 2  − 121024  ln 4  K  3  ,          Δ 4  =  12  Δ 2  − 1068672  ln 4  K   ln 2  K ,  χ  (  Δ 5  + e )  > 0 ,  ε = ± 1 .     



(28)







Putting (27) together with (13) and (28) into (25), the straddled soliton is structured as


     q ( x , t )    =    − 192 ε χ   ln 3  K     35 χ    Δ 4  + e        4 A   4  A 2   exp K   2  x − c t   + χ  exp K   2  x − c t      3          ×  e  i ( − κ x + w t +  θ 0  )   .     



(29)







By the aid of    Δ 5  + e > 0   and   χ = 4  A 2   , the bright soliton is formulated as


  q  ( x , t )  = − 192 ε   ln 3  K    35   Δ 5  + e      sec h  3   2 ( x − c t ) ln K   e  i ( − κ x + w t +  θ 0  )   .  



(30)







By virtue of    Δ 5  + e < 0   and   χ = − 4  A 2   , the singular soliton is indicated below


  q  ( x , t )  = 192 ε   ln 3  K    −  35   Δ 5  + e       csc h  3   [ 2  ( x − c t )  ln K ]   e  i ( −  κ x + w t +  θ 0  )   .  



(31)








5. Power Law


The power law of nonlinearity is structured as


  F  (  ϕ 2  )  = e  ϕ  2 n   ,  e ≠ 0 ,  



(32)




where e is an arbitrary constant. Thus, Equation (1) simplifies to


       i  q t  + i  a 1   q x  +  a 2   q  x x   + i  a 3   q  x x x   +  a 4   q  x x x x   + i  a 5   q  x x x x x   +  a 6   q  x x x x x x   + e   q   2 n   q       =    α      q x   2   q *    +   β  4   q  2   q *      2   q  2      q  2    x x   −       q  2   x   2         +    γ q + i  λ     q   2 m   q  x  + μ     q   2 m    x  q + υ   q   2 m    q x   ,     



(33)




while Equation (9) collapses to


  ϕ  ϕ  ( 6 )   +  Δ 1  ϕ  ϕ  ( 4 )   +  Δ 2  ϕ  ϕ ″  +  Δ 3     ϕ ′   2  +  Δ 4   ϕ 2  +  Δ 5   ϕ  2 m + 2   + e  ϕ  2 n + 2   = 0 .  



(34)







Setting   n = m  , Equation (34) transforms to


  ϕ  ϕ  ( 6 )   +  Δ 1  ϕ  ϕ  ( 4 )   +  Δ 2  ϕ  ϕ ″  +  Δ 3     ϕ ′   2  +  Δ 4   ϕ 2  +  (  Δ 5  + e )   ϕ  2 m + 2   = 0 .  



(35)







Balancing   ϕ  ϕ  ( 6 )     and   ϕ  2 m + 2    yields   N =  3 m   . Setting


  ϕ =   U  ξ    3 m   ,  



(36)







Equation (35) turns into


       − 9  ( m − 1 )   ( 2 m − 3 )   ( 4 m − 3 )   ( 5 m − 3 )   ( m − 3 )   U    ′  6         +    135 m  ( m − 1 )   ( 2 m − 3 )   ( 4 m − 3 )   ( m − 3 )  U  U ″   U    ′  4         −    9  Δ 1   m 2   ( m − 1 )   ( 2 m − 3 )   ( m − 3 )   U 2   U    ′ 4          −    180  m 2   ( m − 1 )   ( 2 m − 3 )   ( m − 3 )   U 2   U    ′ 3     U ‴  +  Δ 4   m 6   U 6        −    405  m 2   ( m − 1 )   ( 2 m − 3 )   ( m − 3 )   U 2    U ″  2   U    ′ 2    + 18  Δ 1   m 3   ( 2 m − 3 )   ( m − 3 )   U 3   U ″   U    ′ 2          +    3  m 5   U 5   U  ( 6 )   + 45  m 3   ( 2 m − 3 )   ( m − 3 )   U 3   U  ( 4 )    U    ′ 2    + 3  m 4   [ 3  Δ 3  −  ( m − 3 )   Δ 2  ]   U 4   U    ′ 2          −    12  Δ 1   m 4   ( m − 3 )   U 4   U ‴   U   ′   + 180  m 3   ( 2 m − 3 )   ( m − 3 )   U 3   U ‴   U ″   U   ′         −    18  m 4   ( m − 3 )   U 4   U  ( 5 )    U   ′   + 45  m 3   ( 2 m − 3 )   ( m − 3 )   U 3    (  U ‴  )  3        −    9  Δ 1   m 4   ( m − 3 )   U 4    (  U ″  )  2  − 45  m 4   ( m − 3 )   U 4   U  ( 4 )    U ″  + 3  m 5   Δ 2   U 5   U ″        +     m 6   (  Δ 5  + e )   U 12  − 30  m 4   ( m − 3 )   U 4    (  U ‴  )  2  + 3  m 5   Δ 1   U 5   U  ( 4 )   = 0 .     



(37)







Balancing    U 5   U  ( 6 )     and   U 12   leads to


  6 N + 6 p = 12 N ⟹ N = p .  



(38)







Case 1: By virtue of   p = 1  , Equation (11) collapses to


  U  ( ξ )  =  σ 0  +  σ 1  R  ( ξ )  ,   σ 1  ≠ 0 ,  



(39)




where   σ 0   and   σ 1   are arbitrary constants. Plugging (39) along with (12) into (37), we arrive the coefficients


   σ 0  = 0 ,   σ 1  =   ϵ ln K  m      9  ( 4 m + 3 )   ( 5 m + 3 )   ( 2 m + 3 )   ( m + 3 )   ( m + 1 )   χ 3     Δ 5  + e     1 6   ,  



(40)




and the parameter constraints


        Δ 1  = −     ( 20  m 2  + 36 m + 27 )   ln 2  K   m 2    ,   χ 3   (  Δ 5  + e )  > 0 ,          Δ 3  = −         64  m 5  + 480  m 4  + 1512  m 3        + 2592  m 2  + 2187 m + 729       ln 4  K   3  m 4     −     ( m + 3 )   Δ 2   3   ,          Δ 4  = −    3      64  m 5  + 480  m 4  + 1512  m 3        + 2052  m 2  + 1215 m + 243       ln 6  K   m 6    +    3  Δ 2   ln 2  K  m   .     



(41)







Inserting (40) together with (13) and (41) into (39), the straddled soliton is modeled as


     q ( x , t )    =       4 ϵ A      9  ( 4 m + 3 )   ( 2 m + 3 )   ( 5 m + 3 )   ( m + 1 )   ( m + 3 )   χ 3     Δ 5  + e      1 6   ln K   m  4  A 2   exp K   ( x − c t )  + χ  exp K   ( −  ( x − c t )  )       3 m          ×  e  i ( − κ x + w t +  θ 0  )   .     



(42)







By the usage of    Δ 5  + e > 0   and   χ = 4  A 2   , the bright soliton is structured as


     q ( x , t )    =           4 ϵ ln K  m       9 ( 4 m + 3 ) ( 2 m + 3 ) ( 5 m + 3 ) ( m + 1 ) ( m + 3 )    Δ 5  + e      1 6         ×  sec h [  ( x − c t ) ln K ]       3 m          ×  e  i ( − κ x + w t +  θ 0  )   .     



(43)







With the help of    Δ 5  + e < 0   and   χ = − 4  A 2   , the singular soliton is indicated below


     q ( x , t )    =           4 ϵ ln K  m    −    9 ( 4 m + 3 ) ( 2 m + 3 ) ( 5 m + 3 ) ( m + 1 ) ( m + 3 )    Δ 5  + e      1 6         ×  csc h [  ( x − c t ) ln K ]       3 m          ×  e  i ( − κ x + w t +  θ 0  )   .     



(44)







Case 2: By virtue of   p = 2  , Equation (11) becomes


  U  ( ξ )  =  σ 0  +  σ 1  R  ( ξ )  +  σ 2   R 2   ( ξ )  ,   σ 2  ≠ 0 ,  



(45)




where   σ 0  ,   σ 1   and    σ 2    are arbitrary constants. Putting (45) along with (12) into (37) causes to the coefficients


   σ 0  =  σ 1  = 0 ,   σ 2  =   2 ϵ ln K  m      9  ( 4 m + 3 )   ( 2 m + 3 )   ( 5 m + 3 )   ( m + 1 )   ( m + 3 )   χ 3     Δ 5  + e     1 6   ,  



(46)




and the constraints


        Δ 1  = −    4  ( 20  m 2  + 36 m + 27 )   ln 2  K   m 2    ,   χ 3   (  Δ 5  + e )  > 0 ,          Δ 3  =    16      64  m 5  + 480  m 4  + 1512  m 3        + 2592  m 2  + 2187 m + 729       ln 4  K   3  m 4     −     ( m + 3 )   Δ 2   3   ,          Δ 4  = −    192      64  m 5  + 480  m 4  + 1512  m 3        + 2052  m 2  + 1215 m + 243       ln 6  K   m 6    +    12  Δ 2    ln 2  K  m   .     



(47)







Plugging (46) together with (13) and (47) into (45), the straddled soliton is considered as


     q ( x , t )    =       8 ϵ A ln K      9  ( 4 m + 3 )   ( 2 m + 3 )   ( 5 m + 3 )   ( m + 1 )   ( m + 3 )   χ 3    e +  Δ 5       1 6     m  4  A 2   exp K   [ 2  ( x − c t )  ]  + χ  exp K   [ − 2  ( x − c t )  ]       3 m          ×  e  i ( − κ x + w t +  θ 0  )   .     



(48)







By the usage of    Δ 5  + e > 0   and   χ = 4  A 2   , the bright soliton is modeled as


     q ( x , t )    =           2 ϵ ln K  m       9 ( 4 m + 3 ) ( 5 m + 3 ) ( 2 m + 3 ) ( m + 3 ) ( m + 1 )   e +  Δ 5       1 6         ×  sec h [ 2  ln K ( x − c t ) ]       3 m          ×  e  i ( − κ x + w t +  θ 0  )   .     



(49)







With the help of    Δ 5  + e < 0   and   χ = − 4  A 2   , the singular soliton is formulated as


     q ( x , t )    =           2 ϵ ln K  m    −    9 ( 4 m + 3 ) ( 5 m + 3 ) ( 2 m + 3 ) ( m + 3 ) ( m + 1 )   e +  Δ 5       1 6         ×  csc h [ 2  ln K ( x − c t ) ]       3 m          ×  e  i ( − κ x + w t +  θ 0  )   .     



(50)








6. Parabolic Law


The parabolic law of nonlinearity is indicated below


  F   ϕ 2   =  e 1   ϕ 2  +  e 2   ϕ 4  ,   e 2  ≠ 0 ,  



(51)




where   e 1   and    e 2    are arbitrary constants. Consequently, Equation (1) turns into


       i  q t  + i  a 1   q x  +  a 2   q  x x   + i  a 3   q  x x x   +  a 4   q  x x x x   + i  a 5   q  x x x x x   +  a 6   q  x x x x x x         +      e 1    q  2  +  e 2    q  4   q = α      q x   2   q *    +   β  4   q  2   q *      2   q  2      q  2    x x   −       q  2   x   2         +    γ q + i  λ     q   2 m   q  x  + μ     q   2 m    x  q + υ   q   2 m    q x   ,     



(52)




while Equation (9) decreases to


  ϕ  ϕ  ( 6 )   +  Δ 1  ϕ  ϕ  ( 4 )   +  Δ 2  ϕ  ϕ ″  +  Δ 3     ϕ ′   2  +  Δ 4   ϕ 2  +  Δ 5   ϕ  2 m + 2   +  e 1   ϕ 4  +  e 2   ϕ 6  = 0 .  



(53)







Setting   m = 1  , Equation (53) becomes


  ϕ  ϕ  ( 6 )   +  Δ 1  ϕ  ϕ  ( 4 )   +  Δ 2  ϕ  ϕ ″  +  Δ 3     ϕ ′   2  +  Δ 4   ϕ 2  +  (  Δ 5  +  e 1  )   ϕ 4  +  e 2   ϕ 6  = 0 .  



(54)







Balancing   ϕ  ϕ  ( 6 )     and   ϕ 6   causes to   N =  3 2   . Setting


  ϕ  ( ξ )  =   U  ξ    3 2   ,  



(55)







Equation (54) collapses to


       315   [  U   ′   ]  6  + 36  Δ 1   U 2   U    ′ 4    − 1350 U  U ″   U    ′ 4    + 720  U 2   U    ′ 3     U ‴  + 1620  U 2    U ″  2    U ′  2        −    144  Δ 1   U 3   U ″    U ′  2  − 360  U 3   U  ( 4 )     U ′  2  + 48  [ 3  Δ 3  +  Δ 2  ]   U 4    U ′  2  + 192  Δ 1   U 4   U ‴   U   ′         +    288  U 4   U  ( 5 )    U   ′   − 1440  U 3   U ‴   U ″   U   ′   − 360  U 3    (  U ″  )  3  + 144  Δ 1   U 4    (  U ″  )  2        +    96  Δ 2   U 5   U ″  + 720  U 4   U  ( 4 )    U ″  + 480  U 4    (  U ‴  )  2  + 96  Δ 1   U 5   U  ( 4 )   + 96  U 5   U  ( 6 )         +    64  e 2   U 12  + 64  (  e 1  +  Δ 5  )   U 9  + 64  Δ 4   U 6  = 0 .     



(56)







Balancing    U 5   U  ( 6 )     and   U 12   gives rise to


  6 N + 6 p = 12 N ⟹ N = p .  



(57)







Case 1: By the usage of   p = 1  , Equation (56) permits the solution (39). Substituting (39) along with (12) into (56) gives rise to the coefficients


   σ 0  = 0 ,   σ 1  =     135135  χ 3    64  e 2      1 6   ln K ,  



(58)




and the parameters


        Δ 1  = −   179  ln 2  K  4  ,   Δ 3  =   37295  ln 4  K  48  −   5  Δ 2   3  ,          Δ 4  = −   98115  ln 6  K  64  +   3  Δ 2   ln 2  K  2  ,   Δ 5  = −  e 1  ,   χ 3   e 2  > 0 .     



(59)







Plugging (58) together with (13) and (59) into (39), we arrive the straddled soliton


  q  ( x , t )  =     4 A      135135  χ 3    64  e 2       1 6   ln K   4  A 2   exp K   ( x − c t )  + χ  exp K   ( −  ( x − c t )  )      3 2    e  i ( − κ x + w t +  θ 0  )   .  



(60)







Setting    e 2  > 0   and   χ = 4  A 2   , Equation (60) transforms to the bright soliton


  q  ( x , t )  =    ln K     135135  64  e 2      1 6    sec h   ( x − c t ) ln K    3 2    e  i ( − κ x + w t +  θ 0  )   .  



(61)







If    e 2  < 0   and   χ = − 4  A 2   , Equation (60) yields the singular soliton


  q  ( x , t )  =    ln K    −  135135  64  e 2      1 6    csc h   ( x − c t ) ln K    3 2    e  i ( − κ x + w t +  θ 0  )   .  



(62)







Case 2: By the aid of   p = 2  , Equation (56) holds the solution (45). Substituting (45) along with (12) into (56) leads to the coefficients


   σ 0  =  σ 1  = 0 ,   σ 2  =     135135  χ 3    e 2     1 6   ln K ,  



(63)




and the constraints


        Δ 1  = − 179  ln 2  K ,   Δ 3  =   37295  ln 4  K  3  −   5  Δ 2   3  ,          Δ 4  =  6  Δ 2  − 98115  ln 4  K   ln 2  K ,   Δ 5  = −  e 1  ,   χ 3   e 2  > 0 .     



(64)







Inserting (63) together with (13) and (64) into (45), the straddled soliton is formulated as


  q  ( x , t )  =     4 A      135135  χ 3    e 2      1 6   ln K   4  A 2   exp K   [ 2  ( x − c t )  ]  + χ  exp K   [ − 2  ( x − c t )  ]      3 2    e  i ( − κ x + w t +  θ 0  )   .  



(65)







If    e 2  > 0   and   χ = 4  A 2   , Equation (65) becomes the bright soliton


  q  ( x , t )  =    ln K     135135  e 2     1 6    sec h   2 ln K ( x − c t )    3 2    e  i ( − κ x + w t +  θ 0  )   .  



(66)







When    e 2  < 0   and   χ = − 4  A 2   , Equation (65) turns into the singular soliton


  q  ( x , t )  =    ln K    −  135135  e 2     1 6    csc h   2 ln K ( x − c t )    3 2    e  i ( − κ x + w t +  θ 0  )   .  



(67)








7. Dual Power Law


The dual power law of nonlinearity is considered as


  F  (  ϕ 2  )  =  e 1   ϕ  2 n   +  e 2   ϕ  4 n   ,   e 2  ≠ 0 ,  



(68)




where   e 1   and     e 2    are arbitrary constants. Hence, Equation (1) simplifies to


       i  q t  + i  a 1   q x  +  a 2   q  x x   + i  a 3   q  x x x   +  a 4   q  x x x x   + i  a 5   q  x x x x x   +  a 6   q  x x x x x x         +      e 1    q   2 n   +  e 2    q   4 n    q = α      q x   2   q *    +   β  4   q  2   q *      2   q  2      q  2    x x   −       q  2   x   2         +    γ q + i  λ     q   2 m   q  x  + μ     q   2 m    x  q + υ   q   2 m    q x   ,     



(69)




while Equation (9) collapses to


  ϕ  ϕ  ( 6 )   +  Δ 1  ϕ  ϕ  ( 4 )   +  Δ 2  ϕ  ϕ ″  +  Δ 3     ϕ ′   2  +  Δ 4   ϕ 2  +  Δ 5   ϕ  2 m + 2   +  e 1   ϕ  2 n + 2   +  e 2   ϕ  4 n + 2   = 0 .  



(70)







Setting   n = m  , Equation (70) decreases to


  ϕ  ϕ  ( 6 )   +  Δ 1  ϕ  ϕ  ( 4 )   +  Δ 2  ϕ  ϕ ″  +  Δ 3     ϕ ′   2  +  Δ 4   ϕ 2  +  (  Δ 5  +  e 1  )   ϕ  2 m + 2   +  e 2   ϕ  4 m + 2   = 0 .  



(71)







Balancing   ϕ  ϕ  ( 6 )     and   ϕ  4 m + 2    gives   N =  3  2 m    .Setting


  ϕ  ( ξ )  =   U  ξ    3  2 m    ,  



(72)







Equation (71) turns into


       − 9  ( 2 m − 3 )   ( 2 m − 1 )   ( 4 m − 3 )   ( 10 m − 3 )    [  U   ′   ]  6        +    270 m  ( 2 m − 3 )   ( 2 m − 1 )   ( 8 m − 3 )   ( 4 m − 3 )  U  U ″   U    ′ 4          −    36  m 2   ( 2 m − 3 )   ( 4 m − 3 )   ( 2 m − 1 )   Δ 1   U 2   U    ′ 4          −    720  m 2   ( 2 m − 3 )   ( 2 m − 1 )   ( 4 m − 3 )   U 2   U    ′ 3     U ‴        −    1620  m 2   ( 2 m − 1 )   ( 2 m − 3 )   ( 4 m − 3 )   U 2    U ″  2   U    ′ 2          +    144  Δ 1   m 3   ( 2 m − 3 )   ( 4 m − 3 )   U 3   U ″   U    ′ 2          +    360  m 3   ( 2 m − 3 )   ( 4 m − 3 )   U 3   U  ( 4 )    U    ′ 2    − 48  m 4   [  ( 2 m − 3 )   Δ 2  − 3  Δ 3  ]   U 4   U    ′ 2          +    1440  m 3   ( 2 m − 3 )   ( 4 m − 3 )   U 3   U ‴   U ″   U   ′   − 192  Δ 1   m 4   ( 2 m − 3 )   U 4   U ‴   U   ′         −    288  m 4   ( 2 m − 3 )   U 4   U  ( 5 )    U   ′   + 360  m 3   ( 2 m − 3 )   ( 4 m − 3 )   U 3    (  U ″  )  3        −    144  Δ 1   m 4   ( 2 m − 3 )   U 4    (  U ″  )  2  − 720  m 4   ( 2 m − 3 )   U 4   U  ( 4 )    U ″        +    96  m 5   Δ 2   U 5   U ″  − 480  m 4   ( 2 m − 3 )   U 4    (  U ‴  )  2  + 96  m 5   Δ 1   U 5   U  ( 4 )         +    96  m 5   U 5   U  ( 6 )   + 64  m 6   e 2   U 12  + 64  m 6   (  e 1  +  Δ 5  )   U 9  + 64  m 6   Δ 4   U 6  = 0 .     



(73)







Balancing    U 5   U  ( 6 )     and   U 12   leads to


  6 N + 6 p = 12 N ⟹ N = p .  



(74)







Case 1: By the usage of   p = 1  , Equation (73) satisfies the solution (39). Putting (39) along with (12) into (73), we arrive the coefficients


   σ 0  = 0 ,   σ 1  =   ln K  m      9  χ 3   ( 8 m + 3 )   ( 4 m + 3 )   ( 10 m + 3 )   ( 2 m + 3 )   ( 2 m + 1 )    64  e 2      1 6   ,  



(75)




and the constraints


        Δ 1  = −     ( 80  m 2  + 72 m + 27 )   ln 2  K   4  m 2     ,   Δ 5  = −  e 1  ,   χ 3   e 2  > 0 ,          Δ 3  =         2048  m 5  + 7680  m 4  + 12096  m 3        + 10368  m 2  + 4374 m + 729       ln 4  K   48  m 4     −     ( 2 m + 3 )   Δ 2   3   ,          Δ 4  = −    3      2048  m 5  + 7680  m 4  + 12096  m 3        + 8208  m 2  + 2430 m + 243       ln 6  K   64  m 6     +    3  Δ 2    2 m     ln 2  K .     



(76)







Inserting (75) together with (13) and (76) into (39), we arrive the straddled soliton


     q ( x , t )    =       4 A      9  χ 3   ( 8 m + 3 )   ( 4 m + 3 )   ( 10 m + 3 )   ( 2 m + 3 )   ( 2 m + 1 )    64  e 2       1 6   ln K   m [ 4  A 2   exp K   ( x − c t )  + χ  exp K   ( −  ( x − c t )  )  ]     3  2 m           ×  e  i ( − κ x + w t +  θ 0  )   .     



(77)







By virtue of    e 2  > 0   and   χ = 4  A 2   , Equation (77) simplifies to the bright soliton


     q ( x , t )    =           ln K  m       9 ( 8 m + 3 ) ( 4 m + 3 ) ( 10 m + 3 ) ( 2 m + 3 ) ( 2 m + 1 )   64  e 2       1 6         ×  sec h   ( x − c t ) ln K        3  2 m           ×  e  i ( −  κ x + w t +  θ 0  )   .     



(78)







By the aid of    e 2  < 0   and   χ = − 4  A 2   , Equation (77) collapses to the singular soliton


     q ( x , t )    =           ln K  m    −    9 ( 8 m + 3 ) ( 4 m + 3 ) ( 10 m + 3 ) ( 2 m + 3 ) ( 2 m + 1 )   64  e 2       1 6         ×  csc h   ( x − c t ) ln K        3  2 m           ×  e  i ( −  κ x + w t +  θ 0  )   .     



(79)







Case 2: With the help of   p = 2  , Equation (73) presumes the solution (45). Plugging (45) along with (12) into (73) yields the coefficients


   σ 0  =  σ 1  = 0 ,   σ 2  =   ln K  m      9  χ 3   ( 8 m + 3 )   ( 4 m + 3 )   ( 10 m + 3 )   ( 2 m + 3 )   ( 2 m + 1 )    e 2     1 6   ,  



(80)




and the conditions


        Δ 1  = −     ( 80  m 2  + 72 m + 27 )   ln 2  K   m 2    ,   Δ 5  = −  e 1  ,   χ 3   e 2  > 0 ,          Δ 3  =         2048  m 5  + 7680  m 4  + 12096  m 3        + 10368  m 2  + 4374 m + 729       ln 4  K   3  m 4     −     ( 2 m + 3 )   Δ 2   3   ,          Δ 4  = −    3      2048  m 5  + 7680  m 4  + 12096  m 3        + 8208  m 2  + 2430 m + 243       ln 6  K   m 6    +    6  Δ 2   m    ln 2  K .     



(81)







Substituting (80) together with (13) and (81) into (45), we attain the straddled soliton


     q ( x , t )    =       4 A      9  χ 3   ( 4 m + 3 )   ( 8 m + 3 )   ( 2 m + 3 )   ( 10 m + 3 )   ( 2 m + 1 )    e 2      1 6   ln K   m [ 4  A 2   exp K   [ 2  ( x − c t )  ]  + χ  exp K   [ − 2  ( x − c t )  ]      3  2 m           ×  e  i ( − κ x + w t +  θ 0  )   .     



(82)







With the help of    e 2  > 0   and   χ = 4  A 2   , Equation (82) changes to the bright soliton


     q ( x , t )    =           ln K  m       9 ( 8 m + 3 ) ( 4 m + 3 ) ( 10 m + 3 ) ( 2 m + 3 ) ( 2 m + 1 )   e 2      1 6         ×  sec h   2 ln K ( x − c t )        3  2 m           ×  e  i ( − κ x + w t +  θ 0  )   .     



(83)







By the aid of    e 2  < 0   and   χ = − 4  A 2   , Equation (82) collapses to the singular soliton


     q ( x , t )    =           ln K  m    −    9 ( 8 m + 3 ) ( 4 m + 3 ) ( 10 m + 3 ) ( 2 m + 3 ) ( 2 m + 1 )   e 2      1 6         ×  csc h   2 ln K ( x − c t )        3  2 m           ×  e  i ( − κ x + w t +  θ 0  )   .     



(84)








8. Polynomial Law


The polynomial law of nonlinearity is modeled as


  F  (  ϕ 2  )  =  e 1   ϕ 2  +  e 2   ϕ 4  +  e 3   ϕ 6  ,   e 3  ≠ 0 ,  



(85)




where   e 1  ,   e 2   and    e 3    are arbitrary constants. Therefore, Equation (1) simplifies to


       i  q t  + i  a 1   q x  +  a 2   q  x x   + i  a 3   q  x x x   +  a 4   q  x x x x   + i  a 5   q  x x x x x   +  a 6   q  x x x x x x         +      e 1    q  2  +  e 2    q  4  +  e 3    q  6   q = α      q x   2   q *    +   β  4   q  2   q *      2   q  2      q  2    x x   −       q  2   x   2         +    γ q + i  λ     q   2 m   q  x  + μ     q   2 m    x  q + υ   q   2 m    q x   ,     



(86)




while Equation (9) collapses to


       ϕ  ϕ  ( 6 )   +  Δ 1  ϕ  ϕ  ( 4 )   +  Δ 2  ϕ  ϕ ″  +  Δ 3     ϕ ′   2  +  Δ 4   ϕ 2        +     Δ 5   ϕ  2 m + 2   +  e 1   ϕ 4  +  e 2   ϕ 6  +  e 3   ϕ 8  = 0 .     



(87)







Setting   m = 1  , Equation (87) transforms to


  ϕ  ϕ  ( 6 )   +  Δ 1  ϕ  ϕ  ( 4 )   +  Δ 2  ϕ  ϕ ″  +  Δ 3     ϕ ′   2  +  Δ 4   ϕ 2  +   Δ 5  +  e 1    ϕ 4  +  e 2   ϕ 6  +  e 3   ϕ 8  = 0 .  



(88)







Balancing   ϕ  ϕ  ( 6 )     and   ϕ 8   gives


  2 N + 6 p = 8 N ⟹ N = p .  



(89)







Case 1: By virtue of   p = 1  , Equation (88) holds the solution (39). Putting (39) along with (12) into (88) causes to the coefficients


   σ 0  = 0 ,   σ 1  =     720   χ 3    e 3     1 6   ln K ,  



(90)




and the constraint conditions


        Δ 1  = −   1  24  χ 2         e 2   e  3  4      720  χ 3   e  3  5    2 / 3   + 840  χ 2   ln 2  K  ,   χ 3   e 3  > 0 ,          Δ 2  =   1  6  χ 2   e  3  4          6  e  3  2  χ   90  χ 3   e  3  5    1 / 3    (  e 1  +  Δ 5  )  + 10   ln 2  K   e 2    90   χ 3   e  3  5    2 / 3         − 3  χ 2   e  3  4   (  Δ 3  − 518  ln 4  K )       ,          Δ 4  = −    3  ln 2  K   2  χ 2   e  3  4            2 3    e  3  2  χ   90  χ 3   e  3  5    1 / 3    (  e 1  +  Δ 5  )  +   ln 2  K   e 2    90  χ 3   e  3  5    2 / 3         +  1 3   χ 2   e  3  4   (  Δ 3  + 450  ln 4  K )       .     



(91)







Plugging (90) together with (13) and (91) into (39) gives rise to the straddled soliton


  q  ( x , t )  =    4 A      720  χ 3    e 3      1 6   ln K   4  A 2   exp K   ( x − c t )  + χ  exp K   ( −  ( x − c t )  )      e  i ( − κ x + w t +  θ 0  )   .  



(92)







When    e 3  > 0   and   χ = 4  A 2   , Equation (92) becomes the bright soliton


  q  ( x , t )  =     720  e 3     1 6   ln K  sec h   ( x − c t ) ln K    e  i ( − κ x + w t +  θ 0  )   .  



(93)







If    e 3  < 0   and   χ = − 4  A 2   , Equation (92) turns into the singular soliton


  q  ( x , t )  =    −  720  e 3     1 6   ln K  csc h   ( x − c t ) ln K    e  i ( − κ x + w t +  θ 0  )   .  



(94)







Case 2: When   p = 2  , Equation (88) permits the solution (45). Substituting (45) along with (12) into (88) yields the coefficients


   σ 0  =  σ 1  = 0 ,   σ 2  = 2     720  χ 3    e 3     1 6   ln K ,  



(95)




and the parameter conditions


        Δ 1  = −   1  24  χ 2         e 2   e  3  4      720  χ 3   e  3  5    2 / 3   + 3360  χ 2   ln 2  K  ,   χ 3   e 3  > 0 ,          Δ 2  =   1  6  χ 2   e  3  4          6  e  3  2  χ   90  χ 3   e  3  5    1 / 3    (  e 1  +  Δ 5  )  + 40   ln 2  K   e 2    90  χ 3   e  3  5    2 / 3         − 3  χ 2   e  3  4   (  Δ 3  − 8288  ln 4  K )       ,          Δ 4  = −    6  ln 2  K    χ 2   e  3  4            2 3    e  3  2  χ   90  χ 3   e  3  5    1 / 3    (  e 1  +  Δ 5  )  + 4   ln 2  K   e 2    90  χ 3   e  3  5    2 / 3         +  1 3   χ 2   e  3  4   (  Δ 3  + 7200  ln 4  K )       .     



(96)







Inserting (95) together with (13) and (96) into (45) gives the straddled soliton


  q  ( x , t )  =    8 A      720  χ 3    e 3      1 6   ln K   4  A 2   exp K   [ 2  ( x − c t )  ]  + χ  exp K   [ − 2  ( x − c t )  ]      e  i ( − κ x + w t +  θ 0  )   .  



(97)







Setting    e 2  > 0   and   χ = 4  A 2   , Equation (97) transforms to the bright soliton


  q  ( x , t )  =  2 ln K    720  e 3     1 6    sec h   2 ln K ( x − c t )    e  i ( − κ x + w t +  θ 0  )   .  



(98)







If    e 2  < 0   and   χ = − 4  A 2   , Equation (97) simplifies to the singular soliton


  q  ( x , t )  =  2 ln K   −  720  e 3     1 6    csc h   2 ln K ( x − c t )    e  i ( − κ x + w t +  θ 0  )   .  



(99)








9. Triple Power Law


The triple power law of nonlinearity is structured as


  F  (  ϕ 2  )  =  e 1   ϕ  2 n   +  e 2   ϕ  4 n   +  e 3   ϕ  6 n   ,   e 3  ≠ 0 ,  



(100)




where   e 1  ,   e 2   and    e 3    are arbitrary constants. Thus, Equation (1) turns into


       i  q t  + i  a 1   q x  +  a 2   q  x x   + i  a 3   q  x x x   +  a 4   q  x x x x   + i  a 5   q  x x x x x   +  a 6   q  x x x x x x         +      e 1    q   2 n   +  e 2    q   4 n   +  e 3    q   6 n    q = α      q x   2   q *    +   β  4   q  2   q *      2   q  2      q  2    x x   −       q  2   x   2         +    γ q + i  λ     q   2 m   q  x  + μ     q   2 m    x  q + υ   q   2 m    q x   ,     



(101)




while Equation (9) reduces to


       ϕ  ϕ  ( 6 )   +  Δ 1  ϕ  ϕ  ( 4 )   +  Δ 2  ϕ  ϕ ″  +  Δ 3     ϕ ′   2  +  Δ 4   ϕ 2        +     Δ 5   ϕ  2 m + 2   +  e 1   ϕ  2 n + 2   +  e 2   ϕ  4 n + 2   +  e 3   ϕ  6 n + 2   = 0 .     



(102)







Setting   n = m  , Equation (102) changes to


       ϕ  ϕ  ( 6 )   +  Δ 1  ϕ  ϕ  ( 4 )   +  Δ 2  ϕ  ϕ ″  +  Δ 3     ϕ ′   2  +  Δ 4   ϕ 2        +     (  Δ 5  +  e 1  )   ϕ  2 m + 2   +  e 2   ϕ  4 m + 2   +  e 3   ϕ  6 m + 2   = 0 .     



(103)







Balancing   ϕ  ϕ  ( 6 )     and   ϕ  6 m + 2    yields   N =  1 m   .Setting


  ϕ  ( ξ )  =   U  ξ    1 m   ,  



(104)







Equation (103) becomes


       −  ( 2 m − 1 )   ( m − 1 )   ( 4 m − 1 )   ( 3 m − 1 )   ( 5 m − 1 )    [  U   ′   ]  6        +    15 m  ( 2 m − 1 )   ( m − 1 )   ( 4 m − 1 )   ( 3 m − 1 )  U  U ″   U    ′ 4          −     Δ 1   m 2   ( 2 m − 1 )   ( m − 1 )   ( 3 m − 1 )   U 2   U    ′ 4    − 20  m 2   ( 2 m − 1 )   ( m − 1 )   ( 3 m − 1 )   U 2   U    ′ 3     U ‴        −    45  m 2   ( 2 m − 1 )   ( m − 1 )   ( 3 m − 1 )   U 2    U ″  2   U    ′ 2    + 6  Δ 1   m 3   ( 2 m − 1 )   ( m − 1 )   U 3   U ″   U    ′ 2          +    15  m 3   ( 2 m − 1 )   ( m − 1 )   U 3   U  ( 4 )    U    ′ 2    −  m 4   [  ( m − 1 )   Δ 2  −  Δ 3  ]   U 4   U    ′ 2          +    60  m 3   ( 2 m − 1 )   ( m − 1 )   U 3   U ‴   U ″   U   ′   − 4  Δ 1   ( m − 1 )   m 4   U 4   U ‴   U   ′         −    6  ( m − 1 )   m 4   U 4   U  ( 5 )    U   ′   + 15  m 3   ( m − 1 )   ( 2 m − 1 )   U 3    (  U ″  )  3  − 3  Δ 1   m 4   ( m − 1 )   U 4    (  U ″  )  2        −    15  m 4   ( m − 1 )   U 4   U  ( 4 )    U ″  +  m 5   Δ 2   U 5   U ″  − 10  m 4   ( m − 1 )   U 4    (  U ‴  )  2  +  m 5   Δ 1   U 5   U  ( 4 )         +     m 5   U 5   U  ( 6 )   +  m 6   e 3   U 12  +  m 6   e 2   U 10  +  m 6   (  e 1  +  Δ 5  )   U 8  +  m 6   Δ 4   U 6  = 0 .     



(105)







Balancing    U 5   U  ( 6 )     and   U 12   gives


  6 N + 6 p = 12 ⟹ N = p .  



(106)







Case 1: When   p = 1  , Equation (105) admits the solution (39). Inserting (39) along with (12) into (105) leads to the coefficients


   σ 0  = 0 ,   σ 1  =   ln K  m       ( 2 m + 1 )   ( m + 1 )   ( 4 m + 1 )   ( 3 m + 1 )   ( 5 m + 1 )   χ 3    e 3     1 6   ,  



(107)




and the parameter constraints


        Δ 1  = −  1   m 2   e  3  4   ( 2 m + 1 )   ( m + 1 )   ( 3 m + 1 )   χ 2          ×     m 2   e 2     χ 3   e  3  5   ( 2 m + 1 )   ( m + 1 )   ( 4 m + 1 )   ( 3 m + 1 )   ( 5 m + 1 )    2 / 3         +    480  e  3  4   χ 2   ( m + 1 )   ( m +  1 3  )   (  m 2  +  3 5  m +  3 20  )   ( m +  1 2  )   ln 2   K } ,      










        Δ 2  =   1   m 4   ( 2 m + 1 )   ( m + 1 )   ( 3 m + 1 )   χ 2   e  3  4      −  ( 3 m + 1 )   ( 2 m + 1 )   m 4   Δ 3   e  3  4   χ 2         +    4  m 2   (  m 2  + m +  1 2  )   e 2    ln 2  K     ( 2 m + 1 )   ( m + 1 )   ( 4 m + 1 )   ( 3 m + 1 )   ( 5 m + 1 )   χ 3   e  3  5    2 / 3         +     m 4   ( 3 m + 1 )   ( 2 m + 1 )   e  3  2  χ  (  e 1  +  Δ 5  )     ( 2 m + 1 )   ( m + 1 )   ( 4 m + 1 )   ( 3 m + 1 )   ( 5 m + 1 )   χ 3   e  3  5    1 / 3         +     ( 3 m + 1 )   ( 2 m + 1 )   ( m + 1 )   ( 64  m 4  + 96  m 3  + 72  m 2  + 24 m + 3 )   e  3  4   χ 2   ln 4   K } ,      










        Δ 4  = −    ln 2  K    m 6   ( m + 1 )   ( 3 m + 1 )   χ 2   e  3  4          ×     m 2   ( 2 m + 1 )   ln 2  K  e 2     χ 3   e  3  5   ( 2 m + 1 )   ( m + 1 )   ( 4 m + 1 )   ( 3 m + 1 )   ( 5 m + 1 )    2 / 3         +     m 4   ( 3 m + 1 )   (  e 1  +  Δ 5  )   e  3  2  χ    χ 3   e  3  5   ( 2 m + 1 )   ( m + 1 )   ( 4 m + 1 )   ( 3 m + 1 )   ( 5 m + 1 )    1 / 3         +     ( 3 m + 1 )   e  3  4   χ 2    Δ 3   m 5  +  ( m + 1 )    ( 4 m + 1 )  2    ( 2 m + 1 )  2   ln 4  K   } ,    χ 3   e 3  > 0 .     



(108)







Substituting (107) together with (13) and (108) into (39), we arrive the straddled soliton


     q ( x , t )    =       4 A       ( 2 m + 1 )   ( m + 1 )   ( 4 m + 1 )   ( 3 m + 1 )   ( 5 m + 1 )    χ 3    e 3      1 6   ln K   m  4  A 2   exp K   ( x − c t )  + χ  exp K   ( −  ( x − c t )  )       1 m          ×  e  i ( − κ x + w t +  θ 0  )   .     



(109)







If    e 3  > 0   and   χ = 4  A 2   , Equation (109) reduces to the bright soliton


     q ( x , t )    =           ln K  m       ( 2 m + 1 ) ( m + 1 ) ( 4 m + 1 ) ( 3 m + 1 ) ( 5 m + 1 )   e 3      1 6         ×  sec h   ( x − c t ) ln K        1 m          ×  e  i ( − κ x + w t +  θ 0  )   .     



(110)







When    e 3  < 0   and   χ = − 4  A 2   , Equation (109) changes to the singular soliton


     q ( x , t )    =           ln K  m    −    ( 2 m + 1 ) ( m + 1 ) ( 4 m + 1 ) ( 3 m + 1 ) ( 5 m + 1 )   e 3      1 6         ×  csc h   ( x − c t ) ln K        1 m          ×  e  i ( − κ x + w t +  θ 0  )   .     



(111)







Case 2: If   p = 2  , Equation (105) presumes the solution (45). Plugging (45) along with (12) into (105) gives rise to the coefficients


   σ 0  =  σ 1  = 0 ,   σ 2  =   2 ln K  m       ( 2 m + 1 )   ( m + 1 )   ( 4 m + 1 )   ( 3 m + 1 )   ( 5 m + 1 )   χ 3    e 3     1 6   ,  



(112)




and the parameter conditions


        Δ 1  = −  1   m 2   ( m + 1 )   ( 2 m + 1 )   ( 3 m + 1 )   χ 2          ×       m 2   e 2    e  3  4      χ 3   e  3  5   ( 2 m + 1 )   ( m + 1 )   ( 4 m + 1 )   ( 3 m + 1 )   ( 5 m + 1 )    2 / 3         +    120  χ 2   ( m + 1 )   ( m +  1 3  )   (  m 2  +  3 5  m +  3 20  )   ( m +  1 2  )   ln 2   K } ,      










        Δ 2  =  1   m 4   ( 2 m + 1 )   ( m + 1 )   ( 3 m + 1 )   χ 2   e  3  4     −  ( 3 m + 1 )   ( 2 m + 1 )   m 4   Δ 3   e  3  4   χ 2         +    16  m 2   (  m 2  + m +  1 2  )   e 2   ln 2  K    ( 2 m + 1 )   ( m + 1 )   ( 4 m + 1 )   ( 3 m + 1 )   ( 5 m + 1 )   χ 3   e  3  5    2 / 3         +     m 4   ( 3 m + 1 )   ( 2 m + 1 )   e  3  2  χ  (  e 1  +  Δ 5  )     ( 2 m + 1 )   ( m + 1 )   ( 4 m + 1 )   ( 3 m + 1 )   ( 5 m + 1 )   χ 3   e  3  5    1 / 3         +     ( 2 m + 1 )   ( 3 m + 1 )   ( 1024  m 4  + 1536  m 3  + 1152  m 2  + 384 m + 48 )   ( m + 1 )   e  3  4   χ 2   ln 4   K } ,      










        Δ 4  = −   12  ln 2  K    m 6   ( m + 1 )   ( 3 m + 1 )   χ 2   e  3  4          ×     4 3   m 2   ( 2 m + 1 )   ln 2  K  e 2     χ 3   e  3  5   ( 2 m + 1 )   ( m + 1 )   ( 4 m + 1 )   ( 3 m + 1 )   ( 5 m + 1 )    2 / 3         +     1 3   m 4   ( 3 m + 1 )   (  e 1  +  Δ 5  )   e  3  2  χ    χ 3   e  3  5   ( 2 m + 1 )   ( m + 1 )   ( 4 m + 1 )   ( 3 m + 1 )   ( 5 m + 1 )    1 / 3         +       ( 3 m + 1 )   e  3  4   χ 2   3   {   Δ 3   m 5  + 16  ( m + 1 )    ( 4 m + 1 )  2    ( 2 m + 1 )  2   ln 4  K  }  ,   χ 3   e 3  > 0 .     



(113)







Inserting (112) together with (13) and (113) into (45) causes to the straddled soliton


     q ( x , t )    =       8 A       ( 2 m + 1 )   ( m + 1 )   ( 4 m + 1 )   ( 3 m + 1 )   ( 5 m + 1 )   χ 3    e 3      1 6   ln K   m  χ  exp K   − 2  x − c t   + 4  A 2   exp K   2  x − c t        1 m          ×  e  i ( − κ x + w t +  θ 0  )   .     



(114)







Setting    e 3  > 0   and   χ = 4  A 2   , Equation (114) simplifies to the bright soliton


     q ( x , t )    =           2 ln K  m       ( 2 m + 1 ) ( m + 1 ) ( 4 m + 1 ) ( 3 m + 1 ) ( 5 m + 1 )   e 3      1 6         ×  sec h   2 ln K ( x − c t )        1 m          ×  e  i ( − κ x + w t +  θ 0  )   .     



(115)







When    e 3  < 0   and   χ = − 4  A 2   , Equation (114) transforms to the singular soliton


     q ( x , t )    =           2 ln K  m    −    ( 2 m + 1 ) ( m + 1 ) ( 4 m + 1 ) ( 3 m + 1 ) ( 5 m + 1 )   e 3      1 6         ×  csc h   2 ln K ( x − c t )        1 m          ×  e  i ( −  κ x + w t +  θ 0  )   .     



(116)








10. Conclusions


This paper reports HD solitons with the perturbed CGLE having six forms of nonlinear refractive index structures. The perturbation terms are all of Hamiltonian type and are with maximum intensity. The integration scheme is the enhanced Kudryashov approach that is the extended and generalized version of the pre-existing Kudryashov scheme. Thus, straddled, bright and singular soliton solutions emerge from the scheme for each of these six nonlinear forms that are exhibited with their respective parameter constraints. Likewise, one can obtain a large number of HD solitons of the model equations by taking a different selection to the parameters p and N.



There is an abundance of results that have been retrieved on the perturbed CGLE [16,28,29] where Hamiltonian type perturbation terms are studied with maximum intensity. A spectrum of cubic–quartic optical solitons for the perturbed CGLE having a variety of six forms of nonlinear refractive index structures are derived by eight powerful and prolific integration structures [28]. Additionally, conservation laws for pure-cubic optical solitons with the perturbed CGLE having eleven forms of nonlinear refractive index structures are derived with the implementation of Lie symmetry analysis [29]. Lastly, pure-cubic optical solitons with the perturbed CGLE having a dozen nonlinear refractive index structures are recovered by two integration schemes [16]. However, compared with [16,28,29] that secure pure-cubic or cubic–quartic optical solitons with the model equation, HD solitons with the perturbed CGLE are given in the current paper for the very first time. The results of this work are with unprecendented novelty and thus carry tremendous value in further future development of the concept of HD solitons with CGLE and/or NLSE. The results are indeed promising.



Later, conservation laws will be reported. The variational principle would lead to the evolution of the soliton parameters in presence and/or absence of perturbative effects. Once these fundamental results are in place, one can move further along with the development of quasi-particle theory to suppress intra-channel collision of optical solitons. The quasi-stationarity will also be addressed to recover soliton solutions in presence of perturbation terms, be it Hamiltonian or non-Hamiltonian. These are just a few droplets of a wide and deep ocean!!
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